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AN ALGORITHM FOR A GENERALIZATION OF THE
RICHARDSON EXTRAPOLATION PROCESS*

WILLIAM F. FORDt AND AVRAM SIDI#

Abstract. In this paper we present a recursive method, designated the W ™ -algorithm, for implementing
a generalization of the Richardson extrapolation process that has been introduced in [8]. Compared to the
direct solution of the linear systems of equations defining the extrapolation procedure, this method requires
a small number of arithmetic operations and very little storage. The technique is also applied to solve
recursively the coefficient problem associated with the rational approximations obtained by applying the
d-transformation of [6], [13] to power series. In the course of development a new recursive algorithm for
implementing a very general extrapolation procedure is introduced, which is similar to that given in [2],
[4] for solving the same problem. A FORTRAN program for the W™ -algorithm is also appended.
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1. Introduction. In a recent paper [8] a generalization of the well-known Richard-
son extrapolation process has been introduced. This generalization—called GREP for
short—has proved to be very useful in accelerating the convergence of a large class
of infinite sequences. It allows, for example, the summation in just a few terms of
series as simple as Y._, (1++v/n)/(1+n)? or as difficult as ¥ _, P,(x) cos ny. The
technique can be applied equally well to integrals, ranging from simple ones like
{3 sin (ax*+ bx) dx to difficult ones like [y Jo(x)J,(ax)J,(bx) dx.

GREP s defined, and so far has been implemented, through the solution of systems
of linear equations. As has been mentioned in [8], the matrices of these linear systems
become large in dimension if one wishes to increase the accuracy in extrapolation.
Thus implementing GREP through the direct numerical solution of the linear equations
may become costly. Therefore, it is desirable to have efficient algorithms for implement-
ing GREP. Since the linear equations defining GREP have a very special structure, it
seems that any algorithm, in order to be efficient, has to take advantage of this structure.
In fact, a very efficient algorithm for a special case of GREP has been given in [12],
and has been denoted the W-algorithm.

The purpose of the present work is to present an algorithm for what is probably
the most common form of GREP.

Specifically, we develop an algorithm to be designated the W™ -algorithm, for
obtaining A{™” which, with a slight change in the notation of [8], is defined by the
linear equations

(1.1) A = A(y)+ Z (3 Z Buyi, Jj=SISj+N,

where n denotes (n,, n,,* * *, n,,), N Yo, (m+ l) the y;, A(y,) and ¢, (y;) are given,
r is a known positive constant, and A{™” and the S,; are the unknowns. The equations
in (1.1) differ from those of [8], given for the most general form of GREP, in that the
linear equations defining the latter are obtained from (1.1) by replacing r by r;.
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The above-mentioned W-algorithm of [12] is a recursive method for implementing
GREP when m =1 in (1.1). The W' -algorithm of the present work is designed so
tha:t i)t reduces to the W-algorithm for m = 1. This is the justification for the designation
wim,

Below we characterize the sequences whose convergence can hopefully be acceler-
ated by the form of GREP given in (1.1).

DeriNITION. We shall say that a function A(y), defined for 0 <y =, for some
b>0, where y can be a discrete or continuous variable, belongs to the set F™), if
there exist functions ¢, (y), Bx(y), k=1,- -+, m, and a constant A such that

(12) A=AD*+ T SDBO),

where A =lim, . A(y) whenever this limit exists, and the functions B, (y), as functions
of the continuous variable £, are continuous for 0= £ = b, and for some constant >0,
have the asymptotic expansions

(13) BUE)~ T But” as €0+,

If, in addition, the functions B, (t) = B.(t"") are infinitely differentiable for 0=t=b",
we shall say that A(y) belongs to the set F™. When lim, o+ A(y) does not exist, A
is called the antilimit of A(y).

In attempting to accelerate the convergence of a sequence that can be identified
with A(y), the idea is to extrapolate A(y) to y =0 and obtain (or approximate) A
whether A is the limit or antilimit of A(y), and this is precisely what we are trying to
accomplish through the equations in (1.1) that define GREP. A{™” in (1.1) is taken
to be an approximation to A. Note that the equations in (1.1) are obtained by formally
substituting (1.3) in (1.2), truncating the asymptotic expansions for B,(y) at the terms
Biny™, replacing A and the By by Ay and B respectively, and finally collocating
at the points y;, yj+1," * , yj+n. Here the y, are chosen in such a way that b= y,> y, >
-+ +>0, and lim,, ., y, =0, although this ordering has no effect on the derivation of the
W™ _algorithm.

Several examples of functions A(y) in F™ are given in [8, § 2]. Some examples
of GREP are the D-transformation of [6] for infinite integrals, the D- and D-transfor-
mations of [10] for oscillatory infinite integrals, the W-transformation of [11] for very
oscillatory infinite integrals, and the d-transformation of [6] and the T-transformation
of [5] for infinite series. For more information on these methods and their convergence
properties see [5]-[13].

In §§ 2-4 we develop the W™ -algorithm by which the A{™” can be computed
recursively without solving numerically the equations in (1.1). This algorithm requires
very little storage and computing time.

In § 5 we shall consider the case in which ¢, (y;) = v(I)z', where v, (1) are independ-
ent of z This arises, for example, when one applies a modified version of the d-
transformation of [13] to power series in z. The approximations A{™” turn out to be
rational functions in z. Here, using the techniques of the W'™-algorithm, we develop
a recursive method for computing the coefficients of the numerator and denominator
polynomials of A{™”,

As part of our development, in § 2 we also devise an algorithm for solving a very
general extrapolation problem. This algorithm, although similar in form to the E-
algorithm of [2], [4], is different from the latter and requires a smaller number of
arithmetic operations. These and other details concerning this algorithm are given
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in Appendix A. A FORTRAN program for the W™ -algorithm is included in
Appendix B.

Before closing this section we shall rewrite the equations in (1.1) in a more
convenient form as follows: Let t=y" and t,=y;,[=0,1, - - -, and define a(t)= A(y)
and ¢ (t)= ¢ (y), k=1, -+, m. Then (1.1) becomes

(1.4) A =a()+ kz_:] ee(t) 'Zo Buiti, J=EISj+N.

In the remainder of this paper we shall work with these equations.

2. Theoretical preliminaries. Consider the equations in (1.4). Let us denote the
ou(t)t; and By, 0=i=n,, 1=k=m (ordered in a manner to be described later), by
g.(l) and a,, 1=pu = N, respectively. We note that the exact nature of this ordering
is crucial in the development of the W™ -algorithm. For present purposes, however,
this ordering is irrelevant, and in fact, throughout most of this section, the g, (I) can
be treated as arbitrary. Let us also denote A{™” by A’y and a(#) by a(l). Then (1.4)
can be expressed as

N
2.1) Ay=a()+ Y ag(l), j=I=j+N.
i=1

By Cramer’s rule A’y can be expressed as the ratio of two determinants, namely as

;I _|gG) - - en(a()]
(2.2) A5 ) e IO
where I(I)=1, 120, and |u,(j) - - - up(j)| is the p X p determinant

u;(j) e u,(j)
(23) | (5) - - - up (D] = : : .
w(j+p—1) -+ w(j+p-1)
Let us now denote
(2.4) Gi=la:() - &), Gi=1,
and, for arbitrary b(l), =0, define
(2.5) Y5 (b) =£(b)/ Gr.
Then (2.2) may be reexpressed as
(2.6) Ay =y¢i(a)/ ().

Because f5(b) differs from G}, by only one column in the determinantal array,
it is natural to seek a relation between these quantities. This is accomplished by means
of an identity known as Sylvester’s theorem, a proof of which can be found in [1, p. 23].

THEOREM 1. Let C be a matrix, and let C,, denote the matrix obtained by deleting
row p and column o of C. Also let C,, .., denote the matrix obtained by deleting rows p
and p' and columns o and o' of C. Provided p <p' and o <o’

2.7) det C det C,/,o0 = det C,, det C,p—det C,, det C,r.

If C is a 2Xx2 matrix, then (2.7) holds with det C,,.,, = 1. ‘
Applying Theorem 1 to the (p+1)x(p+1) determinant f,(b)=

lg1(j) - - - g,(j)b(j)| with p=1, o =p, p'=0"=p+1, and using (2.4), we obtain

(2.8) £(B)YGIt = (b) G — f,_(b)GIH.

This is the desired relation.
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Upon invoking (2.5), and letting

. GL.,GIt
@9 Gl
(2.8) becomes

(2.10) Y5 (b)=[¢;53(b) — ¥}_1(b)])/ Dj.

From (2.6) and (2.10) we see that once the D} are known, the ¥i(a) and cpp(I )
and hence A’ can be computed recursively. Therefore we aim at developing an efficient
algorithm for the determination of the Dj. In the absence of detailed knowledge
concerning g;(!), we could proceed by observing that for b(I) = g,.,(1), (2.5) reduces
to

(2.11) Wi(gpe) = 1.
Consequently (2.10) becomes
(2'12) ’+1(gp+1) t/’p l(gp+l)

which permits a recursive evaluatlon of D} through the quantities ¥J(g;), iZp+1.
(Note that ¢5(g;) =0 for 1=i=p.) Thus (2.10) and (2.12) provide us with a recursive
algorithm for solving the general extrapolation problem in (2.1). This algorithm,
although similar in form to the E-algorithm of [2], [4], is different from it and requires
a smaller number of arithmetic operations. For the actual implementation of, and more
details on, this new algorithm see Appendix A.

In the present case of GREP, however, the g;(I) have a known structure which
may be profitably employed to increase the computational efficiency and reduce the
storage requirements. Consider the case of m=2 in (1.2) and (1.4) and suppose we
would like to compute A} = A% for n=(0,0), (1,0), (1, 1), (2,1), (2, 2), etc. For this
we set

gi(l)‘:(Pi(tl), i=1,2a gi(l)=tlgi—2(l)’ i=3’ 49 v
Therefore, for p=3
G} =lei(t) x(8) tie0i(8) ea(t) - - - g ().
If we factor out .,;—, from the ith row, i=1,2,- - -, p, we obtain

G, = (i[l tj+i—1)|h1(j)h2(j)gl(j) ce gp—z(j)l,
where

il :
mn=2 g

t
The determinant obtained above differs from GJ by two columns, and it is not hard
to see that there will be m different columns in the general case. We need therefore
to develop procedures for evaluating these objects.

We start this by introducing the following generalizations of the f5(b), ¢4(b), and

Dj:

(2.13) Fi(hy,- - =Ig1(j) IR A OLIOR h,(j)|= Fi(q),
(2.14) Wihy, .- h) s 1-0(@) Fhiz—g(g—1)=Wi(q),
(2.15) Dj(q)= "““’(q)FJ ~eald)

F, (@ F5(q)
the quantities h;(I) being arbitrary so far.
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As simple consequences of (2.13)-(2.15) we obtain

(2.16) F,00=G),,  F,(1)=f,(h),
(2.17) Wi (1) = ¢ (hy)

and

(2.18) D}(0)=Dj,

respectively. In addition, we define Fj(0)=1.

We also note that since F’(q) is defined for p=0 and q =0, ¥’(q) is defined for
1=qg=p+1, and D}(q) is defined for 0=g=p-1

It may be interesting to note that ¥,(q) along with the parameters a;, 1=i=p,
satisfies the set of linear equations

+1

-9
( l)q lh (l) - Zl lgz(l)+gp q+2(1)\1’ (‘I)"' 2 ap q+l+1h (l)’ ]_S_ I§J+P,
where the summation Z?=1 is taken to be zero for g=1and g=p+1.
The following results will be of use in the development of our algorithm further on.
THEOREM 2. The ¥’ (q) and Di(q) satisfy

(2.19) Vi(q) =[¥,0(q)—¥5-1(q)1/Di(g=1), 1=q=p,
and

j+1 1 -p=p_
(2.20) Di(q)=¥}" <q>[ e q,,ﬂ(q)] 15¢=p-1.

Proof. Consider the (p+ q) X (p+q) determinant F’,(q). Applying Theorem 1 to
this determinant with p =1, p’'=p+q, o =p, and o' = p+q, we obtain

(2.21) Fo(q)F,2(g—1) = F}X\(q)Fi(g—1) - F5 ' (g — 1) Fj_y(q).

Replacing p in (2.21) by p+1—gq, and using (2.14) and (2.15), (2.19) follows. In order
to prove (2.20) we start with (2.15). When we invoke (2.14), (2.15) becomes

LACIL S IC) P
V@i Y

When we substitute (2.19) in (2.22), (2.20) follows. 0O

The recursion relations given in (2.19) and (2.20) will be applied, for a given p,
with g increasing from 1. When q=p—1, (2.20) requires knowledge of wih(p-1),
and when ¢ = p, (2.19) requires knowledge of ¥}_,(p) and ¥, (p). Now \Iff,( p+1)
cannot be computed using the recursion relation in (2.19) since neither ¥4,_,(p+1)
nor Di(p) is defined. However, it is possible to derive a recursion relation among the
W/ (p+1), and this is given in Theorem 3 below.

THEOREM 3. Let

(2.22) Di(q)=

h(j) - - - By (NG|

(2.23) ¥y (b) = |h(5) -+ - By ()]

Then, for arbitrary b(l),
(2.24) J(b) =[§33(b) — ), (b)1/ D),

where

(2.25) =7 (Bpr) = 671 (Bpsy)
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and

(2.26) Wi(p+1)=(-1)"/§i(g)).

Proof. First (2.26) follows directly from the fact that ¥ T(p+1)=Fi(p+1)/Fi(p).
Next, we note that the definition of (/1’ (b) as given in (2. 23) is very similar to that of
(/Ip(b) as given in (2.5), the only difference being that g;(I) in (2.5) has been replaced
by h;(1) in (2.23). Thls immediately suggests that (2.10)- (2 12) hold with ¢(b), D}
and g;(1),i=1,2,- - -, replaced by :// (b), D’ and (1), i= -, respectively. ThlS
proves (2.24) and (2 25) 0

What we see from Theorem 3 is that the computation of the ¥’ »(p+1) can be
achieved through that of the ([l '(g1), which in turn can be achleved by using the
algorithm given in Appendix A. As we shall see in the next section, the h;(I) in GREP
have no particular structure in general, thus the actual computation of the ¥’ (p+1)
in the W ™ -algorithm is done as described above.

In addition to the relationships in the previous two theorems, we give one more
result concerning the ¥},(q).

THEOREM 4. The \I';(q) satisfy the relation

(2.27) Flii-g(@) =¥, ()¥5(2) - - - ¥5(9) Gpa.
Proof. Let us reexpress (2.14) in the form
(2.28) Fli1-(q) =V5(q) Fhs1-q-1(g —1).

Invoking (2.14), with g replaced by g—1, on the right-hand side of (2.28), and
continuing, we obtain

(2.29) Fli1g(@)=Y5(q) - - - ¥5(1)F}44(0).
Equation (2.27) follows from (2.29) and (2.16). O

3. Ordering of ¢,(t,)ti and its consequences. Numerical experience and theoretical
results suggest that as the n, in (1.4) become large simultaneously, usually A{™ > A
quickly where A is the limit or antilimit of the sequence a(l), 1=0,1,2,---. The
simplest way of achieving this is by letting n, =s, 1=k=m, and increasing s. More
generally, we can let n, =y, +5s for some fixed integers v, =0, 1=k=m, and s=
0,1,2, - -. With the ¢ (#)t}, 1=k=m, i =0, ordered in an appropriate manner, the
W™ _algorithm is actually designed to compute a sequence of A{™”, that includes
those A{™” for which the ny are as above. We now describe this ordering.

Without loss of generality we may assume v, = v, = - - - = v,,. We define the indices
ik by

(3.1) Ip+1 = 00, i1=1, ik+1=ik+1+k(1/k"Vk+1), 1=k=m-1.
Note that i, = i, +1 and thus i, =k, 1=k =m. Note also that
(32) Ck=(ik+1—ik—l)/k, 1=k= m,

are nonnegative integers for 1=k=m—1, and c,, = 0. Let us define

(3.3) ce= Z ¢, 1=k;=k,=m, c;2=0 otherwise.
j=k

For each ordered pair of integers (k, i), 1=k=m, i=0, we define, in one-to-one
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correspondence, a single integer u =1 by

(34) __{lk ifl=0,
' = li,—(g-k)+(i—cf™")q ifiz1 and cf'<isci.

Finally, we set

(3.5) e(t)ti=g. (1),

thus determining the desired ordering. We note that the condition c¢f ' <i= c{ implies
that i, <p <igy,.

In order to illustrate the exact meaning of this ordering, let us analyze the following
example.

Example 1. m=5, v,=7, v,=5, vs=4=w,, vs=2. By (3.1) i,=1, i,=4, iy=7,
is=8, is=17, and by (3.2) ¢;=2, ¢;=1, ¢;=0, ¢,=2. In the diagram below, starting
from the left, the square in the kth row denotes ¢, (), and the ith circle in the same
row denotes ¢, (#)¢;. The integer below each square or circle is u in g, (I) = @i (1) 1.
Note that the m rows have been arranged so that the terms ¢, (t;)t;* are in the same
column, and that ¢, denotes the number of columns that contain those u’s satisfying
i < p <liggq.

0 1 2 3 4 5 6 v, =7 8 9
[m] @] @] O O O O O O O
i=1 2 3 5 9 13 18 23 28 33
0 1 2 3 4 v,=5 6 7

0 o o o o} e} o} o}

i=4 6 10 14 19 24 29 34

0 1 2 3 v,=4 5 6

| o} o} o) o o} o}

=17 11 15 20 25 30 35

0 1 2 3 v,=4 5 6

o e} e} o} e} e} o}

i,=8 12 16 21 26 31 36

0 1 vs=2 3 4

| o} o} o} o}

is=17 2 27 32 37

With the ordering above the sequence of approximations Aﬁ,’{ﬁ{), where n(s).=
(vi+s, -, v, +5), s =0,1,2,- -, is actually a subsequence of the sequence Aj,
p=0,1,2,---, and Af,'[';ﬂ) = Al +ms» Where No=Y " (v +1).

As a consequence of this ordering we have

gi(l) {hk(l)’ i=i,
3.6 == 1=sk=m,
(36) 4 gi-k(D), W<i<igs,
where we have defined
t, .
(3.7) np=2ct_&d

4 4

Conversely, (3.6) and (3.7) define the ordering of (3.4) and (3.5). We note that (3.6)
and (3.7) are the key to the development of the W ™-algorithm.
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Example 2. An important case of the construction above is that for which », =0,
1= k= m, which we shall henceforth refer to as the “normal ordering.” For this case
we have

(3.8) =k 1=k=m, =0, 1=k=m-1,
(3'9) ¢k(tl)t;=gk+im(l)’ lékéma 120,
_ ‘Pi(tl)a 1§-l§m,
(3.10) g‘(”‘{t,g,._m(l), i>m,
and
(3.11) =2 _&d

t 4

The FORTRAN program given in Appendix B to this work deals with the normal
ordering.

Since we have defined h,(I) only for 1=k = m, we see that F)(q) is defined only
for 0=q=m, p=0, ¥(q) for 1=qg=min{p+1,m}, and Dj(q) for 0=g=
min {p—1, m}. Consequently, the recursion relation in (2.19) is valid for 1=g=
min {p, m}, and that in (2.20) for 1=g=min{p—1, m}.

Through g;(1) = t,g;— (1), i > i,, cf. (3.6), the ordering above enables us to relate
F},_.(m) to G} and hence D}(m) to DJ(0) = D3, the desired quantity, thus reducing
the amount of computation for the W™ -algorithm considerably. More generally we
have the following results.

LEMMA 5. Let

k
(3.12) oc=Y (i;—s), 1=k=m,
s=1
and
o gtp-t
(3.13) ‘77:,= H ti, pgl.
i=j

Then for i), = p <ix4y
(3.14) G =(-1)7+*Pk g  BI (k).

Proof. Starting with the determinant representation of G,{ in (2.4), and dividing
the ith row by t.;_,, i=1,- -, p, and invoking (3.6) and (3.13), we obtain

(3.15)
G{v" 77{;"1181 e 8i2—2h28i2—1 Tt 8i3—3h38i3-2 e 8:;,—4’14 te gik—khkgik—k-H te gp—k|,

where we have omitted the index j for simplicity of notation. Note that when p =i,
h; is the last column in the determinant above. Let us now move h, to the right of h,,

h; to the right of h,, etc. The number of column interchanges required for this is o.
Thus

(3.16) Gy = (=) mi|m(j) - - - (&) - * * gp-i(G)I-
Equation (3.14) now follows from (3.16) and (2.13). O
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THEOREM 6. For i, <p <y, and k<i;=p, Dj can be computed from
Wi (k+1)/P,0(k),  k<ik=p=ic,—1,

( 1) /\P1+2(k)a k<ik=p<ik+l_1’
. DJ D’(0) = DI (k) x
(317) »(0)= ( ) 1, B <p<ig—1,
(- 1) v, (k+1)’ E<p=i,—1

Proof. By (2.9) D} is a combination of G}y, GIY\, G} and G} For iy <p<
ir+1—1, we also have i, = p +1<i.,,. Consequently, we can make dnrect use of Lemma
5 on all four G’ above. Invoking now (2.15), we obtain D} = DJ(k). When i, <p =
her1—1, we have ik =p—1<ip, and i, <p <ig4,, but p+1=1i.,,. Thus we can make
direct use of Lemma 5 on G}*}, G}, and G} only. We apply Lemma 5 to G}, with
k in (3.14) replaced by k+ 1. The overall result of this is

— (-1 F ey (k+ D FE (k)
Fj_(k)F,2 (k)

Multiplying both the numerator and the denominator of (3.18) by F’,., ,(k), and
invoking (2.14) and (2.15), we obtain D} = (—-1)"D’ (k)W (k+1). The proof of the rest
of (2.17) is accomplished similarly. 0O

Note that for k=m (3.17) reads

(3.19) D}=Dj(m),  p>in,

and it is this property that makes the W™ -algorithm economical. Observe that in the
general algorithm outlined in § 2 and described in detail in Appendix A, the calculation
of any DJ, requires roughly j recursive steps. As more terms are introduced j becomes
large and so do the recursive calculations. For the W™ _algorithm, however, calculation
of any D}, on account of (3.19), never requires more than m recursive steps.

Also with the help of Theorem 2, (3.17) can be reexpressed as

(W50 (k+1) =W,y (k+ D)/ W0(K),  k<ie=p=in—1,

(3.18)

oo | D0 -1/ o) k<i=p<ia=1,
3.17)" D, =D5(0)= : P i
CAD" o= D02 by h, <P <ixa=1,
COTHARHD-Bhak D], ie<p=ien—1.

The only case not covered by Theorem 6 is that of p = i, = k, and D} for this case
can be computed by using (2.10) and (2.12). If we let k, be that integer for which
i, =k when k=k, and i,>k when k> k,, then we can use (2.10) and (2.12) for
1=p=k,, and Theorem 6 for k> k,. In the W™ -algorithm given in the next section,
however, we choose to compute D3, for p =i, 1 =k = m, using (2.10) and (2.12), thus
making the programming simpler.

THEOREM 7. When i, —1=p=i;,,—2

(3.20) (1) P*ml,, fl Wi(i)=1.

Proof. Let us put g =k in (2.27). The result now follows by applying Lemma 5
to the resulting identity. 0O
Applications of Theorems 6 and 7 to the cases m=1,2.
The case m=1. From (3.19) DJ=Di(1) for p=2. Similarly from (3.20)
( 1)}, ¥5(1) =1 for p=0. Thus solvmg for ¥/(1), and substituting in (2.20) with
=1 there, we obtain

(3.21) D;=t.,-t,
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which is valid for p =2. Using (2.9), we see that (3.21) is valid also for p =1. Thus we
have recovered the W-algorithm of [12].

The case m =2. For simplicity we shall consider the normal ordering, for which
iy=1, i,=2. Thus from (3.19) D)=D}(2) for pz=3. Similarly from (3.20)
U (1)W(2)=1 for p=1. Solvmg for \I" 2(2) in terms of ¥i(1)=y’(h,), and
substituting in (2.20) with g =2 there, we obtain

(3.22) =[t07-1(hy) = 4323 (1)1 97 55(hy),

which is valid for p=3. Us1ng (2.9), we can show that (3.22) is valid also for p =2.
As for p=1, we use

g(j+1) 82(f) ©2(t11) ‘Pz(t)
gi(j+1) gl(]) ¢1(t]+1) ¢1(t)

which follows from (2.9). Thus we have actually developed the W'®-algorithm for the
normal ordering. The order of computation in this algorithm is as follows: Given ¢,(#;),
@.(1), 1= 0, use (3.23) and (2.10) to obtain the J(h,). Then for p=2,3, - - -, use (3.22)
to obtain the DJ, and then (2.10) to obtain the ¢}(h,).

Note that (3.22) is also valid for the general case in which i,>2 and pPEi+1,
and it can be used for computing D} without having to compute and store ¥/(2) in
the algorithm given in the next section.

In Theorem 3 we obtained a recursion relation among the ([/,,(b) which, through
(2.26) enables us to determine ¥’ ( p+1). Since we have defined h,(I) onlyfor1=k=m,
the W/ (p+1) are defined and needed only for 0=p=m—1. In general the ¥/ (p+ 1),
0=p=m—1, and the D}, p=i,, 1= k=m, are computed by different procedures For
the case of normal ordering, however, they can be obtained simultaneously using the
same computational procedure, namely the algorithm given in Appendix A, as suggested
by the following theorem.

THEOREM 8. For normal ordering, i.e., i, =k, 1=k =m, we have

(3.23) Dj=

(3.24) V(p+1)=(-1)"/¢}(gm+r1), O0Sp=m-—1,
and
. pt1 .
(3.25) o [ ¥i(i)=1, O0=p=m-1.
i=1

Proof. (3.24) follows from Theorem 3, and (3.25) from Theorem 7. 0O

4. The W™ -algorithm. We now describe the W™ -algorithm that will enable us
to compute the A’ efficiently when the ¢, (1;)1; are ordered as in the beginning of § 3.

Since a(l), j=I=j+p, enable us to determine A, it is readily seen that we can
determine all the A, for j+p=L, j=0, p=0, whenever a(l), 0=I=L, are given. If
we now introduce the element a(L+ 1), we can compute those A/, for whichj+p=L+1,
in addition to those already computed. That is to say, the calculational flow is along
the diagonals j+ p = constant in the j-p plane.

Along a diagonal all quantities ¢ (b) in general, and ¢} (a) and (1) in particular,
are advanced using the primary recursion in (2.10). For this at each lattice point (j, p)
the denominator DJ = D/(0) must be evaluated, and this is accomplished as follows:
For all values of p we use Theorem 2 to compute D}(q) for 1= g=min{p—1, m} and
WIi(q) for 2=q=min{p, m} For p=m—1 we also need ¥,(p+1). This can be
computed by Theorem 3, D’ in this theorem being computed from Theorem 8 and
the new algorithm given in Appendlx A. We next evaluate D} = DJ(0) by Theorem 6
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for i, <p <ix+; When ixyy> i+ 1, and by (2.12) for p =i, 1=k =m. With D}, deter-
mined, we compute ¥J(1) by Theorem 2, and ¢(gi+1), k+1=s=m, ¢}(a), yi(I),
and AJ, thus completing the calculation.

We now express all these steps of the W™ -algorithm semiformally in Pascal. For
simplicity of notation we shall define gi(!) = g;+.(l), 1=k=m. Below by “initialize
(j)” we shall mean

{read 4, a(4))= A}, ¢i(t), 1=k=m, and compute yi(a)=a(j)/g.(j),
'I’O(I)_l/gl(]) Vi) =1/1, i(g) = s Ud(8k) = 8 (j)/ 81(j), 1=k=m;
Gi(h) = 0i(1)/ @s(8), 25 i< m}
Note also that statements of the form “for i:=i' to i” do” are not executed if i'>i".
We assume that a(l) are given for 0=1[/= L, but are being introduced one by one.
begin
initialize (0);
for I:'=1to L do
begin
initialize (1);
forp==1to l do

begin
ji=1-p;
if p=m—1 then
begm
DJ J+l(hp+1) ‘pp l(hp+1)9 R
for i=p+2 to m do yj(h)=[§i1(h) ~ }1(h))/ Dj;.
Ih(8) = [$371(8) — §5-1(8))/ Dy Wh(p+1):= (-1)/ 3(81)
end;
for g:==1to min{p—1,m—1} do
begin
Dy(q)="Y,"5(q)/¥}-1(q) —¥,2(q)/ ¥4 (q); ' =q+1;
v(q") —[‘I””(q') ¥;,_1(9")1/ Di(q)
end;

if p>m then D}(m):=W¥,"(m)/¥}_,(m)—¥,"5(m)/ ¥, \(m);
{determine that integer k, 1 = k = m, for which i, = p <ix+,. (For i, =0
use the largest positive integer available on the computer.)};
if p=i, then D :=y}"\(&)— ¥} 1(8k)
if i <p and p <i;,,—1 then D’ = (k),
if i, <p and p=i.,,—1 then Df =(- l)kD’(k)\If (k+1);
foric=k+1tom do ‘I’p(gl) = [w)"‘l(g‘) ‘/’p l(gl)]/D
Wi (1)=[¥;"4(1) - ¥,_,(1)]/ Dj;
Yy(a)= [tld,ﬁ'l(a) ¥p-1(a)l/ Dy;
(I)—[t/"“(l) ¥3(1))/ D;
J(@)/wi(D)
end
end
end;
We now turn to the questions of storage and operation count for the W(™-
algorithm.
As can be seen from the above, not everything has to be saved throughout the
course of computation. Before / is incremented in the statement “for /:=1 to L do”
the following newly computed quantities are saved: §3(h;), p+2=i=m, and §’(g,)
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for p=m—1, ¥i(q), 1=Sq=min{p+1,m}; ¢J(&), k+1=i=m, for i, =p<ipiy;
¥i(a) and ¢i(I); j+p=1,j=0, p=0. With suitable programming these quantities can
occupy the storage locations of those computed in the previous stage of this statement.
None of the Di(q), 0=q=min{p—1, m} has to be saved. Thus we need to save
approximately m+2 vectors of length L when L is large. The rest of the storage
required does not increase with L.

As for the operation count, we first observe that there are L*/2+ O(L) lattice

points (j, p) for j+p=1L, j=0, p=0. At each point (j, p) we compute Al yi(a),

(D), ¥i(q), l=g=min{p+1, m}, and D, 7(q), 1=q=min{p-1, m} One d1v1310n
1s requxred for A}, one division and one subtractlon for each of the z//,,(a) ¥ (I) and

¥.(g), and two d1v1s1ons and one subtraction for each D}(q). Consequently for
jtp=L, j=0, p=0, the computation of the above mentioned quantities requires
3(m+ 1)L2/ 2+ O(L) divisions and 2(m+1)L?/2+ O(L) subtractions. The operation
count for the rest of the quantities is O(L) divisions and subtractions. Thus the final
count for the W™ -algorithm is 3(m+1)L?*/2+ O(L) divisions and 2(m+1)L*/2+
O(L) subtractions, a total of 5(m+1)L?/2+ O(L) operations.

For the W~ and W®-algorithms the storage requirements and the operation
count are reduced considerably by making use of the results in (3.21) and (3.22). Thus
for m=1 we need to compute and store only two vectors of dimension L, namely
¥i(a) and ¢} (I) for j+ p = constant, and the operation count is 3L%/2+ O(L) divisions
and 3L%/2+ O(L) subtractions. Similarly, for m =2 we need to compute and store
only three vectors of dimension L, namely yJ(a), ¢i(I), and ¢}(h,)=¥i(1) for
j+ p = constant, and the operation count is 5L?/2+ O(L) divisions, L*+ O(L) multipli-
cations, and 2L*+ O(L) subtractions.

We recall that the sequences AY™” with j fixed and n, increasing simultaneously
have the best convergence properties. Thus we may be satisfied computing only Ag
for p=1,2,---, or even for p=i,+ms, s=0,1,---. This reduces the number of
divisions by L2/ 2+ O(L) in all cases above.

Finally, a stopping criterion, based on the values of Af, forp=i,+ms,s=0,1,---,
can also be incorporated within the loop “for /:=1 to L do”. The simplest approach
is to estimate the truncation error from the difference of two successive approximations,
e.g., |Ayim— Ap|. A better method is to estimate also the growth of roundoff error in
the computations, and stop when this becomes of the order of the truncation error.
One means of estimating roundoff of AJ is ¥'7_ |y} | as discussed in [8]. Here v}, is
the cofactor of a(j+1i) in f,(a) divided by £5(I), cf. (2.6), thus A, =Y"_ vyl a(j+i).
A more accurate but more laborious method is to compute {Z’ I(aA / aa(l )) da()P}7?,
where da(l) is an estimate of the uncertainty in a(l), the Ith member of the sequence
to be accelerated. Because the W'™-algorithm is recursive in nature, formulas for
dA’/da(l) can be obtained trivially, but are expensive to evaluate. (The idea was
implemented in HURRY [3], an adaptive algorithm for accelerating convergence using
the u-transformation of [5], where it proved to be very accurate.)

A simple and inexpensive way of estimating roundoff, based solely on the computed
values of the AJ, could be as follows: Since for increasing I the approximations A7,
Al -+, A}, for s fixed and small, are close to A and to each other, take (some
combination of) the differences |A}— Aj_j|, 1=j=s, as an estimate of the total error
(including roundoff) in the computed value of A}. The extrapolation process can be
stopped when the sequence of these errors begins to increase, i.e., when roundoff starts
to dominate the computations.

The FORTRAN program for the W™ -algorithm that is given in Appendix B
does not include the simpler versions of W"- and W®-algorithms. The storage used
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in the program is about twice the minimal storage described above. We have preferred
to give up some of the storage in order to make the program readable. The program
also does not include a stopping criterion. All this is left to the interested reader.

5. Application to rational approximations from the d-transformation. As mentioned
in [8], the d-transformation of [6] for accelerating the convergence of infinite series
is a form of GREP applied to the sequence of partial sums of these series. When
applied to a power series Y;., cz'~’, this transformation produces approximations
d{™)(z) to the limit or antilimit that are rational functions in z In [13] the d-
transformation has slightly been modified such that the coefficients of the above-
mentioned rational approximations are obtained by solving a linear system of equations
that are independent of z. Clearly, this results in considerable savings when approxima-
tions are required for many different values of z, since otherwise for each z one has
to solve the linear systems of equations that define the d-transformation. For further
details see [13].

With a slight change of notation, the approximation d{™”(z) to the limit or
antilimit of the power series Zfil ¢z’ is determined by solving the linear system of
equations

T Oy
So(1+1)7

where n=(n,,n,, - -,n,) and N=Y"_ (n+1) as before, w,=m are some fixed
integers which can usually be taken to be 0, and

(5.1) dm(z)=8+ ¥ 1Mz j=I=j+N,
k=1

1
(5.2) So= 0, S[ = Z C,'Zi—l, I1=1.
i=1

For the important questions of when to expect the d-transformation to be efficient,
how to determine m and the integers w;, when to set w;, =0, we refer the reader to [13].

Comparing (5.1)-(5.2) with (1.4), we see that the d-transformation above is indeed
a form of GREP for which
(5'3) tl=(l+1)—1’ a(l)=S1, ‘Pk(tl)=lwkcl+kzl’ lgkgm’
and consequently A{™” =d{™(z) and By; = z* 7' 0,,.

It turns out, see [13], that
YN Az a(j+i)

Z:\_J—_o AiZN_i ’

where the A; are independent of z. Thus d{™/(z) is a rational function whose numerator
and denominator polynomials are of degree j+ N —1 and N, respectively. The form
of d{™7(z) in (5.4) can still be achieved if we allow ¢, (t) in (5.3) to read more generally
(5'5) ¢k(tl)=vk(l)zla lékém’

where v, (I) can be any numbers. Thus (5.1) becomes

(5.4) d\m(z) =

. m nk — .
(5.6) d™(z)=a()+ ¥ oDz’ ¥ Buti, j=ISj+N,
k=1 i=0

and we shall deal with (5.6) in the remainder of this section.

As in §3, let us assume that we would like to compute d™(z) for n=
(v1+s, vp+s,: -, v, +s),s=0,1,2,: -+, and that v, = v, = - - = v, are fixed. Define
the i, as in (3.1), and set

(5'7) g,k(l)—'—-vk(l), lgkém’
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and define the rest of the g(I) as in (3.6). For d{™/(z) obtained by applying the
modified d-transformation to power series as in (5.1), (5.7) is replaced by

(5.7) g, (D) =1"c iy, 1=k=m.

If, in (5.6), we let d™”(z) = A’y, and replace the v, ()t} by the appropriate g, (1),
and finally multiply (5.6) by z~/, we obtain

N
(5.8) AN =z""a()+ Y agi(l), j=I=j+N,
i=1

cf. (2.1). According to Cramer’s rule, the solution for A} can be expressed as

j ___f’}v(f)
59) N )’
where f},(b) is as defined by (2.2), and
(5.10) eM=z"al), n(h=z", I1=0.

If we divide the numerator and the denominator of (5.9) by G4.,, A% can also be
expressed as

NG
(5.11) AN o)’

Here ¢}(£) and ¢J(n) can be evaluated recursively by using (2.10), and for this we
need to know the D}, which are defined in (2.9). Since G are independent of z, so
are D). Thus they have to be computed only once, and this can be accomplished
efficiently by using the W™ -algorithm. Subsequently they can be used to compute
¥i(€) and ¢}(n) recursively for all values of z.

Expanding f}(n) with respect to its first column, we see that y}(n) is a polynomial
in z7! of degree =j+p of the form

(5.12) 3(n) = z Az

Thus, by expanding ¥} (¢) with respect to its first column, we obtain

(5.13) wie) = éﬂ Nz a(j+i).

Note that by multiplying ¢}(¢) and ¢}(n) by z’/*%, and substituting in (5.11), we

recover (5.4). As is seen from (5.12) and (5.13), if we know the A}, we can use them

to compute both ¢J(n) and ¢}(£). By (2.10), the AJ,; can be computed recursively as
follows:

—)‘i)—l,O/ D;n i= 0,

(5.14) )‘{;,i= (A.J;Jtll,i-—l_A"ip—l,i)/D{;9 l=si=p-1,
Ay -1/ Dy, i=p,

with

(5.15) Mo=1/g:1(j), j=0.

Appendix A. Following Theorem 1, we introduced a recursive algorithm for
implementing the general extrapolation procedure defined by (2.1), assuming that we
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did not have detailed knowledge concerning g;(/). Actually, the g;(!) can be assumed
to be arbitrary.

In this Appendix we give the details of this algorithm, at each stage of which only
one new term of the sequence a(l), /=0, is made available. Thus the computational
flow is along the diagonals j+ p = constant. Here are the stages of the algorithm when
we have assumed that a([) are available for 0= I = L, but again they are being introduced
one by one:

{read a(0) = Ag, £,(0)}
po(a) = a(0)/g,(0); yo(I)=1/g,(0);
{save yo(a), yo(1)}
for I'=1to L do
begin
{read a()= A}, gi(), 1=i=1, g..(j), 0=j=1}
Yo(a)=a(l)/g,(D); wo(I)=1/g:(1);
for i:=2to I do *//(Iq(gi):= g:(1)/&(1);
for j:=0 to I do ¥3(g1r1) = gi+1(j)/ 8:1(J);

forp:==1tol/—1doforj:=0to/—1—pdo ¢}(g)=[¥" (gu)— ¥i_1(811))/ Di;
for p=1to [ do

begin
J —l —P;
1+l(gp+l) ‘/Ip l(gp+1),
for ii=p+2 to 1+1 do yi(g) = [¥i"(g) — ¥)-1(g))/ Dls
w,,(a) =[¥i4(a) = i (@))/ Dl WD) = [¥i3(D) ~ i -(D]/ Dl
I(@)/ gD
end
{save yi(a), Yi(I),j+p=10=p=1L yi(g),p+2sisIl+1,j+p=10=p=I-1,
and discard those previously saved; save all D}, 1Sj+p=L1=p=1}
end;

Note that statements of the form “for k:= k, to k, do”’ are not executed if k,> k,.

The main difference between the present algorithm and the E-algorithm is that in
the present algorithm recursion is among the :/1,;(b) whereas in the E-algorithm it is
among the BJ(b) =f(b)/ ﬂ,(I ). Thus in the notation of the present work the recursion
for the E-algorithm as stated in [2] becomes

(A1) B{,(b)— Jﬂ(b)B -1(8p) — +11(b)Bl+l(gp),
p—-l(gp) ] (gp)

where b(l) is either a(l) or gi(l), izp+1. Note that B’ (g:), denoted by g(’) in [2], is
zero for i =p. Also note that B/(a)= A). Equation (A.1) can be obtained by writing

B,(b)=[f(b)GIT /LSS (I)G{,“, , applymg (2.8) to both the numerator and
denommator of this quotient, and finally by dividing both numerator and denominator
by f_,(I)f5(I), and realizing that G} =Ff,-1(g).

Now most of the computational eﬁort is spent in obtaining the J(g;) in the
present algorithm and the B),(g;) in the E-algorithm, the rest of the effort being relatively
minor in both cases. Given a(l) 0=I=L, the computation of the A}, j+p=1L, j=0,
p=0, requires knowledge of L3/3+O(L2) ¥i(g)’s for the present algorithm and
L*/34+ O(L?) B’(g:)’s for the E-algorithm. Thus, as mentioned also in [2], if one uses
(A.1) to implement the E-algorithm, one needs 213 /3+ O(L?) multiplications, 2L/3 +
O(L?) subtractions, and L*/3+ O(L?) divisions. The E-algorithm can be implemented
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in a more efficient way by rewriting (A.1) in the form
; B\ (b)— Bi(b)c],
A1y B (p) = 2=

4

where ¢} = B}"\(g,)/ B}-1(g,), and computing ¢} and 1- ¢}, only once, the operation

count becoming L*/3+ O(L*) multiplications, L*/3+ O(L?) subtractions, and L*/3+
O(L?) divisions, a total of L*+ O(L?) operations. For the new algorithm, however, the
operation count is L?/3+ O(L?) divisions and L?/3+ O(L?) subtractions, a total of
2L%/3+ O(L?) operations. Thus the new algorithm is about 30% more economical
than the E-algorithm even when the latter is implemented using (A.1)'.

Finally, A{, can be expressed as

.o
(A.2) A, = Z.o Yria(j+i),
where
i M .
(A3) ‘yé’i=—p_ﬂ)t_j_’ 0=si=p,
s=0""p,s

and the A’;,,- are computed using the recursion relation in (5.14) and (5.15). The
demonstration of (A.3) is left to the reader.

Appendix B. In this Appendix we give a FORTRAN program that includes the
subroutine subprogram WMALGM, for the W™ -algorithm with normal ordering.
The program illustrates the use of the W™ -algorithm as the d-transformation. We
recall that the d-transformation is a form of GREP used in accelerating the convergence
of infinite series whose terms form sequences in the family B™ described in [6]. The
program has been written in (standard) FORTRAN 77.

WMALGM
The CALL statement for WMALGM is as follows:
CALL WMALGM(MDIM,LDIM,M,LMAX,MLTAG,G,PSIAI,
BIGPSI,PSIG,APPROX,EPSDIV)
MDIM A positive integer. (Input of integer type).
LDIM A positive integer. (Input of integer type).
M The value of m in the text. M = MDIM. (Input of integer type).
LMAX The maximum number of terms a(l) made available to WMALGM.
LMAX =LDIM. Starting with a(0) the terms a(1), a(2),---, are
introduced one at a time. (Input of integer type).
MLTAG  The name of an external subroutine subprogram the CALL statement
for which is
CALL MLTAG (M,L,T,A,G)
M The value of m as before. (Input of integer type).
An integer =0. (Input of integer type).
t; in the text. (Output of double precision type).
a(L) in the text. (Output of double precision type).
A one-dimensional array containing the g;(L), 1=i=m, in the
text. Here G(K)=gk(L), 1=K =M. (Output of double pre-
cision type).

Qx» N
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This subroutine subprogram is to be supplied by the user and must
be declared in an EXTERNAL statement in the calling program.

G Exactly as described in MLTAG.
PSIAI An array of dimension (0:LDIM,2,2). (Output of double precision
type).

BIGPSI An array of dimension (0:LDIM,MDIM,2). (Output of double pre-
cision type).

PSIG An array of dimension (0:IDIM,2:MDIM +1,2). (Output of double
precision type).

APPROX An array of dimension (0:LDIM,0:LDIM) with APPROX (J,P) = A}
in the text. (Output of double precision type).

EPSDIV A small positive constant used to avoid division by zero in the
computation Ap = ¢p(a)/yp(I). If |yp(I)|< EPSDIV, then A} is not
computed, the sentence “APPROX (J,P) IS NOT DEFINED” is
printed instead. (Input of double precision type).

WMALGM can be used with any M and LMAX.
In the listing of WMALGM below

PSIAI (P,1,*)=y% (a),  PSIAI(P2,*)=y} (1),

B.1 . [
. BIGPSI (P,Q*)=¥7(Q),  PSIG(PL*)=yr (g,
where

L-1-P *
(B.2) T { 1-P when * denotes CUR,
L-P when * denotes TEMP.

Note. If we want to save only A), p=0, we do not have to compute or save
APPROX (J,P) for 1 =J = L, thus reducing the storage requirement substantially. This
can be achieved by deleting all reference to APPROX (J,P) for J =1, and then replacing
APPROX (0,P) by APPROX (P). Of course, APPROX (0:LDIM, 0:LDIM) in the
DIMENSION statement should be replaced by APPROX (0:LDIM). Also, as we

mentioned in § 4, before the statement “80 CONTINUE” we can insert a stopping
criterion.

MLTAG for d-transformation. We now describe an example of the subroutine
subprogram MLTAG, namely, for use in accelerating the convergence of infinite series
of the form 210 u, by the d-transformation. In general, if we select an increasing
sequence of integers, R;,, 0= R,<R,<R,<- - -, then for given m and I

1 R
B. L= d =Y u, I=0,
(B3) =g+ ™ a(l) Eo u

and we can set

(B.4) g(D=(R+1)*A* " u, 1sk=m, 120,
where A is the forward difference operator, defined by

(B.S) Aoui = Uu;, Au; = Uiy — U;, Akui = A(Ak_lu,'), k =2.

The simplest choice for the R, is (1) R, =1, 1=0, although others like (2) R, =sl,
1= 0, for s any positive integer, or (3) R,=0, R, =[oR;]+1, [=0, for o some positive
number (not necessarily integer) > 1, are also possible and useful in appropriate cases.
For example (1) is useful for alternating series, (2), with s=2, for power series,

trigonometric Fourier series, Fourier-Legendre series, Fourier-Bessel series, etc., close
to singularities of the functions they represent (away from singularities s = 1 is normally



ALGORITHM FOR RICHARDSON EXTRAPOLATION 1229

sufficient). Also, (3) is useful for monotonic series or for those series whose terms can
be expressed as u, = ul”+u® such that the W™ -transformation, with appropriate
values of m, can be applied to both series ¥, ul” and ¥ -, u'®, and at least one of
these series is monotonic.

In the listing of MLTAG below, SIGMA and INCR stand for o and s respectively.
SIGMA=1andINCR=s,5=1,2, -, give the choices (1) and (2), whereas INCR =1
and SIGMA > 1 give the choice (3). Both parameters are passed to MLTAG from the
main program by a COMMON statement.

The final value of LSUM in MLTAG is R;.

The function CF(I) which is called by MLTAG returns the value of uy, i.e., the
Ith coefficient of the infinite series Zf’:o u,.

Note that we have given up computational efficiency in MLTAG in favor of its
readability. Of course, efficiency can be achieved by saving previously computed values
of CF(I) and A.

Main program. The quantities to be supplied by the user are MDIM, LDIM,
EPSDIV, M, LMAX, INCR, and SIGMA (all exactly as described above), and they
appear in PARAMETER statements. Recall that M =MDIM and LMAX =LDIM
must be satisfied.

The program as given below applies the d-transformation to the series

b 1 1 :
Py [(H EEaT 1)2] with Ro=0, Ry, =[13R]+1, I=0,

i.e., INCR =1 and SIGMA = 1.3. Part of the computer output is given in Table 1. The
exact sum of this series is £(3/2) + £(2) =4.25709415533 - - - , where {(z) is the Riemann
zeta-function.

TABLE 1
1 R, A?
0 0 0.2000000000000000D + 01
1 1 0.3522407749927483D + 01
2 2 0.4378833067917802D + 01
3 3 0.4214370874170596D + 01
4 4 0.4203604635757008D + 01
5 6 0.4244408285363892D + 01
6 8 0.4257902453896256D + 01
7 11 0.4257227978412741D + 01
8 15 0.4257267095028335D + 01
9 20 0.4257314273661214D + 01
10 27 0.4257310664017329D + 01
11 36 0.4257309211241072D + 01
12 47 0.4257309428983710D + 01
13 62 0.4257309420937747D + 01
14 81 0.4257309414416707D + 01
15 106 0.4257309415571107D + 01

Here are the listings of WMALGM, MLTAG, CF, and the main driving program:

IMPLICIT DOUBLE PRECISION(A-H,0-Z)

PARAMETER (MDIM = 6,LDIM = 50,EPSDIV = 1D -77)

PARAMETER (M =2,LMAX = 20,INCR = 1,SIGMA = 1.3D0)
DIMENSION G(MDIM),PSIAI(0:LDIM,2,2),BIGPSI(0:LDIM,MDIM,2)
DIMENSION PSIG(0:MDIM,2:MDIM + 1,2),APPROX(0:LDIM,0: LDIM)
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EXTERNAL MLTAG

COMMON SIGMAP,INCRP

WRITE(6,111)

FORMAT(‘SUMMATION OF 1/(I+1)%x(3/2)+1/(1+1)%x2’,1X,

‘FROM 1=0 TO I=INFINITY’)

INCRP = INCR

SIGMAP=SIGMA

CALL WMALGM(MDIM,LDIM,M,LMAX,MLTAG,G,PSIALBIGPSI,PSIG,
APPROX,EPSDIV)

WRITE(6,121)

FORMAT(3X,)’,3X,‘P’,3X,'APPROX(J,P)’)

WRITE(6,131)((L— I,LAPPROX(L—~LI),| =0,L),L = 0,LMAX)

FORMAT(214,D25.16)

END

SUBROUTINE WMALGM(MDIM,LDIM,M,LMAX,MLTAG,G,PSIAIBIGPSLPSIG,
APPROX,EPSDIV)

IMPLICIT DOUBLE PRECISION(A -H,0-2)

INTEGER CUR,TEMP,P,PM,Q,QP

DIMENSION G(MDIM),PSIAI(0:LDIM,?2,2)

DIMENSION BIGPSI(0:LDIM,MDIM,2),PSIG(0: MDIM,2:MDIM +1,2)

DIMENSION APPROX(0:LDIM,0:LDIM)

CUR=1

TEMP=2

CALL MLTAG(M,0,T,A,G)

APPROX(0,0) = A

PSIAI(0,1,CUR) = A/G(1)

PSIAI(0,2,CUR) = 1D0/G(1)

BIGPSI(0,1,CUR) = 1D0/T

DO 10 K=2M

PSIG(0,K,CUR) = G(K)/G(1)

CONTINUE

PSIG(0,M+1,CUR) =T

DO 80 L=1,LMAX

CALL MLTAG(M,L,T,A,G)

APPROX(L,0) = A

PSIAI(0,1,TEMP) = A/G(1)

PSIAI(0,2,TEMP) = 1D0/G(1)

BIGPSI(0,1,TEMP) = 1D0/T

DO 20 K=2M

PSIG(0,K,TEMP) = G(K)/G(1)

CONTINUE

PSIG(0,M+1,TEMP) =T

SIGN = —1D0

DO 60 P=1,L

IF (P.LE.M) THEN
D = PSIG(P—1,P+1,TEMP) - PSIG(P—1,P+1,CUR)
DO 30 I=P+2,M+1
PSIG(P,, TEMP) = (PSIG(P - 1,,TEMP) — PSIG(P— 1,1, CUR))/D
CONTINUE

END IF

IF (P.LT.M) THEN
BIGPSI(P,P+ 1,TEMP) = SIGN/PSIG(P,M + 1,TEMP)
SIGN = -SIGN

END IF

PM = MINO(P—1,M —1)

DO 40 Q=1,PM

PS = BIGPSI(P-2,Q,CUR)

DQ = PS/BIGPSI(P-1,Q,CUR) - PS/BIGPSI(P—1,Q,TEMP)
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QP=Q+1
BIGPSI(P,QP,TEMP) = (BIGPSI(P - 1,QP,TEMP) — BIGPSI(P - 1,QP,CUR))/DQ
CONTINUE
IF (P.GT.M) THEN
PS = BIGPSI(P—2,M,CUR)
D = PS/BIGPSI(P— 1,M,CUR) — PS/BIGPSI(P - 1,M,TEMP)
END IF
BIGPSI(P,1, TEMP) = (BIGPSI(P—1,1, TEMP) — BIGPSI(P—1,1,CUR))/D
DO 50 I=1,2
PSIAI(P,, TEMP) = (PSIAI(P—1,I, TEMP) — PSIAI(P— 1,1, CUR))/D
CONTINUE
CONTINUE
DO 70 P=1,L
J=L-P
IF (DABS(PSIAI(P,2, TEMP)).GE.EPSDIV) THEN
APPROX(J,P) = PSIAI(P,1, TEMP)/ PSIAI(P,2, TEMP)
ELSE
APPROX(J,P) = 1D75
WRITE(6,101)J,P
FORMAT(1X,‘APPROX(’,13,",,13,") IS NOT DEFINED’)
END IF
CONTINUE
JJ=CUR
CUR =TEMP
TEMP=JJ
CONTINUE
RETURN
END

SUBROUTINE MLTAG(M,L,T,A,G)
IMPLICIT DOUBLE PRECISION(A—-H,0-2Z)
DIMENSION G(M)

COMMON SIGMA,INCR
LSUM =0

DO 10 I=1,L

LSUM = SIGMA*LSUM + INCR
CONTINUE

PARSUM = 0D0

DO 20 1=0,LSUM

PARSUM = PARSUM + CF(I)
CONTINUE

P=LSUM+1

T=1D0/P

A=PARSUM

DO 30 K=1,M

G(K) = CF(LSUM+K -1)
CONTINUE

DO 50 1=2,M

DO 40 J=M,I,-1
G)=GI)-G(J-1)
CONTINUE

CONTINUE

DO 60 K=1,M

G(K) = G(K)*P
P=P+(LSUM+1)

CONTINUE

RETURN

END

FUNCTION CF(I)
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IMPLICIT DOUBLE PRECISION (A—-H,0-2)
CF=1D0/(I+1D0)**1.5D0+ 1D0/(I+ 1D0)**2
RETURN

END
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