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Numerical Quadrature and Nonlinear Sequence
Transformations; Unified Rules for Efficient
Computation of Integrals With Algebraic and

Logarithmic Endpoint Singularities

By Avram Sidi

Abstract. Some nonlinear transformations for accelerating the convergence of infinite
sequences due to Levin are reviewed, and new results of practical importance in appli-
cations are given. Using these results, the transformations of Levin are modified and
used to obtain new numerical integration formulas for weight functions with algebraic
and logarithmic endpoint singularities, which are simpler to compute and practically as
efficient as the corresponding Gaussian formulas. They also have the additional ad-
vantage that different weight functions of a certain type can have the same set of ab-
scissas associated with them. It is shown that the formulas obtained are of interpola-
tory type. Furthermore, for some cases it is proved that the abscissas are in the inter-
val of integration, although numerical results indicate that this is so in all cases and
that the weights are all positive. Several numerical examples that illustrate the high ac-

curacy and convenience of the new formulas are appended.

1. Introduction and Motivation. Let f(z) be a function which is analytic in a
simply connected open set G of the complex.z-plane, which contains the finite real
interval [a, b]. Also, let I be a closed Jordan curve in G, containing [a, b] in its
interior. Then from Cauchy’s theorem

1 z
(1.1) feg) = 5 fo - dz,
whenever z, is in the interior of I'. Using (1.1), it is possible to express the integral

b
(1.2) 1) = [ wee) dx,
whenever w(x) is an integrable function on [a, b], as

1
(1.3) I[f] = i j;, H(2)z)dz,
where
b w(x)

(1.4) H(z) _fa L dx,

The function H(z) is analytic in the z-plane cut along [a, b] and for sufficiently large
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z has the expansion

© W
(1.5) HR) = 2 =,
n=1 Zn
where
b n—1
(1.6) M= [ Wy, n=1,2,....
Let x; ,, n=1,2,...,k, be k distinct points and let
k
1.7 I[f] = ZlAk'”f(xk’”)
n=

be a numerical quadrature formula. Assuming that Xy p are all in the interior of I'
and using (1.1), we can express (1.7) in the form

(18) LIf] = 2—11; L H @) dz,
where

kK Ak,n
(1.9) Hk(z)= Z _—

n=12 " Xgn

Now the error in the numerical quadrature formula (1.7) can be expressed as

(1.10) E Al =I1f] ~LIf] = 2—lﬁfr [H(z) - H ()] f2) dz.

From (1.10) we trivially obtain
.11 E,[f]] < 511; max 1f@)! [ 1HG) - Hy@)lldz .
ger

It is clear from (1.11) that if |H(z) — H,(z)! is small on T', then |E,[f]! will be small
too. Furthermore, if H(z) — Hy(z) — O uniformly on I' as k —> o, then E [f] —
0 too. Since we want the error to go to zero for all f{z) analytic on [a, b] and,
hence, in some region containing [a, b], we should actually demand that H(z) —
H, (z) — 0 uniformly in the complement of any open set G that contains in its in-
terior the branch cut of H(z), i.e., the line segment [g, b]; this is what we shall mean
below by uniform convergence of H,(z) to H(z). If this convergence is also quick,
then £, [f] — 0 quickly too. The uniform convergence of H,(z) (in the above sense)
may be very critical as we now demonstrate by considering two well-known numerical
quadrature methods.

(1) Numerical quadrature formulas of interpolatory type: For these formulas

(1.12) H() - H(z) = o(z—k—i—l> as 7 — oo,

where the abscissas Xy p are preassigned. (1.12) can be proved easily by recalling
that

(1.13) I[x"] =Ix"], n=0,1,...,k—1,
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and expanding H,(z) in inverse powers of z and comparing with (1.5) with the help of
(1.13). It turns out that H,(z) is not a very good approximation to H(z) for small z
when x, , are arbitrarily assigned. In fact, for Newton-Cotes formulas in which x,, , =
at(-1)b-a)(k-1),n=1,...,k I[f] may diverge as k — oo, even when f(z)
is analytic on a simply connected open set G containing [a, b] in its interior, see Pdlya
(1933) and Davis (1955). This fact together with (1.10) shows that, for this choice of
the x; ,, Hy(z) does not converge to H(z) uniformly in z (in the above sense). We thus
conclude that £, (f) may diverge if H,(z) does not converge to H(z) uniformly, even for
analytic f(z).

(2) Numerical quadrature formulas of Gaussian type: For these formulas

(1.14) HE) - H(2) = o( ) as z —> o,

Z2k+l

where the abscissas x ,, are not preassigned. H;(z) in this case is simply the ((k — 1)/k)
Padé approximant to the series (1.5). The proof of (1.14) is similar to that of (1.12).

If w(x) >0 on [g, b] and K(x) = [ w(t)dt is strictly increasing on [4, b], then all the
Xy, are distinct and are in (g, b). Besides all the A k,n are positive, see Davis and Rabin-
owitz (1975, p. 74). It is also known that, as kK — oo, H, (z) converges to H(z) uniformly
in z (in the above sense), see Baker (1975, Chapter 16). Indeed, the convergence of
H,(z) to H(z) is very quick, which accounts for the high accuracy of I, [f] even for mod-
erate k.

Our purpose in this work is to use a modification of some nonlinear sequence
transformations due to Levin (1973) to obtain new rational approximations H;(z) to
H(z) and use these to derive new numerical quadrature formulas. There is ample numer-
ical evidence that suggests that the H,(z) obtained this way converge to H(z) uniformly
(in the above sense) and also very quickly as & —> oo, see e.g. Longman (1973), and this
suggests that they could be used to develop numerical quadrature formulas of high ac-
curacy, provided of course, that the x; ,, are all real and distinct and lie on [a, b] and
that the A ,, are all positive. It seems that both of these conditions are satisfied for
some useful weights w(x). Although these numerical quadrature formulas are not de-
rived by imposing conditions like (1.13), they do give rise to relations similar to them.
They also have the very interesting property that their abscissas are the same for certain
classes of weights w(x), e.g., for the integral fy xBf(x)dx, 8 >—1, the abscissas are the
same for all 8. Another property which makes these formulas useful is that the approxi-
mations /I, [f] are practically as good as those obtained using the corresponding Gaussian
rules. In addition, the computation of the abscissas is simpler for the new rules than for
the corresponding Gaussian rules, since the polynomials that give them are readily avail-
able.

2. Levin’s Transformations and Some Recent Results. In this section we briefly
review Levin’s transformations and some recent developments due to the present author,
see Sidi (1979), which are crucial for understanding when these transformations work
and why they work so well.
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LetA,=0,4,,r=1,2,...,be an infinite sequence (convergent or not) whose
limit or antilimit in the language of Shanks (1955) and Levin (1973) is A. Then the ap-
proximation T’ k.n tO A together with the parameters y;,i=0, 1, ...,k — 1, is defined
by the equations

k=1
.1) A, =T, *R, X v/, r=nn+l,...,n+k,
i=0

where R, will be specified below. The solution to these equations is simply

3 Z,,-;o O + ) 4,41 R
" ;’c=o - l)i(,;')(n +j)k—l/Rn+j
The equations in (2.1) and, hence, the expression for T, , in (2.2) are slightly different
from those given by Levin in that Levin writes 4, on the left-hand side of (2.1) instead
of A,_, and, hence, 4, , ; instead of 4, ;, in the numerator of (2.2). Now for the
t-transformation of Levin R, =A4,,R, =A,—A,_,, r =2, and for the u-transformation
of LevinR, =A,,R,=r(A,—A,_,),r=>2. For these two transformations it is easy to
show that the definition in (2.1) and that of Levin give identical results for Ty - How-
ever, for our purposes in this work it is more appropriate to use (2.1). We shall say more
on this later.

The convergence properties of T’ %, n have been partially studied by the present
author, Sidi (1979), and some convergence theorems for two limiting processes, namely,
(1) k fixed, n —> o, (2) n fixed, k —> o0, have been proved. The analysis in the above
work and also numerical experience suggest the following:

1) T} , is a good approximation to 4 (limit or antilimit) and converges to A
very quickly as kK —> e when 4, is of the form

(22) T,

2.3) A, =A+Rfr), r=1,2,3,...,

where f(x), when considered as a function of the continuous variable x, has an asymp-
totic expansion of the form

B, B
(24) fx)~By +—+ =+, asx—>oo,
X X2

and is an infinitely differentiable function of x up to x = ce. When 4, is not of this
form, then T ,, is useless. Therefore, it seems that conditions (2.3) and (2.4) are the
most crucial for the quick convergence of Ty ,, as k —> .

(2) If we define R, = R g(r), where g(x) has the same properties as f(x) and
lim, _, .g(x) # 0, then we can write (2.3) in the form

(2.3) A,=A+RfAD, r=1,2,3,...,

where f(x) = f(x)/g(x) and f_()é) has the same properties as f(x). Therefore, judging from
(1), the exact form of R, in (2.2) is not important, and R, can be replaced by R,.

(3) For k —> =, it does not make much difference if R, in (2.2) is replaced by
R, where s is a positive integer which is not too large. However, s <0 may destroy the
accuracy of T ,,. This is in agreement with the numerical results of Levin (1973) which
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show that the u-transformation is efficient when the z-transformation is, but the oppo-
site is not true.

The following theorem, whose detailed proof can be found in Sidi (1979), gives suf-
ficient conditions for (2.3) and (2.4) to hold for the case of a convergent sequence.
This theorem is a special case of a more general theorem due to Levin and Sidi (1975).

(4) THEOREM 2.1. Let the sequence A, = Zl_l ,r=1,2,...,be such that the

terms a, satisfy a linear first-order homogeneous difference equation of the form
2.5) a, = p(r)Aa,, r=1,2,...,

where Aa, = a, | —a,, and p(x), considered as a function of the continuous variable x
has, as x — 0, an asymptotic expansion of the form

(2:6) p(x)~x<po+p—+{)-3-+ >
x

forianinteger <1. Letlim,, A, = A exist. Assume that limr_,,,p(r)a = 0 and that
b#1,1=-1,1,2,3,.. wherep—hmx_,mp(x)/x ThenA-A,_ 2,_,,a, has, as
r —> %o, an asymptotic expansion of the form

2.7 A-A,_ =2 a~ <ﬂ0+?_1_+1_32_+ >
j=r r

Remark. The condition lp#—1, 1,2, ..., seems to be satisfied for all convergent
sequences.

We see from (2.7) that a very natural choice for R, is Ija,, and this, with i = 0 and
i=1, gives Levin’s ¢- and u-transformations, respectively.

We now give another result which is a special case of a general result due to Levin
and Sidi (1975).

(5) If the numbersa,, r=1,2,. .., satisfy (2.5) and (2.6), then the numbers
ax™', r=1,2,...,satisfy similar relations. Therefore, if we define 4, = i, a,-:c"_l ,
r=1,2,...,and lim_, A, = A exists then Theorem 2.1 applies and A —A4,_, has an
asymptotic expansion like that in (2.7) so that, by (1) we expect T} , to converge to A
very quickly as k — o, (Experience shows that the same T k,n CONVEIges quickly to the
analytic continuation of E]_ arx’ 1 when x is outside the circle of convergence.)

We state here that all of what has been said in (1)—(5) is important in the develop-
ment of the numerical quadrature formulas which we take up in Section 4.

Before we close this section we shall give two results that will be of use later in
this work.

THEOREM 22. IfA,=0,4,= E;=1 a,-/zi, r=1,2,...,andR,=c,[z", where
¢, is independent of z, then

1
(2.8) Tyn =Aptx—1 + O(Zn+k> asz —> oo;

and the coefficient C of 1 [z"*¥ in the Maclaurin series of T k,n is gven by



856 AVRAM SIDI

. :
(2.9) c ]_0 (— l)l(k)(n + ]) n+i cn+i
R K
Proof. Let ussubtract 4, ., from T, ,. We obtain

Z:o - l)l(k)(n +i)k_l(An+1— Ap ik )/Rn+1
K oCB¢ + )R, '

@l10) Ty = Ay

Now

Aptj1 ~Ansx-1)Rpsj =~ [@nyjfcns)) + 0(z™")] asz— oo
for 0 <j <k - 1. Therefore, the numerator of (2.10) is simply
Q1) N, = [Z - l)’< )(n + D @ jlens ) + 0(2_1)] as z —> oo,
Similarly, the denominator of T} , is
(212) Dy, =2"TF[1)Fm + B Yepin T 0@ asz—> o
Combining (2.11) with (2.12) in (2.10), we obtain (2.8) and (2.9).

COROLLARY. Ifc, = qr'a,, where q is a constant, s is an integer, and 0 <s <
k -1, then C = a, ., and hence

(2.13) Typ=App t+ 0( > as z.—> o,

zn+k+l

Proof. If we let ¢, = qra, in (2.9), we obtain

Y Cn + s

C DF(r + RF

(2.14) C=-a,,,
Now
(2.15) }: (—1)'( )(n +)=CDkAakF@y=0, 1=0,1,...,k-1.
Therefore,

Z(—1y< >(n+j)’——(—l)k< )(n+k)l, 1=0,1,...,k—1.

Using this last equality in (2.14) the result follows.
Remark. The corollary above applies to Levin’s ¢- and u-transformations.

LEmMA 2.1. Let H(z) and y; be as in (1 4)—(1.6), and let
r
40=0, 4,=3 w/d, r=1,2,.
=1
Then

(2.16) H@Z)=A4,_, + fa 1 /
— X[z
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Proof. (2.16) follows by using the identity

-1 -1 x"1/z"
1 _ Sty T

z-x = 7 1—-x/z

in (1.4) and then noting (1.6).

THEOREM 23. Let the sequence A,,r=0,1, ..., be as in Lemma 2.1 and define
the polynomials D(z) and N(z) by

k
(2.17) Diz) =Y )\’-z""'i_l
=0
and
k .
(2.18) Ne) =Y )\jzn+]—1An+j_l’
=0

where )\j are constants. Then

(2.19) Ny = ) w(x)l)(zz)_:fgldx
and

(2.20) HG) - 11% = %,
where

@21 o) = [ we) 2 4

Proof. The proof of (2.20) follows by multiplying (2.16), with r = n +j, by
)\jz"”_l , and then summing over j from 0 to k. (2.19) now follows easily from (2.20),
(2.21),and (1.4).

With the help of Theorem 2.3 above we can now give an exact expression for the
error in T , as applied to the partial sums of H(z).

THEOREM 2.4. Let the sequence A,,r=0,1,2, ..., beasin Lemma 2.1;and let
R, =c,/z"" in the expression (2.2) for Ty n- Then Ty , =Ny ,(2)/Dy ,(2), where
D, ,(z) and N, ,(2) are exactly of the form (2.17) and (2.18) with

N=C 1)’<’§>(" +) eyy, i=0,1,...,k
Therefore,
(2.22) Ny o@) = fab (o) Dk,n(zz): ka,n(x) i
and
(2.23) H@)-T,, = Ox,n(@)

’ Dk,n(z)
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where

Dy (% )
(2.24) 0un@ = [ Wi )
3. Asymptotic Expansions for H(z). Let us consider the expansion (1.5) for H(z),
and define

r
(3.1) A4,=0, 4,=Y =, r=1,2,....

In view of what has been said in the previous section we expect Tk’ , to converge
to H(z) as k — oo if the u,,, satisfy (2.5) and (2.6). It turns out the moments of many
important weight functions do satisfy (2.5) and (2.6). These weight functions and their
moments are given in Table 3.1 below. (The finite interval [a, b] is taken to be [0, 1].)
In the rest of this work we shall deal only with these weights. This is not a limitation as
far as practice is concerned, since these weights contain the most important algebraic and
logarithmic endpoint singularities that one comes across in much of scientific work.

TABLE 3.1

w(x) M (=g W™ ™! dx)

1 1/m
x* 1m+p),8>-1
A-xxF am+g-DlYm+a+p),a>-1,>-1
logxy’ wm’*tl v>-1
xF(logxy’ wm+BPTLE>-1,v>-1
(1 —x)*xf(— log x)’  not known explicitly for general a, B, »,
atrv>-1,>-1

For the first five moments in Table 3.1 it is easy to show that (2.5) and (2.6) are
satisfied. For this we write the identity

(32) Ky = h(m)Au,,,, m=1,2,...,
where h(m) = [u,, 4 1 /My, — 117! has an asymptotic expansion of the form
h;
(3.3) h(m) ~m Z — asm —> oo,
i=0 m

For the sixth moment, for which an explicit simple expression is not known to the au-
thor, we can still show that (2.5) and (2.6) are satisfied and this will be done later.

Now for all the weight functions in Table 3.1 the sequence in (3.1) converges to
H(z) for Iz1> 1. Therefore, we can make use of Theorem 2.1 of the previous section to
conclude that an asymptotic expansion like that in (2.7) exists for 1z > 1. However,
for Iz1< 1, since lim,_, .4, does not exist, we cannot say off-hand that an asymptotic
expansion like that in (2.7) exists. Nevertheless, such an asymptotic expansion does
exist as we show below:
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THEOREM 3.1. Consider the weight function w(x) = (1 — x)*xP(~logx)”, o + v >
—1,8>~1,0n [a, b] = [0, 1]. Then for every z not on the cut [0, 1],H(z)— A,_, is
of the form

(34 A, , =H() + R A,
where
(3.95) R, = 1/ tv+ign),

and f{(r) is as described in (1) of Section 2.

Proof. Using the result of Lemma 2.1, we have

(3.6) Hz)—-A,_, = 1 Il (1 — x)*xP(-log x)’x" 1
‘ rm1 o gr Jo & 1-x/z°
Making the change of variable x = ™7 in the integral above, we obtain
1 (>~ _ _ dt
(3.7 Hz)—-A,_, =— e ('+ﬁ)ttv(l —¢ t)a —ar
Sy J‘o 1-ez

Now (1 —e )% = t*[(1 —e ")/t]®, and it can be shown easily that the function

[(1 —e7?)/¢]® has a convergent Maclaurin series expansion. Actually, [(1 —e~%)/t]* =
1+ 0(t)ast— 0 +. Letting g() = [(1 — e %)/t] % P?/(1 — €7 ?/z), we express (3.7) in
the form

1 [~ _
3.8) HE) =4,y = |7 ety ar
Now g(¢) has a convergent Maclaurin series too which we denote by g(f) =Z._, giti s
with g(0) = z/(z — 1) # 0. Using Watson’s lemma in (3.8), see Olver (1974, p. 71), we

then have

B N 1 =  (at+tv+i)
(39) H(Z) Ar—l W‘—TZ—; igo gi ,.x as r —> oo,
which is of the form (3.4) with R, as in (3.5) and
ad a+v+i)
fn~- Z g,-(———.——)— asr — oo,
i=0 r

This completes the proof of the theorem.
We can in a similar manner show that

as r —> oo,

_ 1 Bl v,.r—1 ~1— 3 IL
(3.10) u,—fo (1 = x)"x"(-log x)"x™" ax. vt ,.g,i

Using (3.10), it is now easy to show that (3.2) and (3.3) are also satisfied.

4. Numerical Quadrature Formulas. In this section we shall be concerned with
numerical quadrature formulas for the integral

“.1) If] =fol (1 - x)%xP(-log x)’Ax)dx, a+v>-1,>-1.
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Letting R, = 1/(r**t**12"), 4, = DT 2, r=1,2,...,and 4, =0 in (2.2),

we obtain

T o )+ + )R] TR e
Z;C:o - l)i(';.)(n +j k—1 [(n +]-)a+v+lzn+f]

(42) T, =

As we can see from (4.2), Tk,n is a rational approximation whose numerator is

Ny n(2) = (polynomial of degree <7 + k — 2) and whose denominator is Dy ,(z) =
z"1 x (polynomial of degree k), so that (degree of denominator) > (degree of numer-
ator) + 1, a property that H,(z) is required to have; see (1.9). H,(z) is also required
to have simple poles; this implies that we must take n = 1 or n = 2. Otherwise, there
is a multiple pole at z = 0. In this and the next sections we shall discuss the case n =
1 only; the case n = 2 will be discussed in Section 6. For the case n = 1 we, there-
fore, have

;“=1 (__IY(I;X]' + 1)k+a+DZiZ];n=1 #m/zm
Yo CGN + DfFrerrd '

Of course we should make sure that the poles of T} ; are all simple and lie on [0, 1].

(4.3) Hk(z) = Tk,l =

We shall show below that for a + v a nonnegative integer this property holds.
Assuming that the poles x, ; of T , are all simple and lie on [0, 1], we can
expand T , in partial fractions as follows:

kK A,

(@.4) H@ =Ty =Y —*
j=1 z —xk'i
where 4 k,j are given simply by
N, ((xp )
(4.5) k’]‘—_,c,l—k,l_ =1’2,"',k’

S i
Dy ,(x,;)

where ' denotes differentiation with respect to z. We then define our numerical
quadrature formula by I, [f] = 2,’.‘=1 Ay foxy D

This formula has several advantages over the Gaussian integration formulas,
which we now explain:

(1) The abscissas of the Gaussian integration rules are the zeros of the polyno-
mials orthogonal with respect to w(x) on the interval of integration, and their weights
can also be expressed in terms of these polynomials; and all methods of computing
Gaussian integration rules make direct or indirect use of the orthogonal polynomials
and, thus, require their generation if they are not known. These polynomials can be
generated by using their 3-term recursion relation. Given the 3-term recursion rela-
tion one can use, for example, the algorithm of Golub and Welsch (1969), to compute
the abscissas and the weights. When this recursion relation is not known explicitly
it can be computed, for example, by using the methods of Gautschi (1968), (1970).
In one of these methods one computes by some approximate quadrature rule the coef-
ficients of the 3-term recursion relation of the orthogonal polynomials. If this method
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is applied to a weight function of the form w(x) = x®(—log x)” for general v, the con-
vergence may be rather slow. In the second method one makes use of some modified
moments of w(x) whose computation can again become difficult when w(x) =
xP(—log x)” for general v, for example. In our new integration rules the polynomials
that give the abscissas are readily available, and the weights can be computed from
Eq. (4.5).

(2) The denominator of T ; (and of T} ,, any n) is independent of § and de-
pends on « and v through a + v. Therefore, the poles Xi i of T, , are independent
of 8 and depend only on a + ». This implies that for all § > —1 and all a, » such
that @ + v > —1 is fixed, our numerical quadrature formulas have the same abscissas,
and only their weights are different. But the determination of the weights can be
accomplished trivially with the help of (4.5). No such property exists for the Gauss-
ian integration formulas. (This property does not exist if, instead of taking R, =
1/(r**t?*+127), we take R, = /2", like in the t-transformation of Levin.)

(3) In view of (3) of Section 2 we can replace R, = 1/(*****1z") by R, =
P[(r*t?+127), where s is a nonnegative integer which is not too large (s = 1, 2, for
example), and T} , will still be a very good approximation to H(z). This implies
that the abscissas for the weight w(x) = (1 — x)* %8 (- log x)? " where & +v' =a+
v — s, are good for the weight w(x) = (1 — x)*x®(~log x)”. In particular, the abscis-
sas for the weight w(x) = 1 are good also for the weights w(x) = —log x, and w(x)
= xP(~log x). Also, this property does not exist for Gaussian integration formulas.
(As in (2), this property does not exist if instead of taking R, = 1/(****12") we
take R, = u,/z".)

(4) Our numerical quadrature formulas, in general, are about as efficient as
the Gaussian formulas as the numerical results obtained over a set of different func-
tions'show; see Section 5.

We now give some properties of the new numerical quadrature formulas.

THEOREM 4.1. Let I [f] in (1.7) be the numericalv quadrature formula associat-
ed with H,(z) as given in (4.4). Then

(4.6) L[x] =IK'], i=0,1,...,k-1.
Proof. Using (3.1) in Theorem 2.2, it follows that
LAy 1
@.n H@)=) — +,0<—) as z —> oo;

= Sk+1

and now the result follows as for the case of numerical quadrature formulas of inter-
polatory type which were described in Section 1.

Remark. For the weights w(x) = (—log x)”, v > — 1, we have p,, = v!/m
so that R, = p,/z". The corollary to Theorem 2.2 applies to this case, and we have

v+1
’

' R of L
4.8) H,(2) = El m <;m> as z —> o,
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From (4.8) it now follows that
4.9) LIX¥]1 =IX], i=0,1,...,k
The results in (4.8) and (4.9) hold also if we take R, = p,/z" instead of R, =
1/@*+?* 12" as in (4.2) and (4.3).

From (4.6) and (4.9) it follows that I, is a numerical quadrature formula of in-
terpolatory type whose abscissas are not preassigned.

We now go on to investigate some properties of the poles of T} , as defined in
4.2).

THEOREM 42. Let
k . .
(4.10) Dy pm@ =3 1)'<’]€)(n +iy" 2"t m >0 integer.
j=0

Then D, , ,(2) has n + k — 1 zeros on [0, 1], such that z = 0 is a zero of multipli-
city n— 1,z = 1is a zero of multiplicity k — m only if m < k — 1, and the rest are
simple zeros in (0, 1). Furthermore, the simple zeros of D, n-,m(z) and those of

Dy . m—1(2), on (0, 1), interlace.

Proof. We start by observing that

Dy n,m(@) = ((f_z )m j=io (—1)i<;§>zn+’i—1

(4.11)

= (:—z )m[z"_l(l - 2)*].
Therefore,
4.12) Dyms1® =2 Dy @], m=0,1,....

Now Dy ,, o(2) = z"1(1 - 2)* has a zero of multiplicity n — 1 at z = 0 and another
of multiplicity k¥ at z = 1. Then by (4.12),

Dk,n,l(z) = (_1% [ZDk,n,o(z)] ’

so that by Rolle’s Theorem, D, ,, ,(2) has a zero of multiplicity n — 1 at z = 0 and one of
' multiplicity k — 1 at z = 1 and another simple zero x] in (0, 1). D, , »(2), again by

(4.12) and Rolle’s Theorem, has a zero of multiplicity n—1atz =0, one of multiplicity

k—2atz =1 and two simple zeros x2, x% in (0, 1) one of them being in (0, x}), the

other, in (x}, 1). Continuing this way we can show that Dy p m(2) has a zero of mul-

tiplicity n — 1 at z = 0, one of multiplicity ¥ —m at z = 1 and m simple zeros on

(0, 1), provided m <k —1. Whenm =k — 1,z = 1 is a simple zero, and therefore,

for m > k there is no zero at z = 1. Consequently, for m > k, the number of simple

zeros in (0, 1) is k. This way we also see that the simple zeros of Dy p m-1(2) and

Dy ,, m(2) on (0, 1) interlace, starting with x7* < x"~1. This completes the proof of

the theorem.

As an immediate consequence of this theorem we have the following result:

COROLLARY. If a + v is a nonnegative integer, then Ty, in (4.3) has k simple
poles in (0, 1).



NUMERICAL QUADRATURE AND SEQUENCE TRANSFORMATIONS 863

Now it is known that the zeros of two orthogonal polynomials of consecutive
order have the interlacing property. It turns out that the polynomials Dk’n’m(z) have
a similar property. Before we give this result let us denote the number of the simple
zeros of Dy , ,,(2) on (0, 1) by p. According to the previous theorem if m <k — 1,

p=mandif m >k p=kie., p=min(m, k). Let us denote these simple zeros by
0<xbm <xbm <. <abm <

THEOREM 43. If m > 2, the simple zeros of Dy ,, ,,,(2) and Dy_, ,, —1(2) 0
(0, 1) have the interlacing property, i.e.,

(@13) 0 <xbm <xT1ml < pbm Cmel < bl g <,

Proof. We start by writing (4.11) in the form

m—1
Dk’n,m(z) = ((% z> ‘% [2"(1 - 2)¥]

(4.14)

(d ml -1 k -1 k—1
(L) (o + et - o -t - 2

=(n+ k)Dk’n’m_l(Z) - ka—l,n,m—l(z)'

If we let z = xl’.‘,m and z = x,’-‘;_'{' (1 <j <p) in (4.14) and use the fact that Ly , ,,(2)

= 0 for these values of z, we obtain
(415)  KDp_y o @F™) = (0 KDy 6P, i= 0 F L

Now we showed in the previous theorem that the simple zeros of D, ,, ,,(2) and

Dy . m—1(2) on (0, 1) interlace. Therefore, Dk,n’m_l(xll""‘) #0,i=1,...,p;fur
thermore, Dy ,, m_l(x;""’) and Dk’n’m_l(x}‘;"l') have opposite signs. This together
with (4.15) implies that Dk_l’n’m_l(x;"'") and Dk_l,n,m_l(x,'-‘;_"l') have opposite
signs, too. Therefore, Dy_; ,, p,—;(2) must vanish at least once in (x;""’, x}‘;’i’). But
since the number of simple zeros of D, ,, ,,,_;(2) in (0, 1) is p — 1, there can be at
most one zero in (x;""’, x,'-‘;';’); and this completes the proof of the theorem.

COROLLARY. When a + v is a nonnegative integer, the poles of Tk,l and
Ty_, ,, interlace in (0, 1).

Remark. Although we have proved that the x, ; are simple and lie in (0, 1) and
that they have the interlacing property only for the case @ + v a nonnegative integer,
numerical results indicate that this holds for all @ + v such that & + » > —1. Numeri-
cal results also indicate that the weights 4, ; are all positive, although no proof of
this is available at the time of writing. Now the positiveness of the 4, ; together with
the result of Theorem 4.1 implies that lim,_, I, [f] = I[f], for every function f{x),
continuous on [0, 1]. This follows from Pélya’s theorem on numerical quadrature;
see Polya (1933). The positiveness of the 4 k,j is also important numerically, for if
the A k,j are of mixed sign, large losses of significance may take place by cancellation.

Finally, we shall give an exact expression for the error in case the integrand is
analytic as described in Section 1. Combining (1.10) with (2.23), we have the follow-
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ing exact expression for the error

0
(4.16) E 1 =11 - LA = 5 fl‘DHE;ﬂ )dz.

Unfortunately, numerous efforts to find the asymptotic behavior of @y ;(2)/Dy, ;(2)
as k — oo have not been successful so far. However, as pointed out in Section 2,
this quotient, at least numerically speaking, goes to zero very quickly for all values of
z which makes I, [f] a very accurate numerical quadrature formula even for small k.

5. Numerical Examples. As mentioned in the previous section, the implementa-
tion of the new numerical quadrature rules for the weight functions in Table 3.1 is
very simply achieved as we now explain. First we find the zeros x, ; of the denomi-
nator of Ty ;, namely, we solve the polynomial equation, 2]’-;0 )\jzj =0, where

5.1) y=Cy(5)o+ o gm0k,
where s is a small nonnegative integer like 0, 1, 2. Once the Xy ; are found we com-
pute the weights 4, ; using the formula in (4.5) which we give explicitly here:

L A ._ u, [x :
(52) A= ’xl’” ! '”/’“), i=1,...,k

j—1
]—1 )‘]xk i

All that one needs for computing these formulas is a good polynomial equation solver
and a subprogram that computes the factorial (or gamma) function accurately for de-
termining the u,,,, both of which can be found in a reasonably good computer library.
The gamma function, for instance, is a standard library function on the IBM-370 com-
puter. Furthermore, the computer program that one has to write for solving the prob-

lem, judging from (5.1) and (5.2), is remarkably trivial, provided double or extended
precision is used. If the u,, are not known explicitly, then they can be computed

numerically as follows: Making the change of variable x = ™ (see Section 3), u,,
can be expressed as

(5.3) By = j:o ta+ve—(ﬁ+l)tG(t)dt,

where G(£) = e ("~ D*((1 — ¢7*)/£)* is a function that is regular at ¢ = 0 and behaves
like e~(m~1?2 a¢ infinity. Since 8 + 1 > 0, making a further change of variable

(8 + 1)t = 1, we can approximate the infinite integral in (5.3) by Gauss-Laguerre
quadrature associated with the generalized Laguerre polynomials L("‘""’)(r) Of course,
other methods can also be employed in the approximation of the integral in (5.3).

We note however, that since the A; in (5.1) alternate in sign and also become
large as k —> oo, for large k, a loss of significance may take place in the computation
of the x; ; and hence the 4, ;. The same problem exists also for orthogonal polyno-
mials in Gaussian integration, but this problem is overcome by using the 3-term recur-
sion relation for the polynomials provided such a recursion relation is known explicitly.
Even when the 3-term recursion relation is not known explicitly, it can be computed
numerically as shown by Gautschi (1968), (1970) and others. For the polynomials
Dy 1 x(2) no such recursion relation has been found so far.
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The abscissas x, ; for the new numerical quadrature formulas Jo wix)f(x)dx
~zk 4 k,if Gy 1), where wix) = (1 — x)*xP(~log x)” such that & + v is a
small nonnegative integer like 0, 1, 2. These xy ;'are the roots of the poly-
nomial equation 2]’.;0 Az =0 with A=( 1)"(’})(/‘ + 1Dk j=0,1,...,k
The weights 4, ; can be computed from (5.2).

k=2

.1504720765483788232775982Q+00
.7384168123405100656112906Q+00

k=3

.4966471483058575305905226Q-01
.3733950309821642533051325Q+00
.8425652541872499936358153Q+00

k=4

.1799068499801418676799616Q-01
.1834165223808434598995189Q+00
.541415720418952414306094 3Q+00
.8955770722021899390263906Q+00

k=5

.6965462488720095999339260Q-02
.9279357371061748132102829Q-01
.3274158560864037341661747Q+00
.6563187419838210706584532Q+00
.9258942258127421446039757Q+00

k=6

.2826962449669843567172046Q-02
.4862455152896217179348058Q-01
.1976882676470386134795882Q+00
.4503451521122742843529424Q+00
.7351670962539650939849607Q+00
.9447647096318862001844346Q+00

k=7

.1187258545164058717677836Q-02
.2628663472239343247216861Q-01
.1210706424838506827348276Q+00
.3040908096207194258505372Q+00
.5483105637900638923877405Q+00
.7906485354805577158829337Q+00
.9572768818037839950791146Q+00

k=8

.5115121670143565184123123Q-03
.1458573317963311020790610Q-01
.7546523540379770912044874Q-01
.2056995360684232874945901Q+00
.3998834536687977554256855Q+00
0.
0.
0.

6250150234434242490768516Q+00
8308072107358005732935312Q+00
9659870403646759393069153Q+00

[=NeNeoNoNoNo e e No No Nl coocoococoococooo [eR-NeNoNo Nl
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k=9

.2247255954393555904923013Q-03
.8269188094627755378000373Q-02
.4785186222081606855590946Q-01
.1402987492166232486762045Q+00
.2900554492782025171212649Q+00
.4820003130318437765745138Q+00
.6851379193950804327653673Q+00
.8606574901008240488865763Q+00
.9722887040665427964516711Q+00

k=10
.1002519058889115202504542Q-03
.4772351178865461685612723Q-02
.3081710497452419278588480Q-01
.9668389372266823582635567Q-01
.2108292927888059733206482Q+00
.3681879873486372138418079Q+00
.5510145152797366651435548Q+00
.7326572440917100235857143Q+00
.8833778455567603466710631Q+00
.9769924074477204492631444Q+00

k=11
.4527279518770788353534865Q-04
.2795480278297609540268378Q-02
.2012015530035912152540944Q-01
.6733379444645636049782197Q-01
.1540683692211295125287271Q+00
.2806977184599953977119152Q+00
.4379750731607002055234364Q+00
.6086538380237029376078756Q+00
.7706276021403855723338535Q+00
.9010352101154075441053256Q+00
.9805950222280231924986018Q+00

k=12
.2064864876175711446099109Q-04
.1658119145275128110097481Q-02
.1329440070499037457225052Q-01
.4736615645452630247649566Q-01
.1133435389770539225618005Q+00
.2143947425636104262780328Q+00
.3465368850551303055200429Q+900
.4991909417699800878211610Q+00
.6568098047861667263044339Q+00
.8013203430670089168540922Q+00
.9150102643845972961189348Q+00
0.9834146345679861200493482Q+00

865
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In Table 5.1 we give the abscissas for the weight function w(x) = 1, which are
also good for w(x) = ¥ g>-1, by (2) of Section 4 and for w(x) = xﬁ(— log x) or
more generally for w(x) = (1 — x)“xﬁ(— log x)”, with a + v = 0, 1, 2, for example, by
(3) of Section 4. These abscissas have been computed by taking A; = (= l)i(’]‘.)(j + 1)" ,
j=0,1,...,k,ie., by taking s = a + v, since a + v is a small nonnegative integer.

TABLE 5.2

G, and S stand for the k-point Gaussian and new rules, respectively, with
w(x) = 1. The abscissas for S are those given in Table 5.1. O means that
I [f] has at least 16 correct significant decimal digits. (If the computa-
tions are done using double precision on IBM-370 (word length approxi-
mately 16 decimal digits), round-off error sets in starting with Sg for the
function f(x) = x/(e* — 1).)

|1Lf) - Ik[f]| for the integrals

e J]—dﬁ' I]ﬁ{ J»l ix rd_x Ii_x_di

o 1+x o 1+x o 1+x ° 14e* ° e -1
6, |7x1073 [2x1073 [1x103  [2x105 [7x 107
s, | w107 Juxa03 fixq03 Jixa0h [3x 9070
G, 2x 107 |5x 1076 |2 1076 121070 |1 x 907"
s, |4x10™ [5x1075 [3x 07 [3x108 |1 x 1078
G | 57107 12108 700710 Jyx gt 0

g | 7x107 |2x 107" f6x 10713 0 0
sg | 5107 Jix107 fux 0T |1 x 07t 0
6o | B X107 [1x 10713 |6 x 10716 0 0
S0 | 17X 1078 Jux 107" |y x 40713 0 0
G, | 27x1073 [1x 10716 0 0 0
S, | 2% 107" [5x 10713 0 0 0
Exact | 0.866972..]0.785398.../0.693147... |0.379885...[0.777504...

In Tables 5.2, 5.3, 5.4, and 5.5 we compare the approximations /, [f], obtained
by using the new rules and the Gaussian rules, with w(x) = 1, w(x) = x~ %, w(x) =
x (- log x), and w(x) = (1 — x)l/zx"'/’, respectively. The abscissas of the new rules
for the first three weight functions are the same and are those given in Table 5.1. The
abscissas of the new rules for the fourth weight function are the zeros of the polyno-
mials E]’.‘=o )szi , where A, = (- 1)/ (’})(J' +1)¥*% j=0,1,...,k Although Theorem
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4.2 does not apply to this case and to the cases for which N=( I)f(';)(j +1)¥*2 in
general, nevertheless, the abscissas are all real, distinct, and lie in (0, 1), and the weights
are all positive, as numerous computations have shown. (We shall not give tables of
these rules here.)

TABLE 5.3

G, and §; stand for the k-point Gaussian and new rules, respectively, with
w(x) = x~ %, The abscissas for S} are those given in Table 5.1. 0 means
that I, [f] has at least 16 correct significant decimal digits.

1
110F] - 1,01] for 1[F] -fo x 6 (x) dx

Rule [f(x) = j,.- fx) = lez flx) = 7= | F(0) = Hl-ex ) = 2=
6, | 12102 | 2x103 | 2x103 | 4x105 | 2x107
s, | 8x103 | 2x102 | 2%x102 | gxi0t | 2x107
6, | 1x107° | 1x107 | 2x 108 | 3x109 | 3x30"
s, | sxw0t | sxw05 | 3x105 | 2xa07 | 1 x07
6 | 17108 | 2x008 [ 20 | 1 X073 0

6g | 1% 108 | sxq07"| 2% 0712 0 0

sg | 407 3xa0? | 2 x0Tl 3 x07H 0

6o | 3007 1 x0T g x 075 0 0

Sio | 4 X102 2% x0T 0 0

6, | 707" 0 0 0 0

s | 2% 5,107 0 0 0
Exact | 1.84930..) 1.73394..) 1.57079..] 0.838932.). 1.69969...

As can be seen from Tables 5.2—5.5, the new rules can, in general, compete favor-
ably with the Gaussian rules, when applied to functions analytic in a domain containing
the interval [0, 1]. When the singularities of the integrands f(x) are not too far away
from the interval [0, 1] as, for example, for Ax) = (1 + x*)™!, Ax) = (1 + x?)™! and
fix) = (1 + x)"! in Tables 5.2—5.5, both rules converge quickly, the Gaussian rules be-
ing slightly better. For functions f{x) whose singularities are far away from the inter-
val [0, 1] as, for example, for f{lx) = 1/(1 + *) and f{x) = x/(e* — 1) in Tables 5.2—
5.5, the convergence of both rules becomes quicker, that of the Gaussian rules becom-
ing even quicker.

The fact that the abscissas of the new rules that are given in Table 5.1 do not in-
clude the endpoints of the interval of integration (a property shared by the Gaussian in-
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tegration rules too), suggests that they can, like the Gaussian rules, be used in numeri-
cal integration by avoiding endpoint singularities, see Davis and Rabinowitz (1975, p.

144). It turns out that the new integration rules with w(x) = 1 on [0, 1], work very
efficiently on integrals of the form fol f(x)dx, where the functions f{x) have algebraic
or logarithmic singularities or products of them at x = 0, especially when the f{x) are

TABLE 54

G, and S} stand for the k-point Gaussian and new rules, respectively, with
w(x) = x~%(~log x). The abscissas for S, are those given in Table 5.1. 0
means that S, has at least 16 correct significant decimal digits. G, have
been computed using the 12-figure tables of Boujot and Maroni (1968). 0*
means that G, has at least 12 correct significant decimal digits.

1
1€ - Ik[fll for I[f] = JO p(-i(-log x) f(x)dx

1
1+x

1

- T
7 | I = 1%

l+e

f(x) = f(x) = £f(x) = _:_..

e -1

5x 107

1 x 107!

2x 1073

1% 107

2% 1070

3x 1073

8 x 1076

2 x 1072

8 x 108

b x IO-S

1% 1078

3 % 1o

1x 107

3x 1076

1x 10!

1 x 1078

1x 107

2x 1078

1 x 1079

2x 1077

o*

1x 1072

bx oM

6x 1072

5x 10710

y xj0”

1x 10715

0

0

3.96017...

3.874184. .

3.663862..

1.890524. .

3.791043..

continuous at x = 0. For such integrals, numerous computations have shown that the
new rules are superior to the Gaussian rules. A comparison of Gaussian and new rules
with w(x) = 1 on [0, 1] for the functions fix) = x™ %, fix) = log x, fx) = x* log x,
fx) = x%, and fx) = x3/2 is given in Table 5.6. Note that the first function is the
most singular, the second function is less singular, the third even less, etc.
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For \; = (= l)i(';)(f + l)k all the abscissas xy ; are in (0, 1) as mentioned before.
By (3) of Section 4, we can take

y=cy(Bor et =01k

affecting very little the accuracy of Ty , hence that of I; [f]. This time, however, the

(5.4)

endpoint z = 1 is an abscissa by Theorem 4.2. Thus, we have obtained accurate numer-
ical integration rules similar to the Radau rules, see Davis and Rabinowitz (1975, pp.
79—80). The performance of these rules is demonstrated through two examples in
Table 5.7, where f(x) = (1 + x)~!. (We shall not give tables of these rules here.)

TABLE 5.5

G, and S, stand for the k-point Gaussian and new rules, respectively, with
w(x) = (1 —x)”x~%. The abscissas of S, are the zeros of the polynomial

E}‘:o )\izj , where \; = (—l)i(;?)(j + 1)¥*%_ 0 means that I, [f] has at least
16 correct significant decimal digits.

110e] - 1IA [for 1071 =[; (- Htaax
7 7 i i x
f(x) = — f(x) = f(x) = — f(x) = f(x) =

Rule 14+x l+x2 T+x 1+e* e*-1
5, b x 1073 6x 107" 1 x 1073 2% 107 8 x 107
s, 5 x 1073 6 x 1072 6x 1073 3% 107 1 x 107
6o | 3x10% | 8x10® | k10 [ 1x10% | 2o
Sy 2% 107Y bx 1070 1 x 107° b x 1078 3x 1078
& 6 x 1077 8 x 1079 1 x 1079 5 x 10714 0
S 2x 107 2x 1077 sx1070 | wxi0" | 2x107"3
6 5x 1079 3x 10! 1 x 10712 0 0
sg 3% 108 1x 1072 2x 107" | 2x107" 0

a2 "
G | 371072 | 6x 10 0 0 0
S0 | 1% 1078 3x 107! 1x 10713 0 0

!

6, | 5x107"3 0 0 0 0
S1; 1x107'0 | 4x013 0 0 0
Exact | 1.507274..) 1.429706..  1.301290..] 0.689653..] 1.390691.. .

6. Numerical Quadrature Using T} ,: The Case n = 2. Here we briefly discuss
the case n = 2 which was mentioned in Section 4. As can be seen from (4.2) and the
discussion following (4.2), the denominator of Ty , is a polynomial of degree k¥ + 1
with a simple zero at z = 0, and the numerator is a polynomial of degree < k, such
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that the numerical quadrature formula obtained from T} , is a (k + 1)-point rule.
Having one of the endpoints (z = 0) as an abscissa, these are rules of Radau type.

Letting H(z) = Ty_, , and making use of Theorem 2.2, we can see easily that
the results of Theorem 4.1 and the remark following Theorem 4.1 apply to the numeri-
cal quadrature rules obtained from this new H,(z). Similarly the corollaries to Theo-
rems 4.2 and 4.3 apply too. That is, when a + v is a nonnegative integer, T} _, ;2 has
k simple poles in [0, 1], one of them being at z = 0 for all k; and the poles of T;_, 2
and Ty_, , interlace on (0, 1).

TABLE 5.6
G, and S stand for the k-point Gaussian and new rules, respectively, with
w(x) = 1; i.e., the singularity of f(x) at x = 0 is ignored. The abscissas for
S, are those given in Table 5.1.

|1Lf] - Ik[f” for the Integrals
Rule I]x'idx I]Iog x dx [lx*log x dx rxidx fxs/zdx
(-] o o []

G, 3107 |1 x90”" 2 x 107 7x1073 [ 1 x 1073
s, 3x 107" | 5x107? 1% 1072 3x1073 | 9x 0™
6, 2x107" [ 3x907¢ 4 x 1073 1%x1073 | 5x 1075
Sy 6x10% | 6x10™ 5 x 107" 2x107" | 7 %107
S 1x107" | 1x1072 2% 1073 yx g0 | 7 %107
Se 1x1072 | 9 x 0™ 8 x107° 8x107° ] 5x107
Gg 1x1070 |9 %1073 1% 1073 2%x107™ | 2 x 1076
Sg 5x 107" | 2% 107 1% 1075 3%107% | 4 x 107
5, |8x107% |6x107 5% 107 9x 107 [ 7 %1077
Sio [ 27107 [ 2% 107 5 x 1078 7x1077 | 5x107
6, | 7x10% [ux107? 3% 107 6x107° | 3x107
S, |1 %1073 [ 2x007 4 x 1077 b x 1078 ] 2 x 907V
Exact 2 -1 L/9 2/3 2/5

Several computations have been done using the numerical quadrature formulas
obtained from T} ,. The results of these computations indicate that the accuracy of
these rules is practically the same as that of the numerical quadrature rules obtained
from Ty ;.
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TABLE 5.7

S, and 67,‘ are the new k-pomt rules whose abscissas are the roots of the
polynomial equation E] )\]z = 0, where \; = (—1)’(")(/ + 1)* for Sy
and )\ = (—1)’(")(7 + 1)"—l for S For the first column w(x) =1 and
for the second column w(x) = x~ /’ z =1 is an abscissa for the rules S .

|1[f] - Ik[f]] for the integrals
1 1

dx 1 dx
Rule I —_— I _— =2

1+ T4x

] x -] /;

s, 1x 1073 2 x 1072
B 6 x 1073 7 x 1072

-3 o5
Sy 3 x 10 3« 10
§‘. 5 x 107¢ 8 x 107°
S 2+ 1072 3 x 1077
‘s'c 5 1078 2 % 1077
Sg boxo ! 2 x 107!
§8 1200710 2% 107"

-13 -13
S0 1 x 10 1% 10
= -13 -12
S0 3 x 10 1+ 10
Exact 0.693147. .. 1.5707963. ..

For the sake of completeness we give here the coefficients of the polynomial

2};0 )\jz’“ whose zeros are the abscissas Xep1pi=1 ..., k+1:

6.1) (—1)'< )(] +oftatvs oo q

where s is a small nonnegative integer like 0, 1, 2. We take Xg+1,1 = 0. The corre-

sponding weights are then

Z;"c=o 7‘f"§c+1,z m“'l i‘rn/xk+1,z)

62) A,,,;= , i=2,..
' x j(] + l)x]k+l,i

with

(6.3) Aki1n Z “j/7\0'

Finally, if .the )\j are taken to be

6.4) x,—(—1y< >(1+2)"l j=0,1,... Kk

Lkt 1,
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(for w(x) = xP B> —1, for example), then z = 1 is also an abscissa; and hence, the
new rule has both of its endpoints as abscissas, thus becoming a Lobatto-type rule, see
Davis and Rabinowitz (1975, pp. 79—80).

7. Symmetric Rules. As can be seen from Theorem 4.2 and Table 5.1, the
abscissas x; ; are not symmetric with respect to x = % for w(x) = 1 or for any weight
function which is symmetric with respect to x = %. Actually, Table 5.1 indicates
that as k becomes large many of the x; ; cluster about x = 0. We now show how
symmetric rules can be obtained. Consider the integral

+1
(7.1) 1 = [, wee)ax,
where w(x) is an even weight function, and define
+1
(7.2) My = [0 WO Vdx, m=1,2,....
Then
(TP, e
(73) HE@) = f—l z-x™ = Z_ 2m—1"
m=1 2
If we now let
(74 4,=0, 4,= 3 —m =
') [ ) r_z_lzzm—l, r—1,2, 5
and
(7.5) R,=c/z>"', r=1,2,...,

in (2.2), and simplify the rational function that is obtained, we can see that Ty,, can
have simple poles only if n = 1 or n = 2. When n = 1, the numerator of Ty, isan
odd polynomial of degree 2k — 1, and its denominator is an even polynomial of degree
2k. Therefore, Ty ; can provide us with a 2k-point numerical quadrature formula.
When n = 2, on the other hand, the numerator of T , is an even polynomial of de-
gree 2k, and its denominator is an odd polynomial of degree 2k + 1. Therefore, T} ,
can provide us with a (2k + 1)-point numerical quadrature formula. It is seen easily
that for these rules if £ is an abscissa, so is — £, and their corresponding weights are the
same.

As an example, we shall consider the case w(x) = 1. For this case u,, =
2/2m~1),m=1,2,... . Therefore, we choose R, = 1/(rz2"'l), r=1,2,....
The denominator of Ty, ; becomes 2]'-‘=0 >\i221' , where

(7.6) y=cy(He+ns j=o1.. .k
and the denominator of T} , becomes 2};0 )\jzzi +1 where
(7.7) y=co(f)orar s=01.. .k

Using Theorem 4.2, we can see that all the poles of Ty, and Ty , arein (=1, 1). As
before, by replacing (; + 1)* in (7.6) by (G + 1)*7! and G + 2)* in (7.7) by
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G + 2)*7!, we can make the endpoints z = +1 also abscissas, thus obtaining Lobatto-
type formulas.

Now making use of Theorem 2.2 we can conclude that the numerical quadrature
formulas obtained from T} ; and T , using (7.6) and (7.7) satisfy

(7.8) L =11, i=01,...,2k-1,k=1,2,...,
and
(7.9) Ly X1 =1, i=0,1,...,2k+1,k=1,2,....

If, however, we let R, = 2/[(2r — 1)z2""!], then making use of the corollary to Theo-
rem 2.2 we can replace (7.8) and (7.9) by

(7.10) Ll =Ix], i=0,1,...,2k+1,k=1,2,...,

(7.11) Ly X1 =IK], i=0,1,...,2k+3,k=1,2,....

Several computations using these methods have also been done. Their performance is
very similar to the performance of the rules that use the same number of abscissas,
given in the previous sections.

Let us finally consider the symmetric weight function w(x) = (1 — x2)* on
[-1, 1] which contains algebraic singularities at both endpoints. An analysis similar
to that given in Section 3 shows that R, = 1/(r! **z2""1), i.e., there is no way of get-
ting rid of the a-dependence in the R,. This implies that for different o’s different
sets of abscissas are needed unlike some of the rules of the previous section.

8. Concluding Remarks. We have reviewed some nonlinear transformations for
accelerating the convergence of infinite sequences due to Levin and used a modification
of them to obtain numerical quadrature formulas for weight functions with algebraic
and/or logarithmic endpoint singularities. These rules are simpler to compute than the
corresponding Gaussian rules and practically as efficient as them. They also have the
advantage that a whole family of weight functions can have the same set of abscissas,
which we believe should be of practical importance. We have also shown how differ-
ent numerical quadrature rules (of the Lobatto and Radau type) can be obtained. We
have proved some properties for some of these new rules although our theory is not com-
plete. However, all the numerical computations that we have done indicate that these
rules are good integration rules, i.e., all their abscissas are distinct and lie in the inter-
val of integration, and all their weights are positive. It is hoped to contribute further
to the theory of these new numerical integration rules in the future.
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