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Abstract: The generalized Koenig’s theorem and de Montessus’s theorem are two classical results concerning the
convergence of the rows of the Padé table for meromorphic functions. Employing a technique that was recently
developed for the analysis of vector extrapolation methods, refined versions of these theorems are proved in the
present work. Specifically, complete expansions for the numerators and denominators of Padé approximants are
derived. These expansions are then used to obtain (1) precise asymptotic rates of convergence of the poles of the Padé
approximants to the corresponding poles, simple or multiple, of the meromorphic function in question, and (2) the
precise asymptotic behavior of the error in the relevant Padé approximants. One important feature of the asymptotic
results derived in this work is that these are expressed in terms of a very small number of parameters. Approximations
of optimal accuracy to multiple poles and the principal parts of the corresponding Laurent expansions are also
constructed. In addition, the convergence problem for the case in which the only singularities on the circle of
meromorphy are poles is solved completely through the solution of a nonlinear integer programming problem.
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1. Introduction

Suppose that we are given a power series ¥ ,c,z' representing a function f(z), so that

f(z)= icizi. (1.1)

=0
The (m/k) Padé approximant associated with f(z), if it exists, is defined to be the rational
function

i (1,—21
P Z
fmk(z)_ QMk((ZZ)) = 17(0 ’ b0=19 (12)
mk Z biZi

It
[en)

* Most of the results of this work were presented at the workshop on Constructive Approximation Theory and
Applications, Jerusalem, Israel, 1988.
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258 A. Sidi / Padé approximation

that satisfies
m+k

fc(2)=3 cz/+0O(z7**1) asz—0. (1.3)

i=0
It then follows that f,,,(z) has the representation

D k(ZkSm—k(z)’ 2718, 4a(2)s- s ZOSm(Z))

m
fri(2) = D, (z%, z571,..., 29 ’ (14)
where D,_,(0,, 04,...,0;) is the determinant
0, o, O
Con—k+1  Cm—k+2 -+ Cm+1
D, (0y, 0,...,0,)=|Cm—k+2  Cm-k+3 -+ Cmi2| (1.5)
Com Con+1 cor Coak
and
J
S(z)=2Y ¢z, j=0,1,2,.... (1.6)
i=0

For details see, for example, [1,2].

There are two classical theorems concerning the convergence of the rows of the Padé table, i.e.,
of those f,,,(z) with fixed k and increasing m, in case the function f(z) is meromorphic in a
neighborhood of z = 0. These are the generalized Koenig’s theorem and de Montessus’s theorem.
We state them below as Theorems 1.1 and 1.2.

Theorem 1.1 (generalized Koenig’s theorem). Let f(z) be meromorphic in the disk K= {z: |z| <
R), and let it have exactly k poles, z,,...,z,, not necessarily distinct, in this disk. Let
|z < -+- <|zx| <oR <R, and let Q(z) = I_I}‘zl(l —z/z;)= Y* 0q.2', go=1. Write Q,.(2)
=Tk oqmRzl g8sm R =1, where Q,,.(2) is the denominator polynomial of f,,(z) as in (1.2).
Then (1) ¢{™" =gq,+ o(a™) as m = o0, and (2) Q,..(z) = Q(z) +o(c™) as m - .

The case k = 1, i.e., that of a single simple pole, of this theorem was given by Koenig [12]. The
theorem also follows from a closely related theorem of Hadamard [7], and it was proved also in
[3] and, more recently, in [6]. Proofs of Theorem 1.1 for the case of k simple poles can also be
found in [4,8]. The technique employed in the present work, in fact, generalizes that used in [4] to
account for multiple poles. An excellent source of information concerning the generalized
Koenig’s theorem is [9]. For Hadamard’s theory of meromorphic functions and its consequences
see also [5].

Theorem 1.2 (de Montessus’s theorem). With the notation and conditions of Theorem 1.1,
Lim,, _, f..(2) =f(2), in fact, lim sup,, , .| f(2) — fux(2) |¥™ < | z/R |, uniformly in every com-
pact subset of the set K\{z,,..., z;}.

This theorem was originally proved by de Montessus de Ballore [13] and is a consequence of
Hadamard’s work [7]. Different proofs of it have been given in [1,2,11,16]. Another proof, for the
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special case of simple poles, has also been given in [4], and it also includes a refinement over all
previous proofs. It is important to note that the proof given in [16] deals with the general rational
interpolation problem, the Padé approximants being special cases of this. The techniques of [16]
are similar to those used in [15] in the analysis of row convergence of Walsh arrays for
meromorphic functions.

In Section 3, we shall restate and refine Theorems 1.1 and 1.2 as Theorems 3.1 and 3.3,
respectively, allowing f(z) to have additional poles in the annulus {z: |z,| < |z| <R}. We
shall supplement Theorems 3.1 and 3.3 with some new constructive results in Theorem 3.5. The
proof of Theorem 3.1 is given in Section 4, and those of Theorems 3.3 and 3.5, in Section 5. We
mention that the result of Theorem 3.3 of the present work is qualitatively in the spirit of some
of the results given in a series of papers by Wilson [20-22], in which extensions of de
Montessus’s theorem to cover the Padé approximants f,, , . 1(z), f,. c+2(2),... are also given. In
Section 6 of the present work we shall look at the same problem, and characterize those rows of
the Padé table that converge to f(z) through the solution to a nonlinear integer programming
problem. Results analogous to those of [20-22] have been given for Walsh arrays in [15]. In this
connection we also mention the related work by Parlett [14], in which the convergence of the
basic QR algorithm has been analyzed in detail for a defective Hessenberg matrix. Multiple poles
of a meromorphic function f(z) correspond to defective eigenvalues of a matrix, and the
convergence rate O(s ') derived in [14] for the basic QR algorithm seems to be analogous to that
given in (6.4), Theorem 6.1 of the present work, for denominators of intermediate rows of the
Padé table.

The obvious implication of Theorem 1.1 is that the zeros of Q,,,(z) approach those of Q(z) as
m — cc. In Theorem 3.1 this observation is refined considerably in that results concerning the
precise rates of convergence of the zeros of Q,,,.(z) to the corresponding zeros of Q(z) are
obtained. For example, under the conditions stated in Theorem 1.1, we show that if 7 is a pole of
f(z) of multiplicity w, and if Z,(m),..., £,(m) are the corresponding zeros of Q, ,(z) that tend
to £ as m — oo, then
1/w

H :
, 1<i<gw.

R

(1) lim sup |£,(m) — 2" <

nm-— oo

It is clear that when w > 1, the convergence of the 2,(m) to £ is not optimal. We can, however,
use the Z,(m) to construct an approximation to £ that has an optimal rate of convergence. In
fact, we show that

1/m

A

z

. 1
(2) lim sup ” Rl

m— o0

<

éfi(m) -2

i

In addition, we show that the (w — 1)st derivative with respect to { of the polynomial {*Q, ,(¢™1)
has exactly one zero, 1/Z(m) say, that satisfies

(3) lim sup |2(m) — 2|/ < %.
In case there are additional poles z,,,, z;,,,... in the annulus {z: |z, | < |z| <R}, Theorem
3.1 provides a more interesting version of (1). Roughly speaking, 2,(m),..., 2 (m) are uniformly

distributed over the boundary of a disk with center at 7 and radius that tends to zero at the rate
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of m*|2/z,,,|™/“ as m— oo, where |z, | <|z;,1| < |2x+2] < -+ <R, a being a nonnega-
tive integer. Theorem 3.1 also provides improved versions of (2) and (3).

Similarly, the presence of additional poles in the annulus {z: |z, | < |z| <R} gives rise to an
interesting behavior of the error

Q,.(2) f(z) — P (2)
Qmic(2)

in de Montessus’s theorem, which is borne out by Theorem 3.3. The asymptotic result of
Theorem 3.3 reduces to that given in [4] for the special case in which all the poles are assumed to
be simple and to satisfy |z, | < |zp 1| <|Zpsal-

An important feature of the results stated in Theorems 3.1 and 3.3 is that these are
quantitative in nature, and are expressed in terms of only a few parameters. This is made
possible by the representation chosen for f(z) in (4.1) and by Lemmas 4.1 and 5.1 concerning
the dependence of ¢,, and §,,(z) on m.

We note that the technique employed in the proof of Theorem 3.3 is identical to that used in
the proof of Theorem 3.1. It involves the complete expansion of Q,,,(z) and Q,..(2)f(z) —
P, ,.(z), and the analysis of the most dominant terms in these expansions. As is shown in
Theorems 4.2 and 5.2, roughly speaking, these expansions are of the form ¥ ,8;(m, z)y™ for
Q,.x(2), and of the form ):?il&,-(z),li(m)(?,-z)m for Q,,,(z)f(z) — P,.(2), in case f(z) has an
infinite number of poles. Here B,(m, z) and ,[i.(m) are polynomials in m, and B,(m, z) are also
polynomials in z. The vy, and ¥, can be very simply expressed in terms of the z,, j=1,2,... .
The B;(m, z) and B,(m) are independent of m in case f(z) has only simple poles.

The techniques employed in the proof of Theorems 3.1 and 3.3 of the present work are based
in part on those of Sidi et al. {19], Sidi [17] and Sidi and Bridger [18] that were developed for the
analysis of vector extrapolation methods.

Finally, in Theorem 3.5 we show how f,,,(z) can be used in constructing an approximation to
the principal part of the Laurent expansion of f(z) about the pole Z. This approximation has an
optimal rate of convergence, i.e., the error associated with it tends to zero like O(|Z/R’|™) as
m — oo, where R’ = R — ¢, € > 0 arbitrarily close to 0.

In Section 7 we show that Theorems 3.1 and 3.5 are applicable to the problem of determining
some of the important parameters in generalized Dirichlet series.

We begin our treatment by giving some technical preliminaries in Section 2.

f(2) = fo(2) =

2. Technical preliminaries
The following lemma, whose proof can be found in [19], will be very useful.

Lemma 2.1. Let iy, iy,..., i, be positive integers, and assume that the scalars v; ,  , are odd
under an interchange of any two indices iy, iy,...,i,. Let 6,, i=1, and ¢, ;, i=1,1<j<k, be
scalars. Define

N N N k
Ik,N= Z Z Z oio(]._[tip,p)vio,i,,...,ik (2-1)

ig=1i=1 ir=1 p=1

2 J?
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and
Oiﬂ 0i1 0!',;
Lisa L il
= I z. e t;
Jen= > 0.2 Ti2 W2\ i (2.2)
1<ig<i;<--- <i,<N| - . .
iy, k iy k ik
Then
Ik,N =Jk,N' (2.3)

For Definitions 2.2 and 2.3 and Lemma 2.4 below see [18].

Definition 2.2. Let the nonnegative integers P, J=1,2,..., be given, and let ji be an ordered
pair of integers, such that j>1 and 0 </ < p;. For two such pairs ji and ;j'i’ we will write

ji<ji' i (j<j or (j=j andi<i’)), (2.4)
Ji=j'i’" if(j=j" and i=i"), (2.5)
Ji<j'i’ if either (2.4) or (2.5) holds. (2.6)

This implies the lexicographic ordering 10, 11,...,1p,, 20, 21,...,2p,, 30, 31... of these pairs.

Definition 2.3. Let (}) denote the binomial coefficients. Define

n n, n,
o

to be the M X M determinant, whose sth row is
I’ls Am .
I

(g:,l’ gs,2""’ gs,M) fOI‘q+1<S<M,

Y

n,+1
/

n.+M-—1
/

m +1

)Nf*‘LM‘l) forl<s<g,

) 5

and

the g; ; being arbitrary.

Lemma 2.4. Let ny,..., n, be arbitrary nonnegative integers, and let

n n nl m n2 m nq
Yy q=Y((O)}\1’(1)}\ 2’,..,(4_1)}\’"‘/, 8g+15---58m |- (27)

Then
Yn] ..... ny — YO ..... 0’ (28)



262 A. Sidi / Padé approximation

iLe., Y™ " is independent of ny,..., n,. In particular, if p,,..., p, are nonnegative integers such
that 2] _(p,+ 1) =M, then

Y((S)x;, (’f)x‘;,...,(;l)Ng,...,(g)xl, ('f)?\(i,...,(;r)}\",)

= (I—[l}\fj(gl+l)/2)}7(}\la pl; Aza p2;--~; >\r’ pr)a (2.9)
j=
where
> (pi+1)(p;+1)
YO, pisees Ap) = T1 (A, =A) T, (2.10)
<i<j<r

is the generalized Vandermonde determinant. (The ordinary Vandermonde determinant is obtained
by settingp,=0, j=1,...,r)

The following perturbation lemma seems to be of interest in itself.

Lemma 2.5. Let the polynomial Ws(\) be given by

k
V(A=Y d,(8)(A=X)", some fixed X, (2.11)
i=0
such that
0 or0g<ig<w—1,
520 d () d, forw+l<ix<k,
with cfk;éO

(a) Then ¥5(A) has w zeros, A\;(8), 1 << w, that tend to Xasd—o0.
(b) If, in addition,

d(8)=0(d,(8)) as8—-0, forl<i<w-—1, (2.13)
then \,(8), 1 <1< w, can be ordered such that
dy(8 ) [ 0(8)+2n(1—1)
(&)~ A+ 2.(5) exp[1( - ” as § - 0, (2.14)
where
—dy(6
8(8)= arg(—gf?g—))), (2.15)
and
1 _ dy(8) .
Z[‘él>\,(5)_$\+o dw(é‘)) as 6 -0, (2.16a)
{% é}ql(a)]-liwo Zii‘;;) as 8§ >0, for A#0. (2.16b)




A. Sidi / Padé approximation 263

(c) Furthermore, whether (2.13) is satisfied or not, ¥§{*~V(\) has a unique zero, A(8), that
tends to A, which satisfies

§_14ua(8)

A(8) ~ (5)

as 6 — 0. (2.17)

Proof. The proof of part (a) follows from the fact that (2.11) and (2.12) imply

(.k.—.i.\"‘“]. (2.18)
\ v \ /

For the proof of part (b) we proceed as follows: from (2.11) and ¥;(A,(8)) = 0 we have
w—1 .
X d,(8)(N,(8) -A)

—(\(8)-R)"=—=2 —. (2.19)
) 4;(8)(A(8)—A)""

By the fact that A,(8) —A =0(1) as § >0, and the assumption in (2.13), it follows that the
right-hand side of (2.19) is asymptotically equivalent to dy(8)/d(8) as 6 — 0. From this and
from (2.23) below we obtain (2.14) with (2.15).

Let us denote the remaining zeros of Ws(A) by A .(6), w+1<j<k. Then lims oA, (8)
w+1<j <k, being the zeros of the polynomial 1+ X7_, +1aV (A —A)7®, are different from >\
We now consider the polynomial ¢5(7) =X* ,d,(8)". The zeros of ¢3(T) are 7,(8) =A,(8) —
1<j<k. Thus lims_,7(8)=0, 1<j<w, and lim;_7(8) =1, #0, w+ 1<y <k Let
7,(8; 7,...,7) =1, and denote

P
7;,(8; Tiyenns Ty ) = Z ljll'r,-‘(S), p=1,...,k, (2.20)

Igi<ip< - <i,<kS

ie, T,(8; 7,..., ) is the sum of all possible products of p of the 7,(§), 1 <j<k. It can be
shown that

w

(8 1. m) = T35 1o )Ty (85 7o),
H(85 ) i=w§‘p——k (8; m ") T +1 ) (2.21)

k—w+l<p<k.
As is known
di—,(8)
di(8) ~
Combining (2.21) and (2.22), and invoking (2.13), in the order p=k, k—1,...,k—w+1,

results in

T,(8; m,....m)=(-1)° 0<p<k. (2.22)

T,(8; 'rl,...,'rw)=0( ) as 0 -0, l1<g<ow. (2.23)
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Recalling that 7,(8) = A (8) — X, 1</ <k, and employing (2.23) with g =1, (2.16a) follows.
Assume now that N 0, and consider

L(8)=; ZA;I(&)—X—I. (2.24)
j=1
After some tedious manipulations it can be shown that
w -1
L(8)= - (M]‘[Aj(a)) 3 ST(8; 7,..., 1) A (2.25)
Jj=1 s=1
Employing (2.23) in (2.25), we obtain
dy(8)
= §—-0 26
L($) O( a’m(‘o‘)) as , (2.26)

from which (2.16b) follows easily.
As for the proof of part (c), we first note that

(0=1) k ) »
% = izi‘:_l(wl_1)611(3)(?\—5\)'_””. (2.27)
By (2.12)
(w0—1) '
}L%%T(%‘) (A— 5\)[1+1 gﬂ ( )Ji(A—X)’"”}. (2.28)

From this it follows that ¥{“~P(X) has exactly one zero, A(8), that tends to A as § — 0. By
(2.27) and ¥{*~VY(X(8)) = 0 we have

—(A(8) -A)=— . 4y-1(8) . (2.29)

Z (w l— 1)di(8)(7\(8) _,}“\)i—w

i=w

(2.17) now follows from (2.29) in the same way (2.14) follows from (2.19). O

Note 2.6. (2.14) implies that, to lowest order, A,(8), 1 < /< w, are uniformly distributed over a
circle with center A and with radius that is shrinking to zero.

Corollary 2.7. In (2.12) let

d;(6
d;((S)) = as -0, for 0<i<w—1. (2.30)
Then, whether (2.13) is satisfied or not,
A(B)=A+0(]8]V%) asd—-0, 1</<w, (2.31)
and
%ZA,(8)=X+O(8) as 80, (2.32a)
=1

w -1
(% 3 A,“(S)) =A+0(8) as 80, for A#0, (2.32b)
=1
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and
A(8)=A+0(8) as 0. (2.33)
Proof. Left to the reader. O
For future use we rewrite (1.5) in the form
G, o, o,
Znl  Zn+1. cee Zask
Dmk(GO?""ok)= Zn,2 Zn+1,2 zn+k.2 (234)
Znk Zn+1,k o Zn+kok
with
n=m-k+1 and z, =c¢,,, ;. (2.35)

In the next sections we shall use both m and » interchangeably.

3. New statements of Theorems 1.1 and 1.2

Let the function f(z) that has the power series representation given in (1.1) be meromorphic
in the disk K={z:|z| <R}. Let §‘j_1, 7=1,2,...,», be the distinct poles of f(z) in K, whose
respective multiplicities are p;+1=w;, j=1,2,...,». Let the {; be ordered so that

O<frt <& < o <[ <€ <R, (3.1a)
£ being arbitrary otherwise, and

p;>pye when |71 =[600 ] (3.1b)
Take ¢ to be a positive integer, such that

either (r=») or (r<v and [§7']<|¢3Y]) (3.2)
When » > ¢, without loss of generality, we assume

S = o =) < s < e <[5 (3.3a)
and

P=Pi1= " =P Prop1 = 0 2P, (3.3b)

(When ¢ + r=v in (3.3a) or p = r in (3.3b), equalities are assumed to prevail throughout.) By the
assumption that { j‘l is a pole of order w;, we also have
4;, = lim (1-82)7f(z)#0, j=1,...,0. (3.4)

z~>§/‘l
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Define

b= X (p+1)= ¥ o,

j=1 j=1
uj=%pj(pj+1), j=1,2,..., Us=iuj, s=1,2,..., (3.5a)
=1

and j

Q(z)= jlj(l—é‘z) ’ and 7r=j=It—[l§;"/, (3.5b)
and let

= 2:‘, (3.5¢)

in f,,(2), the (m/k) Padé approximant to f(z). The assumptions and definitions above will be
used throughout the remainder of this work. Only in Section 6 we shall use values of k other
than that in (3.5¢).

Theorem 3.1 (generahzed Koenig’s theorem) Let the functzon f(z) be as described above.
(a) Then for z =#§‘] ,1<j<t, D, (2% 251, 2% =D,,(z) has the dominant asymptotic
behavior

D, (z)=D,, (2%, 271, ..., 2%) = Wr"[Q(z) + O(e(n))] asn— o, (3.6)
where
W=(—1)k+u’(1—[1A;’1;j)(1_[1§j2"1)[}7(§1, P & p,)]2=#0, (3.7)
j= Jj=
and
of S|

if v>t, a some nonnegative integer,

§

e(n)= (3.8)

ifv=t.

Actually, o =P if the poles whose moduli are |{'| are simple.

(b) Part (a) above implies that D, (z) has w,=p,+ 1 zeros {3\(n),...,$,(n) that tend to
(7Y as n—> oo, for 1<s<t. Actually, §,(n), 0<I<p,, 1<s<t, are the k zeros of the
polynomial in §, Dmk(f) =D, (L% ¢...,¢%). Also the p,th derivative of Dmk(§) with respect to §
has exactly one zero, {,(n) say, that tends to {, as n > co. For these we have

§s1(")=§ +0(8 (n)l/w"’) asn— o0, 0<I<p,,

—ZQI( ) =$+0(8,(n)) asn— oo,

fs(n)=§s+0(8x(n)) asn— oo, (3.9)
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where

(3.10)

ifv=1t.

Also (3.9) remains true when all the {’s there are replaced by their reciprocals.
When v >t the first of the results in (3.9) can be made more quantitative and interesting in
nature. In this case let

Nm=L % j—f [l‘l(f{_g) }(g—g)z"f“exp(in arg(%)). (3.11)

' .
P op=rt+1 i=1

Now the sequence { N,(n)} has a convergent subsequence { N(n,)} with a nonzero limit ]\7: The
$(n) then satisfy

tuln,) ~ &+ N8y (n ) 7 as g o0, 0<I<p,, (3.12)
where N ', are the wth roots of N From (3.12) it follows that

Gil(n) =87 =8N 8 (n ) as g o0,
Needless to say, for w,=1, § (n)=§ + N(n)8 (n)+ o(8,(n)) as n — co.

Note 3.2. Roughly speaking, the results in Theorem 3.1 imply that

(1) if ¢7' and ¢! have the same multiplicity and [{;'| < |{; '], then the {;'(n), the
approximations to ¢ ', will have more accuracy than the {7)(n), the approximations to
&b

(2) if 1£&7 = ¢7" | and ¢! has multiplicity smaller than that of ', then ¢, '(n) will have
more accuracy than {/}(n);

(3) in general, the accuracy of the { ]7 (n) for fixed j increases with increasing k;

4 if w,>1, § (n), the average of the { ,(n), 0 < /< p,, converges to {,, w, times more quickly
than the individual {,,(n), i.e., {,(n) converges to ¢, at the rate {,,(n) Would converge to §
if ¢, were a simple zero of D, ({).

Theorem 3.3 (de Montessus’s theorem). Let the function f(z) be as in Theorem 3.1. Then for

g=0,1,2,... lim,_ _f2(z)=f9z) uniformly in any compact subset of {z:|z]| <p}\

(&4 8 1Y, wherep=|¢,Y | whenv>t, and p= Rwhen v=1. Actually, forallq=0,1,2,...
O(n?|§,,121") asn—>o0 if v>1,

(q q =
SO Ak (3) {0(|$z|") asn—oo ifv=t,

uniformly in any compact subset of K\ ({7 ',..., ¢, '}. Furthermore, when v>t, f(z) — f,..(z) has
dominant asymptotic behavior

f(z) = foi(2)

(3.13)

+p
Z ¢h )(fhz)n+2k+0("ﬁ|§t+1z|n) asn— oo, (3-14)
t+1

t
=7+

_n
p!,
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uniformly in any compact subset of K\{&7Y ..., 8 1), where
A , {—1 2
oy(2) = 1—h§hz{QQ((hZ))} ’ (3.15)

The o(n”?|§,.12z|") term in (3.14) is, in fact, O(n? 1 ¢,12|") whenp >0, O(n?* 1 |§ 0, 112]")
whenp=0 (n=r) andt+r<v, and o |£z|") whenp=0 (p=r) andt+r=v.

Note 3.4. As will become clear in the next sections, the proofs for the case in which f(z) has only
simple poles is not very difficult technically. The presence of the multiple poles, however,
complicates every stage of the proofs considerably.

Theorem 3.5 below shows how one can use only f,,(z) and the {,(n) to construct good
approximations to the coefficients H, , 0 < g < p;, of the principal part of the Laurent expansion
of f(z) about ¢,

P H . .
f(2)=Y ———+f(z), f(z)analyticat {;'. (3.16)
q=0 (Z - {s—l)q
Theorem 3.5. Define 2 (n) by either
=— Z ¢ (n) (3.17a)
W5 =0

or

Z, { Zs%,(n] . (3.17b)

Ws 1=0
Let H,, (n) be the residue of the rational function (z — 2,(n))?f,.,(z) at ¢, (n), and let

§ien .
— ifv>t,
A={| & / (3.18)
IERI™Y ifv=t.
Then
2 1/n
lim sup Z H,,(n)-H, <A, 0<g<p,. (3.19)
4. Proof of Theorem 3.1
We begin by observing that the function f(z) has the representation
v P
=2 X g(z), (4.1)

_ g,jz)i+1

j=1i=0 (1



A. Sidi / Padé approximation 269

where A jp, are as defined in (3.4), and g(z) is analytic in the disk K. Then g(z) has the power
series representation

g(z)= Y d,z', convergent for z€ K. (4.2)
i=0

Of course, when g(z) is a polynomial, i.e., the series in (4.2) has a finite number of terms, f(z) is
a rational function. Note that H,(—¢;)’ =4 ;i with H); as defined prior to the statement of
Theorem 3.5.

Lemma 4.1. Define

P, P

~ ; A ~ _ 1 e

A,- ;Aﬂ(iil) and A, = ;Aj,(sl_i)gj s (4.3)
Consequently,

A, =457 =487 +#0. (4.4)
Then the coefficient c,, in f(z) = L2 oc,z" has the expansion

v Z; . (m . _ N
Cn = Z[ A,z( / )}Q +A(m, £)E7, (4.5)
j=1li=0

where

d,=A(m, £)§", |A(m, £)| <M(§)= max |g(z)I. (4.6)

fz]=¢

Consequently, z, ; defined in (2.35) has the expansion

v P
z,,= Z AAj,.‘s(?) §j3+14$(n, £)¢r, (4.7)
j=0Li=0
where
Af(n, &) =A(n+s-1, £)¢ . (4.8)

Proof. (4.6) follows from the Cauchy inequalities for analytic functions. The rest of the proof can
be accomplished by expanding f(z) — g(z) about z =0 and then employing the well-known

identity
-E000)

i=0 —!

The details are left to the interested reader. 0O

Theorem 4.2. Let { =1/2, and denote
[)mk({)EDmk({O’ g’l’”.,gk)=z—kbm,<(z). (410)
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Denote also

Ajlll’l N Tt Ajklkvl
7z _ Jih 2 Ajz’z»z AjAIka (4 11)
by dalas s Jide . . . . .
Ajlllvk Ajz[z,k Tt Ajk1kvk
Then D, () has the expansion
Dmk(g) = { Z Zj'lfy,}zfz ----- an
10<jily <jola< -+ - <jli<vp,

ol (S (e (st (1) )

+ Emk(§7 5),

where E, ,({, &) is the only term in this expansion that depends on g(z) and thus on §. When g(z)
is a polynomial E, (¢, §) =0 for m > k + deg g(z). The exact form of E,;(§, &) will be described

through an example at the end of the proof of this theorem.

(4.12)

Proof. For the sake of simplicity we shall first assume that g(z) in (4.1) is a polynomial. This
implies that A(m, £) =0 in (4.5) for m > deg g(z) and A (n £ )=0in (47 forn+s—1>
deg g(z). Substituting now (4.7) in (2.34) with o; = ¢/, j=0,..., k, there, we obtain

g-O g—l . fk
A ny.. n+1}\,, n+k\.,
2Af111s1(11)§f1 ZAJ]’\ ( 1 ) j1+1 ZA./III ( l ) fl+k
hh Ay Jih
~ n N en +1) .00 n n+ K\ nrk
Dmk(g) = ZAj212,2 12 é‘fz ZA hly 2 §12 ZAjzlz,Z ]2 g’jz >
Jala J2la 21
,\ ny._ n+1)\,, n+ky.,
ZAjklkvk(lk)ng ZAJAIA ( k )51A+1 ZAJ,(I,\ ( k )gj:—k
Jikk Jilk Jilk

(4.13)

where ¥, denotes Y'_,Lf2,. Using the multilinearity property of determinants and Definition
2.3, (4.13) can be expressed as

0= 2 (T T pA(0)sn () (Lot (7))

(4.14)
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Since the product

(1 r{(0)ee. (7)o (7))

is 0dd under an interchange of any two of the pairs of indices j,/,,..., j/ k, we can apply Lemma
2.1 to the multiple sum of (4.14). This results in (4.12) with E,..(§ &)=

(4.12) with E,, (¢, £) #0 is obtained by adding the term A J(n+i, 5)&"*‘ to the correspond-
ing term

1 n+i n+i
S
Isls

in (4.13). A cursory look at the resulting determinant shows that E, (¢, £) too is a sum of
determinants similar in form to the Y determinants in the multiple sum of (4.12). To make this
point absolutely clear we shall work out the example in which »=3, p, =1, p,=0, p, being
arbitrary. Pick t =2 so that k=(p, + 1)+ (p, + 1) = 3. Then

Ent 9= T zgn (o) (1) ()5 A 08°)(5,5,8)

10</ily </l <3p;

s zar(o)e (1) A e (1)t

10<iify <fal3<3p,

0)(6,8,8)"

s
e oxzg(o)e At o (1) (1)) 6.8)

10</0,<j3l3<3ps

+ X Z},l,:Y((g)f (7 )50, Aa(n, 8, s, )€

10<ji/y<3p;

10</51,<3p;

(n. £)€°)(5,6)"
e xz@y|[ofns Aln 08 (7 )s0. At ¢ )€ )(6.8)"
v T zoy([o)en Adn e A, 160 ) sy
10</3/3<3p,

V(o) Atn ©8, Aun, 016, A, 01678

where
sy _ 2 _ Jl.s J'l s
ZP=A4,, and Z{i)=|, . O
Ajl,s' s
Note that in case f(z) is a rational function with only simple poles ¢ ',.... ¢!, » > k, which

we write in the form f(z) =X%_,A4,/(1 — {,z) + g(z), the result in (4.12) reduces to that given in
[4], and it reads
k

D,i(2) = (—1)"@@; ( FIA,-.f)[V(f,-l,--.,f,-A)]leiIl (1- f)](flc)

(4.12")
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for m > k + deg g(z). Here V(A,,...,A; )= Y(A, 0;...; A,, 0) is the ordinary Vandermonde
determinant. We have used the fact that

k
Zjlllw--ajklk - (FI—IlAj*’)V(ng"'.’ng) for pj\. = O’ 1 S.S’Sk,

which follows from (4.11).

Proof of Theorem 3.1. We begin by observing that the determinants Y in the expansion (4.12) are
polynomials in n. Therefore, the asymptotic behavior of the multiple sum in (4.12) is determined
by the products (IT5_,¢ 7). Thus, the most dominant term in this sum is that for which

Al Rl Gl =10,11,...,1p,, 20,....2p,, .., 1p,,

and it is given by

S [ S X (O MO L R

A

with 7 as defined in (3.5b). Substituting the expression given for 4 ji.s 10 (4.3) in the determinant
representation of Z,, ., and performing elementary column transformations, and finally
invoking (4.4) (see also Appendix A), we obtain

ZlO ..... tp,= (_1)"1 HA“;ZJ ngyj Y(gl’ Pisees gt’ Pz) + 0. (416)
Jj=1 Jj=1

Substituting (4.16) in (4.15), and applying Lemma 2.4 to the Y determinant in (4.15), we obtain
the dominant term given in (3.6) and (3.7).

When v =t the multiple sum in (4.12) contains only one term, namely, the dominant term
discussed in the previous paragraph.

When » > ¢ the next dominant term in this multiple sum is the sum of those terms with indices

Sl iy =10,...1py, ..., 50, ., s(i = 1), s(i +1),...,sp,,...,10,...,1p,, jl
= [si; jI], (4.17)

O0</ixp, t+1<j<t+r,cf (3.3a),and 0 <i<p,, all s for which {{ | = |{,|. It is easy to see
that all these terms are of order n'w"({,.,/¢,)" for n — oo, for some nonnegative integers 7.
Now let a be the maximum of the ¥y’s.

A careful analysis of the terms that form F_,,({, £) shows that they grow at most like
nBan(&/¢)" for n — oo, where B8 is a nonnegative integer. But since £ is arbitrary, we can set
B8 = 0 by choosing a slightly larger value for £.

Combining all the above, we obtain the O(e(n)) term in (3.6). The validity of the claim that
a=p if all poles having modulus equal to |{,'| are simple will become clear through the
discussion that leads from (4.22) to (4.24) below. This completes the proof of part (a) of Theorem
3.1.
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The proof of (3.9) and (3.10) is much more involved and requires a careful analysis of D,,,(¢)
in the neighborhood of { , 1 < s < 1. We start by noting that

hqv;mwm%“ﬂ“”ﬂﬂ“iﬁ¢m4ﬁgﬂﬁmn ~~~~~
Bt ) o

Let us now substitute {=¢{ in (4.18), and determine the precise asymptotic nature of
(1/itd’'/d¢"YD,,.(§,). Our main aim is to establish first

1 d » O(7"8,(n)) asn—>co forO0<i<p,,
T D) =1 0, . (4.19)
itay O(=") asn— oo for p,+1<ixgk,
where §,(n) is as defined in (3.10), and
1 de . \
w—s!gf“T‘D’”k(Q)‘vFSW as n — oo for some I, # 0. (4.20)

When { = {, the term with the indices j/,,..., j,/, =10, 11,..., tp, in the multiple sum on the
right-hand side of (4.18) vanishes for 0 <i < p,, and is most dominant for i = w,=p, + 1 and
i =k, and possibly most dominant for w,+1<i<k —1. To see this we first analyze the Y
determinant of this term, namely,

Ol.o (n).o ni.o
G (G
which, by Lemma 2.4, is equal to

() () (3))

For 0 <7< p, this last Y determinant has two identical rows and thus vanishes. For i =p, + 1,
however, it is equal to

{8 (e (2 e 2 ()

By (2.9) and (2.10) and (4.16), we see that for i = p, + 1 the most dominant term in the multiple
sum on the right-hand side of (4.18) is

Cpir(n)=(-1)"Z 87

(et (st (R0 5 (G ()
(4.21)
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and this term is nonzero. For i = k the left-hand side of (4.18) is simply the coefficient of {* in
D, (%), which, by (3.6) and (3.7), is exactly O(#") as n —> o. For p,+2<i<k—1, we see
easily that the multiple sum in (4.18) is of the order of #” at most, and this observation is
sufficient for our purposes.

We now go back to the case 0 < i < p,. When » =t the multiple sum in (4.18) contains only
one term, and this term vanishes as has been shown above. When v > ¢ the most dominant term
in this multiple sum is the sum of the terms whose indices are j,/,,..., j.I, = [si; jl], cf. (4.17),
O<i<p,t+l<j<t+r, 1.e.,

- § Ea (D ()3 e

By the fact that (7) =n'/I' + O(n'"!) as n — oo, it follows that

7(0)s0 . )sn (7)57)
=Y((8)§f’,...,(2t)§,°,(8)§ )F+O( 1) as 1> o. (4.23)

Thus C,(n), for 0 <i < p,, has the dominant asymptotic behavior

P t+u Q"
et e 5 (B8 (3]
! j=z+1 b §S
as n — oo, (4.24)
cf. (3.3b), i.e., C;(n) = O(7"8,(n)) as n — oo.

We finally analyze the contribution of (1/i')(d'/d{")E,,;({,). A careful analysis, similar to the
one for the multiple sum in (4.18), shows this term to be at most of order n® 7" (§/¢,)" as n — oo
for 0 <i < p,, and of order nP27"(£/¢,)" as n — oo for p,+ 1 <i < k. Here B, and S8, are some
nonnegative integers. Since ¢ is arbitrary, we can set B, = B, = O by choosing a slightly larger
value for £. Thus this term is of order #"(£/¢,)" as n — oo for 0 < i < p,, and of order #"(£/¢,)"
asn—oo for p,+1<i<k.

Combining all the above, we see that (4.19) is true. We furthermore obtain

ll! dd§‘ D, (t)~C(n) asn— oo when vr>1t,0<i<p,, (4.25)
with C;(n) as given in (4.24). We also obtain
1 d% -
ol gg—%Dmk(fs) ~C,(n) asn-— oo, (4.26)

with C,(n) as given in (4.21), and this shows that (4.20) holds, providing I at the same time.
Thus Corollary 2.7 applies with d,(8) = (1/i!)(d’'/d¢’ yD,,.(¢,) and 8 =8,(n), and this proves
(3.9) and (3.10). (3.11) and (3.12) follow from part (b) of Lemma 2.5 and the fact that
—dy(8)/d,(8) ~ N(n), as n —> co. The last asymptotic relation follows from (4.16),

v — ! © Ahl’h d u 1
[50 hPh] ( 1) J=I_'[1AJ}I’J ASPX jI=—[l §j’ g-fv

X}‘;({l’ pl;"'; §s—1, ps—l; gs’ ps_l; §s+l’ ps+l;"'; §t9 pt; §h’ 0)’
(4.27)
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and (2.10) in conjunction with (4.25) and (4.26). The proof of (4.27) is very similar to that of
(4.16). The only thing that remains to be shown is that the sequence { N; (n)} has a convergent
subsequence { N,(n )} with a nonzero limit N First, we note that N, (») is a trigonometric sum
of the form I'(n) = j‘AJa exp(iB;n) with distinct real 8,0 < B, <2w, and a; #0, —J <j < J.
It can be shown that lim, , I'(n) =0if and only if a;=0, —J </ < J. Therefore if not all «;
are zero, then the sequence {I'(n)} has a convergent subsequence with a nonzero limit I, for
otherwise all convergent subsequences of {I'(n)} would have a zero limit, implying that
lim, _, I'(n) = 0, which is impossible. This then proves the assertion above. Since now N, #0,
ultimately all members of the subsequence { N(n,)} are bounded away from zero, and this
guarantees that N,(n,) is the most dominant term in the asymptotic behavior of ({,(n,) — {)*
as g — oo.
This completes the proof of Theorem 3.1. O

Note that in all of the dominant terms described in Theorem 3.1, of all 4
j=12,...,only4, ,1<j<t+pu, are present.

Ji2
Jpy

5. Proofs of Theorems 3.3 and 3.5
In order to achieve the proof of Theorem 3.3 we need some additional auxiliary results.
We start by noting that the numerator of f,,(z) in (1.4) can be replaced by
D(szq(z), 5718, 4(2),. ., zOSq+k(z)) with any g, m —k < g<m, (5.1)

by (1.3). We choose to take g =m — k + 1 = n. This is not essential, but it simplifies things a
little.
Next, the error f(z) — f,,,.(2) has the determinant representation

f(2) = foui(2)
=Dmk(zk[f() S.(2)], 27 f(2) = S, (2)]. .., 2°[ f(2) = S, 44 ( )])

D, (z% z* ],..., z%)
E
= ,\mk(Z) ] (52)
Dmk(z)
Lemma 5.1. Define
Py i 11 §»Z i—s+1
=TT () ) - eureien (53
i=/ s=1 J

Bj,(z) can be expressed in terms of the A Ji in the form
A - ¢z
By(z)=A,U + Z i, (U+1)Us", 0<1<pj—1,Ujsl_’§>z,
g=I{+1 J

B, (z)=4,U=4,U#0. (5.4)

JP,
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Then f(z) — S,(z) has the expansion

v P
A n n A n
f(2)=$,()= % ZB,,<z)(,)‘(§,z) +B(n, £ 2)(8)", (5.5)
j=1li=0
where
Bln, ¢ )(&2)"=g(2) ~ L' 1Bln. & 2)| < MO T 121 <6
i=0
(5.6)
with M(§) as defined in (4.6).
Proof. (5.6) follows by bounding the right-hand side of
z n+1
()~ L di'= 5 | Ny A (57)
izo - 2mip g A-z '
The proof of (5.5) is based on the observation that
—i—l 1 di _ 1 di n+i . Zn+i+l
e

é(“-“’)

Now, apply the identity in (4.9) to ("*/*') in (5.8) with « =n and B =i+ 1. Next, replace z in
(5.8) by {;z, multiply both sides of the resulting equality by 4;; and sum over j and /,0<i<p,,
1 <j < v. By appropriate interchange of summations (5.5) now follows. To prove (5.4) we start
by replacing the summation index s in (5.3) by the index g, where i —s=gq. The binomial
coefficient (‘*!) then becomes (, ’“ ;). Now interchange the summations over i and ¢, and
invoke the identity

T T A L

(5.4) follows from this by recalling (4.3). The details are left to the reader. O

i(ﬂg’ﬂ)(ﬁ)“‘“‘]z« 5

s=0

Theorem 5.2. Denote

N ~ A
Bjolo(z) Bj,ll(z) o Bjklk(z)
~ A ~
Jolos1 Al Tt Jrlis1
X;'Olg,jlh ..... jklk(z) = Aj010,2 Ajll,,Z Ajkl,(,z (5.9)

>
>
>

'
S
S
-
S
>~
=

'

Jelkk
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Then ﬁmk(z), the numerator determinant on the right-hand side of (5.2), has the expansion

A

ka(Z) =Zn+k{ Z ‘on/o»h[l ----- jAlA(z)

10<jplo<ih< -+ <juli<vp,

ol (st (et 1

where G,,,(z, £) is the only term in this expansion that depends on g(z) and thus on &. When g(z)
is a polynomial G,,,(z, §)=0 for m > deg g(z). The exact form of G,,(z, ¢) will be described
through the example considered in the proof of Theorem 4.2. Note that the multiple sum in (5.10) is
empty when v =t.

} + G, (z, ), (5.10)

Proof. For the sake of simplicity, again we shall first assume that g(z) is a polynomial. This
implies that B(n, ¢, z)=0forn> deg g(z) in (5.5), as well as 4 J(n, §)=0forn+s > deg g(2)
in (4.7). Substituting now (4.7) and (5.5) in the determinant representation of F,,(z), and
assuming that » > ¢, we obtain

n+1 n+k n+k
% B (1) 6" AT B ) 2T B (" )60
Jolo Jolo Jolo
A ny ., n+1y,, 2 n+k\,,
. ZAjll].l(]1)§j1 Y Aja ( )S“,-,“ ZAN]J( I )fjl+k
ka(z) = hh Jih Al
A n+1 ,, A n+k\,,
E Ajklk (lk)g‘k Z Alk/k k( 1 )§1k+1 Z Aj"[“'k( Iy )fjk-'—k
Il Jile Jidk

(5.11)

where, as before, 2, denotes X% _, X/ ,. Using the multilinearity property of determinants, (5.11)
can be expressed as

ko k n n n
mk(z) = Zn+k{ 2 - Z o 2 )( I_IIAJ'.c’.‘-,S)( l—IOgZ)Y(([O)Q?)’ (l1 )5‘/?""’(1,()@2)}'
Jolo Jely = 5=
(5.12)
(5.10) with G, (z, §) = 0 now follows from (5.12) by employing Lemma 2.1.
The result with G, (z, £) # 0 is obtained by adding B(n + i, &, z)(&2)"* and A(n+ i, £)¢

to the appropriate entries in (5.11). Again G,,(z, £) is a sum of determinants similar in form to
the Y determinants in (5.10). For the example considered in the proof of Theorem 4.2 we have

Z_n_3Gm3(Z’ 5)

= XY g e (1) (1) (1)) 6880

10</14y <paly<j3l3<3ps

s x| e Al o (1) ()5 68.88)"

10<jplo<jaly <jsl3<3py
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oy xa(( ) (1 )e A o ()8 (5558)"

10 <jplo<ith <j3ls<3p3

n n n ~
0,1,2) 0 0 0 0 n
+ Z )(}01(1»1111s12[2(z)Y((lo)gj})’ ([1 )§j|’ (12){12’ A3(n’ g)g )(g’.lh{jl{]zs)
10<jplo <hhi <jrl2<3p;
+ e +Y(B(na g, Z)SO’ Al(na 5)507 Az(n7 é)go, A3(n5 $)£O)£47
where
1,2,3 _ (1,23
‘Xj(l,j'l'),j"l”(z) = Z}/,j'l),j"z”,
jl(z) Bj'[’(z) Bj"l"(z)
0,1,2 _| 4 7 7
Xj(z,j’/’),j"l”(z) =| A, Ay 1 | ete. U
j1.2 Jj'r2 2
In case f(z) is a rational function with only simple poles {;7%,..., ¢, !, » > k, which we write in

the form f(z)=2X%_,4,/(1 —{;z) + g(z), the result in (5.10) reduces to
) [V(gjo’ §j1’ Tt gj/\ )]2
k
[1(1- ng\z)

s=0

(zrk]g,\)n (5.10')

s=0

B(2)=(=1)"z% z 114,

1<jp<ji< -+ <jA<”(S=

for m > k + deg g(z). This result follows from the fact that X, ;, ., (z) in (5.10) for this
case is simply 7({, {,,...,{;; z) defined and analyzed in Appendix A to this work, cf.
(A.11)-(A.13). Combining now (4.12") with (5.10"), we have a complete expansion of f(z)—
fux(2)=F,,(2)/D,,.(z) for this case.

Proof of Theorem 3.3. With the preliminary result in Theorem 5.2 the proof of Theorem 3.3 is
almost identical to that of Theorem 3.1.

We first treat the case in which » > ¢. For this case the most dominant part of the multiple
sum on the right-hand side of (5.10) is the sum of those terms with indices

Jolos jilseees il =10,11,...,1p;, 20,...,2ps,..., 10, ..., 1p,, jl,

0<I<p;, t+1<j<t+r. By (423), a term with the indices above is of order n'm"|{,.,|"
Therefore, the most dominant behavior of the sum above is determined by those terms with
t+1<j<t+p, I=p,ct the discussion covering (4.22)—(4.24). Consequently, the most domi-
nant part of F,,,(z) — G,.(z, §) is given by
ik g 0 0 040\ pn
H(n, Z)=:—-7T gntk Z Xlo,ll .... tp“”_,(z)Y((O)i']O,..,,(p) ’0,(0)5“]9)@_ (5.13)
p: Jj=t+1 d
As stated in Theorem 5.2, the multiple sum is empty when » = ¢. (This is consistent with the
fact that f,,,(z) =f(z) for all m sufficiently large, when f(z) is a rational function with degree
of denominator equal to k.)
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A careful analysis of the terms that form G, (z, §) shows that they grow at most like 7"(£z)"
for n — oo.

Combining all the above, we see that when » > ¢, H(n, z) is the dominant part of F, k(z) and
is of order (7¢,,,z)" for n — oo, and when v=1¢, F wk(z) 1s of order (7w§z)" for n — co. This,
combined with (3.6), results in (3.13) with g = 0. (3.14) and (3.15) follow by combining (5.13) and
(3.6) and invoking (3.7) and (A.18) from Appendix A.

The assertions about uniform convergence of fx(2) and uniformness of (3.13) with ¢ =0 and
of (3.14) are seen to be valid by the facts that B);(z) are uniformly bounded in any compact
subset of K\ {{;',..., ¢, !} and that B(n, &, z) is uniformly bounded in any compact subset of
K and for all n, cf. (5.6).

Fmally, the assertions about uniform convergence of f{?(z), and uniformness of (3.13) with
q=1,2,... can be seen to be valid by a cursory analysis of

f(q)(z) (q)( )_%Ij ((Z))

in the light of Theorems 4.2 and 5.2. The details are left to the reader.
This completes the proof of Theorem 3.3. 0O

(5.14)

Proof of Theorem 3.5. For 1 <s<1t let K, = {z lz—=¢, 1| < v}, with y chosen sufficiently
small to ensure that K, contains none of the § with j # 5. By Theorem 3.1, for n sufficiently
large, K, contains only ¢oln), ... 8 1(n) Let 0K denote the boundary of K, traversed in the
counterclockwise direction.

From Theorem 3.3

max | f(z) = f(2) | =O(8,(n)) asn— oo, (5.15)
where

A L T A [AE A R KT

85(71) - n . (516)
[£(16.17 + )] if »=1.
For the proof of (3.19), we begin by noting that
__1 )9
H,, = P /aK(z $: ) f(z)dz,
Py (5.17)

z s,,,(n)——faK\(z—zx(n))quk(ﬂdz,
for n sufficiently large. Now
Bi(2) = (2= £,(n)) foi(2) = (2= 571) £ (2)
= (2= 2,(n) [ S (2) = F ()] + [(z = 2,(n))* = (2 =77 f(2).  (5.18)
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The first term on the right-hand side of (5.18) is O(8,(n)) as n — oo uniformly on 9K,. Also,

q—1 )
(z=2,(n)) = (z=¢) = (57 = 2,(n) ¥ (2= 5,(n)) (2= 571)" 7" = O(8,(n))
i=0
as n — o, (5.19)
since {71 — 2. (n) = O(8,(n)) as n - o« by (3.9). Consequently
max |4,..(2) | =0(5,(n)) asn— oco. (5.20)

Taking now the difference between the two equalities in (5.17), and using (5.20), and finally
recalling that y and £7' can be taken arbitrarily close to O and R respectively, (3.19) follows.
0O

We note that the technique employed in the proof of Theorem 3.5 can be used in obtaining

8(n) -7 <Ay,

which is a weaker version of £ (n) — {7 = O(8,(n)) as n — oo with 2,(n) as in (3.17). In this
case observe that, for K sufficiently small,

1_ 1 1f( ) 1 F fmk( )
el =g [ 2T Gy 47 and Zf =g LT ¢

Now continue as in the proof of Theorem 3.5.

6. Analysis of intermediate rows

In the previous sections we took k to be the total number of poles of f(z), counted according
to their multiplicities, that are contained in an open disk with its center at the origin. In this
section we shall consider intermediate values of k. Specifically, we shall assume that » > ¢,

e, > 1, and consider ¥}_jw; <k <X, ;. (Here we can also assume ¢ =0 and replace
21w, by 0 in this case.) The problem with intermediate values of k is that not for all such k do
the rows { f,..(2)}%_, have to converge. In this respect we recall the result of [11], which,
roughly speaking, states that there is a subsequence of { f,.(z)};-o that converges to f(z)
uniformly in any compact subset of {z:|z|<|{ AN 8 21,..., 2.}, where
z{,..., z, are limit points of the poles of those f,,.(z) in this subsequence.

As can be seen from the proofs of Theorems 3.1 and 3.3, whether lim,, _, . f,..(2) exists or not,
depends on whether lim,, _,_Q,..(z) exists or not. Therefore, we shall concentrate on the
question for what intermediate values of k lim,, _, ,Q,,.(2) exists. The main result of this section

is stated in the next theorem.

Theorem 6.1. Let f(z) be as in Theorem 3.1, and let k be as in the first paragraph of this section.
Denote

T=k— Z w;. (6.1)
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Designate by 1P(7) the nonlinear integer programming problem

t+r

maximize Y (wjoj—ojz)

Ors1se05 iy J=t+1
t+r

subjectto ), o;=7 and0<o;<w, t+1</<t+r. (6.2)
J=t+1

Then lim,, _, 0O, (z) exists if IP(7) has a unique solution. When it exists, denote the unique
solution of 1P(7) by o*, t+1<j<t+r, and let

t+r
B*= X (“’j"j*_"j*z)~ (6.3)
Jj=1+1
Then
t+r t+r N
D, (z)=W'n* ( IT ¢ ) [ (z) TT (1=¢2)" + O(n_l)} asn— oo, (64)
Jj=t+1 J=t+1
where
k t+r t t+r
’ +x o* u uk
W - (I-IAJP!)(I__[ Aj/p’)(l—lgjz /)(1—[ g‘jzj)
Jj=t+1 Jj=1 Jj=t+1
~ 2
X [Y(gls pl;-"; §t’ pt; §t+1’ otf-l - 1;'-'; §I+r’ Ut:(—r_ 1)]
LT (-
X — #0 (6.5)
il;ll 11:11 (pt+i—otj—i+1)!
ot ,+0
with k=1, +Z’+,+1u1 , uj’-"=% o*(o;* —1) t+1<<j<st+r, le., mk(z) has exactly w; zeros

that tend to§; v ,1<j<t, and exactly o* zeros that tend to {;' t+ 1<j<t+r, and Dmk(z) =
Oo(nf*n |§,+1 |"’) as n—oo. (In (6. 5) and below whenever o,+,-0 for some i, 1 <i<vr, all
reference to §, ., ; is to be deleted.)

Denote by o;, t +1 <j<t+r, any solution—not necessarily uniqgue—of 1P(t + 1), and let

B= =Z (wo —0; ) (6.6)

(Note that B is the same for all solutions of IP(t+ 1).) Let {,(n), 0 § I<p,, and fs(n), 1<s<t
be exactly as defined in Theorem 3.1. Then (3.9) holds with 8,(n) = n?~F* [$,21/8,|" now. Also, if
we let {¥(n), 1< , be the approximations to {,, t + 1 <s<t+r, then

1*Z§';}‘(n)=§'s+0(n_1) asn—o oo, t+1<s<t+r. (6.7)
-1

5

Again (3.9) with the new 8 (n), and (6.7), hold also when the {’s there are replaced by their
reciprocals.
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Finally, f,,(z) converges to f(z) uniformly in any compact subset of {z:|z| < |§,-+11(}\
(&0, 87 Actually,

f(2) = foi(2) =O(nP~7 |5, 121") asn— oo, (6.8)

uniformly in any compact subset of K\{(¢;',...,$ '), In addition, Theorem 3.5 holds with no
changes for this k.

Note 6.2. An algorithm for the solution of IP(7) has been given in [14]. A different algorithm has
recently been proposed by Kaminski and Sidi [10].

Let o;, t+1 <j t + r, be a solution of IP(7).

(1) o/=w,—0, t+1<j< t+r is a solutlon of IP(r") with 7/ =X'7" 0, —

2) If wjz=w for some j', j”, t+1<j’, j”<t+r, andif o; 81, 0 =08, 1nasolution to
IP(7), 8, # &,, then there is another solution to IP(r) with 6,- = §,, 0,» = 81. Consequently,
a solution to IP(7) cannot be unique unless o;; = g;». One implication of this is that for
W= """ =w,+,=5> 1, IP(7) has a unique solution only for r=gqgr, g=1,...,0 —1,
and in this solution 6* =¢, t+1<j<t+r. For w,,;= -+ =w,,=1 no unique solu-
tion to IP(1) exists with 1 <7< r— 1. Another implication is that for w,,,= --- =,
> @441 0 2 Wy, b <F, no unique solution to IP(7) exists for r=1,...,p—1, and
a unique solution exists for 7=p, this solution being 0%, = --- =9¢%,=1, o* =0,
t+p+l<jt+r.

3) A unlque solution to IP(7) exists when w;, t+1<j<t+r, are all even or all odd, and
T=gr+ 320, (w,— @), 0 < g <w,,, This solution is given by 6* = g + 3(w, — «,),
t+1gj<gst+r

(4) Obviously, when r =1 a unique solution to IP(7) exists for all possible 7. When r =2 and
w, + w, is 0odd a unique solution to IP(7) exists for all possible 7, as shown in [10].

Proof of Theorem 6.1. A careful analysis of the terms in the expansion of D,,,(¢) in Theorem 4.2
reveals that the dominant ones are those having the indices

Jiliseeos Jele =10,11, .0 0p,, quiy, Gain,.. oy G i = {qyir,-.., 4,0, } (6.9)
subject to the condition

(t+1)0< gy <qyiy < - <q i, <(t+7)ps, (6.10)

Each one of these terms has the form

Z(q1i1,--4,q,i1}7n(hljlgqh)n
R A e
(6.11)

so that it is of order n?|x{7,,|" for n — co, for some nonnegative integer 8. Now we can write
Guiryeer @oiy=(t+ Dy, 0+ Dy, (04D, (04 2) g, (04 2) s
(t4+r)lyg,....(e+r)l, , (6.12)
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for some integers /;; and o,,, satisfying

O0<ly<lp< - <l <pyi 1<isr,
, gl (6.13)
0<o,,;<w,;, l<i<r, ) 0, =T.
j=t+1

Of course, if o,,; =0, for some i, then (¢ + i)/, are absent from (6.12), and all reference to ¢,
below is to be deleted. By Appendix B, (6.12), and (2.9) and (2.10), the term in (6.11) is exactly

Y((g)go, (8){{’,...,(2’)510’ (8)&0“"“’(01“0—1) t0+1,_..,(8)§[0+r,,..,( I+r0_1)§',+,)

t+r r
7 1 s”‘) [z{qliwm(Hc(z,.l,...,l,.%))+0(n—1)] (6.14)
J=t+1 i=1
with
B= Z ( Y= 30.,(0,, — 1))- (6.15)
Jj=1

With the o,,; fixed for the moment, the largest value of 8 is obtained when the /;; take their
maximum values consistent with (6.13), i.e., when /;;=p,,, —0,,,+j, 1 <j<o,,,. For these /,,
we have

t+r
B= Y (wo,—0’)=B(0) (6.16)
i=t+1
and
T1C(n .. L )= 11 H e (6.17)
i=1 o 0i=;0j=l (pt+i_ot+i+])!

by (B.9), and

t+r t t+r
“onr-o{fys)| ) )
Jj=t+1 j=1 Jj=t+1
X Y(gl’ pl;"'; §t9 pt; §t+1’ 01— 1;' §t+r’ Ot 1) ;&0 (618)
where
t+r

¢ =v,+ ) uj, uj=30(c—1). (6.19)

Jj=t+1

So far we have shown that the dominant part of Dm «(z) for n - oo is

R(n, z)= Yy [é(o, z)+O(n! ] B(")( tl_[r §°) (6.20)

Orvtrees O vr J=t+1

Ogo,gsw, , t+1<igt+r,
t+r

> -

i=t+1

none of C(o, z) = é( G,,1,.-.,0,,,, z) In this summation being zero. The dominant behavior of
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R(n, z) is determined by the maximum value of B(o) in (6.16), since |7I1/L7, {7 | = |78 1]
for all the terms of the sum in (6.20). If IP(7) has a unique solution ¢/*, t+ 1 <j<?+r, then
B(o*)=p*, and

t+r

R(n, z)=é(o*, z)nﬁ*(w 11 g’j‘.’/*
j=i+1

and this proves (6.4) with (6.5).
The rest of the proof can be accomplished exactly like those of Theorems 3.1, 3.3 and 3.5. O

n[1+0(n‘1)] as n — oo, (6.21)

Note 6.3. When IP(7) does not have a unique solution, then the dominant part of R(n, z) in
(6.20) has at least two terms of order n?*(7|§,,,|7)", thus R(n, z) = nB* @t |1"0(2)[U(n, z)
+ O(n~1)] as n — oo, where U(n, z) is a polynomial in z and a trigonometric sum in n. Now
U(n, z)#0, in general, although we do not have a rigorous proof of this at present. That
U(n, z) # 0 can be shown in some special cases like that in which w; =1, 1+ 1</ <t +r. From
this we conclude that when IP(7) does not have a unique solution and U(n, z)#0,
lim,, _, . Q,.(z) does not exist, only a subsequence of {Q,,.(2)},_, converges, the limit
polynomial being of the form Q(z)ryzl(l —{/z) for some {/, 1 <j <7, not necessarily distinct.
For this subsequence D, ,(z) = O(n® 7" |{,.1|™) as n — oo, and consequently (6.8) holds (for
the same subsequence) uniformly in any compact subset of K\ {{;1,..., & L1818
Under the assumption that U(n, z) # 0 always when IP(7) does not have a unique solution, we
see that {Q,.(2)}2_, and hence {f,,(z)}m-o converge if and only if IP(7) has a unique
solution, and this is a stronger result than Theorem 6.1. As mentioned above, however, no
rigorous proof of U(n, z) # 0 exists so far.

7. Application to generalized Dirichlet series

Let ¢,, m=0,1,2,... be a sequence of real or complex scalars. Assume that c,, has the
asymptotic expansion
[eo]
Cm~ 2, Pi(m)§" asm— oo, (7.1)
j=1

where P,(m) are polynomials in m of degree p;=w; — 1, which we choose to write as
P
-~ m ~
B(m)= L A7) 4,0 (72)

and {; are distinct nonzero scalars ordered such that
Gl = 1861218612 . (7.3)

In addition, assume that there can be only a finite number of {; having the same modulus.
Without loss of generality, assume that

Pz Py if 1§ 1 =181 (7.4)

Note that the infinite series X, P,(m){" in (7.1) is a generalized Dirichlet series. The
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interpretation of (7.1) is as follows: for any positive integer » there exist a positive constant C
and a positive integer m, that depend only on », such that for every m > m,,

Cm — Z I)j(m)gjm

J=1

<CmPor|g, ™ (7.5)

As a consequence, if we write

em= 3 P(m)"+ A(m, £)¢7, £=1¢,.,|+¢€, >0 arbitrarily close to 0,  (7.6)
Jj=1

and take (7.6) as the definition of A(m, &), then for all m=0, 1,...,
|A(m, £)| < M(§), some M(£)>0. (7.7)

When we compare (7.6), (7.2) and (7.7) with (4.5) and (4.6) we realize that they are identical in
form. This implies that, with ¢,, as given above, the infinite series ¥° ,c;z' represents a function
f(z) that is meromorphic in any compact subset of the complex plane. Thus, Theorems 3.1 and
3.5 provide us with a method, by which we can obtain approximations to the largest of the {; and
the corresponding 4, from the knowledge of the c,, only. For convenience we restate Theorems
3.1 and 3.5 for generalized Dirichlet series. The notation is exactly as before.

Theorem 7.1. Let the sequence c,,, m=0, 1, 2,..., be as described above. Then there exist positive
integers t, r, and p, for which

1512 - 208> 186l = =18 > 18l 2 (7.8)
and

PEpPi= =Pispn T Prape1 = 0 Z Py (7-9)

As before, p=r implies that equalities prevail throughout (7.9). Pick k=X (p;+1) =X\ 0,
(a) For {#{;,1<j<t, the determinant D, ({) = D, (£° ¢,..., %), which is a polynomial in
¢ of degree at most k, satisfies

n

k

~ w, §1+l
D = Waz" —~¢) 7+ 0| n®|——
ok ($) T [11]1 ($—=¢) h 3 asn— 0, (7.10)
a some nonnegative integer, n=m — k + 1.
Actually, a =p = p,., if the §; whose moduli are |§,| are all simple.
(b) Let {,o(n),...,8,(n) be the zeros of D, ({) that converge to {; as n— co. Then, for
1<s<1t,
, §t+1 1/ w,
¢ (n)=¢,+0[|n T asn— oo, 0</I<p,. (7.11)

In fact, if we let

t+p ‘A~_ t ¢t 2w, )
Ns(n):l > —szs_p"[l_ll(%—_%) :|(§h_§s)2py+ exp(in arg(%)),

!
p' h=t+1 Aspx

*s

-~

(7.12)
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then the sequence { N,(n)} has a convergent subsequence { N,(n,)} with a nonzero limit J\A’s.
The §,(n) then satisfy

ng\ 1/
{sl(nq)~§s+ﬁsl (1;’ §t§+l ) QSCI“)OO, 0<1<P5, (713)
where ]\75,, 0<I<p,, are the w,th roots of ]\7S Furthermore,
—Zfsl( )=¢+0 —g'—gl asn-— oo. (7.14)
s =0 s

Also the p_th derivative of D,,.($) has exactly one zero §.(n) that converges to ¢, as n — oo,
and satisfies

E(n)=¢ +0ln §'§H ) asn-— . (7.15)
(c) Let the H,, (n) be as constructed in Theorem 3.5, and let
Z wi(n), 0<g<p,, (7.16)
and
~ P 1 i—1
Asl(n)= Z(i_l_[)Hsi(n)(—_fs(n))-l ’ O<l<pss (717)

i=1
cf. (4.3). Then A~S,(n) is an approximation to /fs, satisfying
§t+l
&l

1/n
<

lim sup |4, (n 0<I<p,. (7.18)

n =0

Theorem 6.1 can similarly be restated for generalized Dirichlet series. We leave the details to
the interested reader.

Appendix A. Analysis of Xgy1,  1p,. p,.(Z)

From (5.9) Xio11, . 1p.1p,(2) = X,(2) has the columnwise partition

X, (2) = det[x10(2) |x11(2) |- 1315, (2) |- 1Xi0(2) 1 oon 1x (2) P2 (2)] (AD)
where

A ~ ~ ~ T
x.w( )=(Bs1(z) As:l’ As12’ "’A.wk) . (Az)

Substitute now in (A.2) the representations of B ;(z) and A, in terms of the A from (5.4) and

(4.3), respectively. Note that both B [(z) and A

si,q
depend only on AS,, i<l <ps

Sl q
Let us now concentrate on the columns X50(2), x4(2),..., x,,(2). First, we have
T
) e CEY 1) =x9 A3
XSPX(Z)—ASPS 1—§Z gs’ s""’gs (Z) ( )
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thus we can factor out A from the x,,(z) column. We can now use the x,(z) column to
eliminate 4, from the xs,(z) column to obtain the new column x{’(z) for 1—— O 1,....,p,— L
The resulting new x, , _;(z) column is

=yl o () (5 (T 0

(A.4)

thus we can factor out /f from this column too. We can now use the x(” —1{z) column to
eliminate A, from the xf}) column to obtain the new column x(z), for /= 0,1,..., p,— 2.
Continuing in this way, we obtain

Xh(z)=det[x10(z)|... |xE(2) [x87P(2) . 1 xD) (2) [ x9(2) |
% (2) 130,,(2)) (A5)

where, for 1 <i <p,,

. . T
ng;,_v_i(z)=ffsp_v(zjsf(zfs+1),0,...,0,(j.) ;',(’fl)fs"“,...,(k;l)gf”) . (A6)

1

Now, it is easy to verify that

. (8,2)’ d ¢
Uvuuv+1)y=————— —— , i=1,2,.... A7
Ay 1-¢2)"" g" g 1-4z t=t, l A7)
Combining (A.3), (A.6) and (A.7), we obtain, for 0 <i<p,,
1 d $z AT .
(l) i 2 k—1 = i
sp—z(Z) sps§ i d{i( —fz’l’ QI SN ¢ ) {zg‘.— sprsqsi(Z). (AS)

Let us now order the columns g,,(z) such that they appear in the order q,4(z), ¢4(z2),..., q,,(2).
This requires X7 ,i = 3p,( p, + 1) = u, column interchanges.

Performing similar elementary column transformations on the remaining columns of X,(z),
we finally obtain

X,(z) = (—1)”’(}:[1/475/)14':1:,.(

J

tll K,-“f) 0x(2), (A.9)
with
Qh(2)=det[%o(z)l--- |‘I1pl( z)]. |410( - I‘Irp,(z)lfho(z)]- (A.10)

We note that the proofs of (4.16) for Z,, _,, and of (4.27) for Z|, ,, , can be achieved by going-
through exactly the same steps that lead to (A.9) and (A.10).

Surprisingly, the determinant expression for Q,(z) that is given in (A.10) can be simplified
further.
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Consider first the determinant

Az A,z
1—-Az 1-A,z
1 1
T(A, Mg A 2) = YL (A.11)
N;Lz AR=2

Adding the 2nd row to the 1st in this determinant, we see that the 1st row becomes ((1 —
Az)TL (1=A2) 7 (1 —A,z)""). Now factoring out (1—2A,z)"! from the jth column,
j=1,..., n, we obtain

1 1
1—-Az 1-A,z
n
[H(l—)\ﬂ)]}"(}\],...,?\#;z)= MMz NNz (A12)
/=1 : :
PUREED Uy 2 }\‘;_2—}\’;_12

Subtract the 1st row from the 2nd, and factor out ( —z) to obtain the new 2nd row (A}, A,,..., A ).
Next, subtract the new 2nd row from the 3rd, and factor out (—z) to obtain the new 3rd row
(A}, A3,..., X%). Continuing in this way, we finally obtain
_ V(A Ayl A
Ty A 2) = (=1)* T2+ ( Rl "), (A.13)
1—[ (1 - ?\jz)
Jj=1
where V(A,,...,A,) = Y(A,, 0;. ; A, 0) is the ordinary Vandermonde determinant.
We now go back to (A.10). Smce qs,(z) = (1/i")(9'/98!)q,0(z) by (A.8), we can write

. )
1 o
0,(2)=|T1 11+ |7 2) (A.14)
j=ti=1t 9§, _ ,
G=8l<igsp igjst
where
§E§17 g‘]l"-'ag‘]pl, {2’ §21a'~'3§2p2,'--5§1’ §119---’§1pl, g'h' (A‘ls)
By the fact that
t P
1 o
(U L5 )7 ©)
=1i=1 $i=8l<isplsist
_ Y(gla P13 §o P S 0) ?f pji=Pj, l<j<t, A (A.16)
0 if py<p, forsomej, 1<j<1,
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(A.14) reduces to
Y(gl, p]a-“; §,, Pt; g‘ha O)

0(z) = (=12 (A.17)
[Dl(l - f,-z)“"](l —$h2)
Substituting (A.17) in (A.9), and employing (2.10), we finally obtain
X,(2) - <—1>"*"'( nA)( _r[;;«)
Jj=1 Jj=1
a, I0-5)
X Y(&, prieos & 1")1 _g:z 1: (¢,2)~. (A.18)
1_[ (1 - gjz)w,

Appendix B. Analysis of Y((})X°, (72)7\0,...,(;;))\0, 8y+10++28m)

We start by observing that for 1 <4 < g the hth row of the determinant ¥{(} W }'q))\o,
84+15-++» 8m) =y(n) is given as the row vector

_{{nYyo (R+1},, [n+2),, n+M-—1\, 1
R,,ﬁ((,h)x,( ; )x( ., )A( e, (B.1)

By the identity

") E L)

(B.1) can be expressed as
Iy

fom 3 (e (L 2 (M ) 2

Consequently, y(n) has the expansion
4

yn)= Y - g {ﬁ (, _lh)]y((g)w,...,(p)w, qu,...,gM). (B.3)

]
iH=0 iy 9

We note that the upper limits /,,...,/, of the multiple sum in (B.3) can all be replaced by L,
where

L=max{11, 12,...,14}, (B.4)

since (7) =0 for i <0. We also note that the determinant Y((?)A%...,(° )AO 8g+15--+> 8ar) N
(B.3) is odd under an interchange of any two of the indices i,,..., i, Consequently, we can apply
Lemma 2.1 to the multiple sum in (B.3). As a result we obtain

0 0
y(n)= ) Y((il)x)"‘"(iq)xo’ 8o+10---» 8ur C’1 ’’’’’’’’’’ ,.[:(n), (B.5)
O0<i)<i, <i, <L
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(5?5). (B.6)

Wt ()

Now the determinant C”/+(n) is the sum of the products
i i P

.....

@5 (1) (1)

{hy,..., h,} being a permutation of {1,..., g}. Thus each of these products is a polynomial in »
of degree d=2%_(/,— in,) =X9_1/;,— X9 4i;. As a result Ci[f ,,,,,,,,, i’:(n) is a polynomial in n of
degree at most d. The maximum value of d is attained when iy, i,,..., i, take on their smallest
possible values, and these are iy =0, i,=1,...,i,=¢— 1. In this case d=X7_,/, - 1g(qg— 1=
d*. Consequently, by the fact that (7) = n’//j! + O(n’™1), it follows that y(n) is a polynomial in

n of degree at most 4 *, and that

0 0 0 . ._
y(n)=C(ll,...,1q)Y((0)}\0’(1)}\0,...,(‘1_1)}\0’ 8att1s-++» 8M n? +O(nd 1),
(B.7)
where
1 1
X 1,
_1 _1
c(t,....1,)=| (h—D! (2,— 1) (B.8)
1 S
(h—q+1)! (1,—gq+1)!

Note that the first ¢ rows of the Y determinant in (B.7) are linearly independent. Thus the

coefficient of n?" cannot vanish on account of these g rows. Also note that when /,, /,,...,/ 4

take on consecutive values, C(/,,...,/ 2) in (B.7) is nonzero provided /, > 0. In fact,

2 (-1

C(l,...l)=1l——" . .

i=1(p—q+i)!" forl,=p—q+i, 1<i<gq. (B.9)
*=(p+1)g-q°

For C(/y,...,1,) in (B.9), see, for example, [2, pp. 11-12].
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