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Let {xm}2>_, be a vector sequence obtained from a linear fixed point iterative technique in a
general inner product space. In two previous papers [6,9] the convergence properties of the
minimal polynomial and reduced rank extrapolation methods, as they are applied to the vector
sequence above, were analyzed. In particular, asymptotically optimal convergence results per-
taining to some of the rows of the tables associated with these two methods were obtained. In
the present work we continue this analysis and provide analogous results for the remaining
(intermediate) rows of these tables. In particular, when {x,}%_, is a convergent sequence, the
main result of this paper says, roughly speaking, that all of the rows converge, and it also gives
the rate of convergence for each row. The results are demonstrated numerically through an
example.

1. Introduction

Let B be an inner product space over C, the field of complex numbers, and let
(x,y) and ||x]| = 4/(x, x) be, respectively, the inner product and norm associated
with B. The homogeneity property of the inner product is such that, for o, e C
and x, y € B, (ax, By) = aB(x, y). Let xo, x1, X2, . . ., be a given sequence of vectors in
B. In case this sequence converges denote its limit by s, otherwise, let s stand for
its antilimit. Whether this sequence converges or not, we can apply to it vector
extrapolation methods in order to obtain good approximations to s. In the present
work we shall concentrate on two such methods that have proved to be especially
successful in many cases. These are the minimal polynomial extrapolation (MPE)
of [1] and the reduced rank extrapolation (RRE) of [2] and [5]. For a method almost
identical to RRE, see also [4]. For a detailed survey of these and other related meth-
ods, see [10]. For their efficient and stable numerical implementation, see[8].

When applied to the sequence xg,x1, Xz, ..., each of the methods MPE and
RRE produces a two-dimensional array of approximations to s. These approxima-
tions, which we denote s, x, are of the form
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s,,k—z ™) Xt (1.1)

j=0

with

Z (mk) _ (1.2)

The fy(”’ in addition to (1.2), satisfy the k linear equations

Zu,(;)'yj"k) 0, 0<i<gk-1, (1.3)
j=0
where
(n) — (un+i7 un+j) for MPE 3 (1 4)
W (Wnais un4;) for RRE, '
with
up = Ax; = xi41 — x; and w,-=Au,-=A2x,-, i=0,1,2,.... (1.5)

Using (1.1)—(1.4), snx can be expressed as a quotient of two determinants. For all
these developments, see [6].
Let us order the s, in a table akin to the Padé table as follows:
50,0 S10 S20
So,1 S1,1 821
So2 S12 S22 ... (1'6)

In [6] and [9] the problem of convergence of the rows of this table was addressed
for sequences {x,,}%_, in B that satisfy

(&)
xm~s+ZPj(m)/\;" as m—>oo. (1.7)

Here s is the limit or antilimit of the sequence {x,,}%°_, as already mentioned, and
Jj are scalars that satisfy

M= Aol Z|As]= ., (1.8a)

AiENITi#)], MN#0and \; #1foralli. (1.8b)

In addition, we assume that there can be only a finite number of ); having the
same modulus. P;j(m) are polynomials in m with coefficients in B, which we write in
the form
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Pi(m) = iy,-,('7> , (1.9)

1=0
where (’;’) are binomial coefficients and y;,/ = 0,1,...,p;,j =1,2,.. ., form a line-
arly independent set of vectors in B. We agree to order the ); such that
if |/\j| = |)\j+1|, thenp,-)pjﬂ . (1.10)

The meaning of (1.7) is that for any integer N there exist a positive constant K
and a positive integer mg that depend only on N, such that for every m > my,

N-1

Xm — S — Z Pi(m)A]

j=1

<KmP¥|\y|™. (1.11)

Sequences of vectors generated from nonsingular linear systems of equations
by using stationary fixed point iterative techniques are exactly of the form
described above. For this case the ); are distinct nonzero eigenvalues of the matrix
of iteration, and, for each j, the vectors yj;, 0 </ <p;, arein the invariant subspace of
this matrix that corresponds to ;. The vector s, which is the limit or antilimit of
the sequence {x,}5_o, now is simply the solution of the linear system. Note that
when the matrix of iteration is diagonalizable, p; = O for all j, i.e., Pj(m) are all con-
stant in m. For a defective matrix of iteration p; # 0 for some j, in general. A short
description of all this will be given in the beginning of the next section. For the
detailed derivation, see [9, section 2].

The following result concerning the rows of the MPE and RRE tables was
proved in [9, theorem 3.1], see also [6, theorem 3.1].

THEOREM 1.1
Let the sequence {x,,}2°_, be exactly as described above. Let
IAel>[ A (1.12)
for some integer ¢, and let
!
k=> (pi+1). (1.13)
j=1

Then, for both MPE and RRE, the approximations s, exist for all sufficiently
large n, and satisfy

Snpe — 8 = T(m)nP* A" (1.14)
where
sup ||I'(n)|| <oo. (1.15)
n

Furthermore, the dominant part of I'(n) as n— oo is the same for both MPE and
RRE, as a consequence of which, we also have
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ST — S~ SpEE—s asn—>oo. (1.16)

Under the conditions imposed, this result is optimal and cannot be improved
upon.

Judging from (1.12) and (1.13), we see that theorem 1.1 can cover all the rows
of the extrapolation tables provided both of the following are satisfied:

(i) p; =O0forallj,

1) |M|> x> As]> ...

Otherwise, theorem 1.1 covers only part of the rows dictated by (1.12) and (1.13),
i.e., only those rows k for which k is as given by (1.13) for some ¢, and (1.12) is satis-
fied for this . For instance, when p,1 >0, the rows k, with k = 3", (p; + 1) +1,
1 <i<pi41,arenot covered by theorem 1.1.

The purpose of the present work is to treat the problem of these intermediate
rows. We shall do this under the additional assumption that the sequence {x,,}5>_,
is generated by a stationary linear fixed point iterative technique. In section 2 we
consider a sequence obtained from the iterative solution of a linear system of equa-
tions in CV, and show that a result very similar to (1.14) and (1.15) holds for all
intermediate rows of the RRE and MPE tables, unconditionally for the former and
under some mild conditions for the latter. The main result of section 2 is theorem
2.3. In section 3 we give the solution to an integer programming problem that arises
in theorem 2.3, the main result of this section being theorem 3.2. In section 4 we ver-
ify numerically the results of theorems 1.1 and 2.3 by applying MPE and RRE to
vector sequences obtained from finite difference discretization of a two-dimen-
sional convection-diffusion equation. Now theorem 1.1 actually holds for a slightly
generalized form of MPE and RRE that is described in [9, p.37, eq. (1.16)]. In sec-
tion 5 we describe this generalization, and show that theorem 2.3 holds for this gen-
eralized form as well. In section 6 we go back to the general inner product space
B, and show that the results of section 2 can easily be extended to this case with no
substantive changes.

2. Theory for finite dimensional spaces
2.1. GENERAL CONSIDERATIONS
We assume in this section that B is the N-dimensional space CV. Let us denote
by s the solution of the nonsingular linear system of equations
x=Ax+b. (2.1)

Starting with an arbitrary vector xj, if we now generate the sequence {x,}52_, by
theiterative technique

Xjt+1 =ij+b, _] = 0, 1, s (22)



A. Sidi/ Convergence of extrapolation tables 233

then, as mentioned in the previous section, the vector x,, is of the form
v
X =s+ZPj(m)/\;.", for all m>d, some d>0. (2.3)
=1

Here ); are some or all of the distinct nonzero eigenvalues of 4, which can be
ordered as in (1.8a), and satisfy (1.8b) automatically. The P;(m) are precisely as
described in the previous section, and the vectors y; in (1.9) satisfy

(A= NIy =0, p—i+1<I<p,1<i<p+1,

(4= ND)Yjp-i #0, 0<i<p;. (2.4)

Actually, (2.4) is a result of the fact that y;, is an eigenvector of 4 corresponding
to );, while, for p; >0, y; 5, is a linear combination of eigenvectors and 1st, .. ., ith
principal vectors that correspond to );. If r; is the dimension of the largest Jordan
block corresponding to the eigenvalue );, then p;<r; — 1. For an arbitrary initial
vector x, in general, p; = r; — 1 may hold. Finally, the integer 4 in (2.3) is deter-
mined by the zero eigenvalues of 4. We have d = 0 when A is nonsingular, and d is
equal to the index of 4 when 4 is singular.

2.2. EXISTENCE OF APPROXIMATIONS

Since we are going to be discussing the convergence of the sequence {s,x}2, for
arbitrary fixed k, we first have to address the question of existence of the s, «.

THEOREM2.1.

Let ko be the degree of the minimal polynomial of 4 with respect to the vector
xn — §. Then (i) s, x for RRE exists and is unique unconditionally for all k <ky, and
(ii) s»x, for MPE exists and is unique for all k£ <k, provided the hermitian part of
the matrix a(I — A) is positive definite for some a.€ C, |a| = 1. Also s, , exists and
is equal to s unconditionally for both MPE and RRE.

The part of theorem 2.1 pertaining to RRE follows from [7, theorem 2.1}, while
that pertaining to MPE follows from [7, theorem 2.2] and is a slight improvement of
the latter. We also note that the minimal polynomials of 4 with respect to the
vectors x,, — S, m>d, are identical to each other.

We note that the sufficient condition concerning the existence of s, for MPE
that is given in theorem 1.1 is different from the one in theorem 2.1. They do not
contradict each other, but are supplementary. In the sequel we shall assume the
existence of s,x for MPE and RRE precisely under the conditions stated in
theorem 2.1.
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2.3. THEORETICAL UPPER BOUNDS FOR ERROR NORMS

We define the residual vector r(x) associated with an arbitrary vector x by
r(x) =Ax+b-x=(A-I)(x-y3). (2.5)

Consequently, ||7(x)|| is a true norm for x — s.
We also define the matrix C and its hermitian part Cy by
C=a(l-4) and Cy=1(C+C"), (2.6)

for some a € C,|a| = 1. In addition, in case Cy is positive definite, we define the

vectornorm || - || by
Il = v/(x, Cux) - (2.7)

Theorem 2.2 below will be the starting point of our treatment of the intermedi-
ate rows of the MPE and RRE tables.

THEOREM 2.2
With k < kg, where kj is the degree of the minimal polynomial of 4 with respect
tox, — s, wehave, for RRE

Ir(sni)l| <[ Cq(A)(xn — 5)|, (2.8)
while for MPE, assuming that Cy is positive definite,
llsne — sl < G2 CgA) (= 91 (29)

where g()\) is an arbitrary polynomial of degree at most & that satisfies g(1) = 1.

The part of theorem 2.2 pertaining to RRE follows by combining the result
7 (snie) | < llg(A)r(xa)ll (2.10)
see [7, theorem 4.2], with (2.5), while that pertaining to MPE is a slight improve-
ment of [7, theorem 4.4].
2.4 MAINRESULT FOR CONVERGENCE OF INTERMEDIATEROWS

We now state the main result of the present work.

THEOREM2.3
Assume that x,, is exactly as described in section 2.1, and that the conditions of
theorem 2.2 hold as well. Let

e >Aesa] = .. = e > [Argraa| (2.11)

for some >0 and r>1. (Here we set |\¢o| = oo and A, = 0.) Denote for conveni-
ence
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wi=pi+1, j=12,.... (2.12)
Let the integer k satisfy
! +r
ij<k< ij, (2.133)
j=1 j=1
and set
t
T=k-) w. (2.13b)
=1

Define the set S(7) of integer r-tuples (a1, . . ., 0,) by

r
S(r) = {(01,...,0,) :0<oi<wyyy, 1<igr, and Za,- = T}. (2.14)

i=1

Define the nonnegative integer G by
f= min_ max(py;—o0;). (2.15)

(o1,...,07)eS(T) 1<isr
Then, for both MPE and RRE,
$n — Sl = OWP|A1]") asn—>oco. (2.16)

NOTE

As will be shown in the next section, 3 is nonincreasing in 7, and takes on all
values between p,4; and 0 as 7 takes on all values between 0 and >, wy — 1.
Also, 8 = Owhenp,,; = 0,1 <i<r,asisseenfrom (2.15).

Proof

We start by analyzing the vector g(4)(x, — s) that appears in both (2.8) and
(2.9), recalling at the same time that g()) is an arbitrary polynomial of degree at
most k that satisfies ¢(1) = 1. Let us pick

q(,\)=g(?:;:)“fg(?_:%:_) (01, o) eS(r).  (217)

Now, by (1.9)and (2.4),

(4= NI)Pi(n) =0 foralln. (2.18)
Employing (2.3),(2.17), and (2.18), we obtain
g(A)(xn ~5) = Y _ la(A)P;(m)] X} - (2.19)
j=t+1

Again, from (1.9) and (2.4) and the fact that (}) ~ n//Ilasn— oo, for 1<i<r,
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P1yi—0i
(A= de)"Paa) = 3 (4= 3w}

1=0
O(nP+=) asn—>o00, 0<0i<Ppi,

_ { (=) ISP 9 90)
0, O = Wiy,

as a consequence of which we have

O(nP+=%) asn—>o0, 0<0oi<pri,
q(A)PH_,(n) — { ( ) o0 a; pl+l (2.21)
0’ O; = Weqi -
This, along with (2.11), results in
t+r
> (A BN = 00 \n|") asn—>oo, (2.22)
j=t+1
where
§ = max (piyi — 0i). (2.23)
From (1.8a)and (1.10) we also have
3" AR @Y = 0 D) asn—>oo.  (224)
J=t4r+l
Combining (2.22) and (2.24) in (2.19), and recalling (2.11) again, we obtain
g(A)(x, — 5) = 0’|\ a|") asn—>oo. (2.25)
Finally, we recall that (o1, ...,0,) in (2.23) is in S(7), but is arbitrary otherwise.

This means that § can be minimized over the set S(7). As a result of this minimiza-
tion process we obtain § = 3, with 3 as defined in (2.15). This completes the
proof. O

Remarks

(1) Comparing (2.11) and (2.13a) in theorem 2.3 with (1.12) and (1.13) in theo-
rem 1.1, we realize that theorem 2.3 indeed covers all of the intermediate rows of
the MPE and RRE tables. This is true whether the matrix A4 is diagonalizable or
not.

(2) Combining theorems 1.1 and 2.3, we conclude that, for all values of k, the
convergence of row k is at least as rapid as that of rowk — 1.

(3) Again, combining theorems 1.1 and 2.3, we see that, for n sufficiently large,
||snx — || may not decrease substantially when k corresponds to consecutive inter-
mediate rows, i.e., when k satisfies (2.13a). However, provided |).4,| is substan-
tially larger than |Ari,41|, 2 large jump from ||s, -1 — $|| to ||s»x — || may take place
fork =3t w.
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2.5. THEOREM 1.1 REVISITED

We would like to note that the technique that we used in the proof of theorem
2.3 can also be used in the proof of theorem 1.1 under the additional conditions of
theorem 2.3. By (1.13) and (2.13b) we see first that 7 = 0 for theorem 1.1. This, of
course, forces 0; = 0,i = 1,...,r, everywhere. As a result, we have 8 = 6§ = p,1,
which, along with (2.16), produces (1.14) with (1.15).

We should also note, however, that the result produced by this technique is not
optimal as it is based on the inequalities of theorem 2.2. In particular, it does not
give the dominant behavior of the vector I'(n) in (1.14), and thus it does not enable
us to obtain a very refined result such as (1.16).

3. Solution of the optimization problemin (2.15)

In this section we would like to tackle the integer programming problem in
(2.15). For simplicity, and without loss of generality, we set £ =0 in (2.14) and
(2.15), and denote the min-max problem there by Q(7), and B by B(7). That is, O(1)
stands for the integer programming problem

B(r)= min max(p; —o;). (3.1)

(o1,..,0,) € S(T) 1Ki<r

THEOREM 3.1
For0<7< Y., w;, B(7)is a nonincreasing function of 7.

Proof

Let (03, ...,07) € S(7) be a solution to Q(7), and consider O(r + 1). Now at least
one of the o7, o7, say, satisfies 0< o <p,. Letusset oy = oy +1,ando; = o7, i #4q.
Then (oy,...,0,)€S(7+ 1),and

B(r+1)< max (p; —0;) =max | max (p;—o07), pg—o,—1|<p(r). (3.2)
1<igr r

i#tq
This completes the proof. O

To understand the nature of the solution to Q(7), let us first consider small
values of 7. We shall adhere to our convention p; =>p>> ... 2p, established in
(1.10).

(i) Whent =0,0] =0,1<i<r,and 8(0) = py, trivially.

(ii) When 7=1, o} =1, of =0, 2<i<r, and B(1) =p, if p1 =p, or B(1)

=p — lifp1>p.

(ii)When 7 =2, o] =03 =1, 0] =0, 3<i<r, if py =p3, or 0] =2, o] =0,

2<i<gr, if py>p;. In the former case B(2)=p) if pp=pr=p; or
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B(2) = p1 — 1 if p1 = p2>ps, while in the latter 8(2) = p; — 1 if p; = ps + 1
or3(2) =p1 —2ifp1 =p> + 2.

THEOREM 3.2.
Let theintegersry, rs,. . ., be such that
pl=...=pr|>prl+l=...=prl+r2>.... (3.3)
(It may be possible that r; = r already, so that r;,r3, ..., are all zero). Let us also
define
J
R,-=Zr,- and Cj=pR_,- _pRj+l7 _]=1,2, (34)

i=1
Letr,1<7< er'=1 wj, be given. Then there exist unique integers g, e, and p, satisfy-
ingg>0,0<e<cy41,and 0< p<Ryyy, such that

T =

q
¢iRi+eRg1+p. (3.5)

j=1

With this, an optimal solution (¢3, . .., 0}) to Q(7) is given by

g
a’?=ch+e+[i<p] if R +1<i<Ry, (3.6)
=

where [i <p] = 1ifi<p, and [i < p| = 0 otherwise, and Ry = 0. Also

pl—'O”{ 1fp=0,
B(r) = . . (3.7)
pr—oi+1 if p>0.

As a result, as 7 increases from 0 to 3 °_; w; — 1, A(7) is nonincreasing and takes
on all the values p1, p; — 1, ..., 0, in this order.

Instead of giving a formal proof of theorem 3.2, we will show graphically how
the optimal solution is constructed. This construction will also show that the solu-
tion given in (3.6) is an optimal one. We shall do this through an example.

EXAMPLE

r=8,pi=p2=4,p3=ps=ps=2,ps=p1=1,pg=0.Thus ry =2, r, =3,
r3 = 2,r4 = 1,R1 = 2,R2 = 5,R3 = 7,R4 = 8,andc1 = 2,6‘2 =3 = 1.

We now form the i — p; histogram, see fig. 1. The integers within the squares
are all possible values of 7 between 1 and Zf;l (pi + 1). Note the order in which the
squares are numbered.
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pi |

-— oy =

al 1] 2
C1
3| 3| 4 |—r,—
2| 5| 6| 7| 8| 9f— rs— e
1] 10 11 12| 13| 14] 15| 16br= |c
ol 17| 18] 19) 20} 21| 22| 23| 24 e
1 2 3 4 5 6 1 8 i
Fig. 1.

239

Let us consider the optimal solution for 7 = 13. We start by putting an X in all
the squares numbered 1 through 13, see fig. 2. Then the number of X’s in the i = 1
column is o7, the number of X’s in the i = 2 column is 03, etc. Thus ¢} = o} = 4,
oy =03 =2,05 =1,0; = 03 = 05 = 0. Asaresult, 5(13) = 1.

We also see from this that the solution to Q( + 1) can be obtained from that of
Q(7) by increasing only one of the o} by 1. For example, the solution to Q(14) is
obtained from that of Q(13) by increasing 0% from 1 to 2, while the rest of the o7 are
kept unchanged. In addition, 8(14) = 1.

By moving the X’s to the other squares, while their total number is kept fixed,
we can see that max;(p; — o;) either increases or remains unchanged, as should hap-
pen at the minimum. We also see that the solution to Q() is not necessarily

unique.

T=13
g=2e=0,p=4
B(r)=1

pi
41 X | X
31 X (X
| XX X|X[X
1 x| x| x| X
0
1 2 3 4 5 6 7 i
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4. A numerical example

Consider the two-dimensional convection-diffusion equation

*u  Pu Ou  Ou .
_@_5}1_2+7(x6—x+y:9;) +pu=f inf2,

u=g onodf, (4.1)

where (2 is the unit square. This equation has been used as a test problem for vector
extrapolation methods and Krylov subspace methods on nonsymmetric and/or
indefinite systems. See, e.g., [3].

Let x; =ibx, 0<i<M,+1, and y;=jby, 0<j<M,+1, where éx=1
/(My + 1) and 8y = 1/(M,, + 1) for some positive integers M, and M,. We discre-
tize this equation by replacing all the partial derivatives at (x;, y;) by central differ-
ences. If we now order the unknowns u;;, which are the approximations to the
corresponding u(x;, y;), in the form uyy, uia, . . ., wisg,, U1, 22, - - -, Uangys -+ -, Ungy1,
Upm, - - - UMM,, then we obtaiﬁ a linear system of equations with a block tridiago-
nal matrix. If 8 = 0 = v, then we have the usual 5-point discretization scheme for
Poisson’s equation, in which case the matrix of the linear system is symmetric and
positive definite. By increasing (3 in the negative direction we can make the matrix
less and less positive definite and ultimately cause it to become indefinite. By pick-
ing v # 0 we make the matrix nonsymmetric, the amount of asymmetry being
directly related to the size of 4.

In our computations we pick M, = M, = 30 so that the number of unknowns is
N = MM, = 900. We also take g = 0 as our boundary condition and f = 0, caus-
ing the solution (both of the partial differential equation and of the difference equa-
tions) to be zero everywhere. We use the Jacobi iteration technique starting with
(1,1/v/2,1/4/3,...,1/v/N)T as the initial vector.

We now apply MPE and RRE in conjunction with the Jacobi iterative technique
for the linear system above. We first recall that the matrix of this system is consis-
tently ordered. This implies that if 4 is an eigenvalue of the Jacobi iterative matrix,
then so is —u. As a result, the number of distinct eigenvalues having the same mod-
ulus is always even. This, of course, implies that theorem 1.1 applies only for some
or all of the even k, and theorem 2.3 applies for the rest.

The numerical results reported in this section were all obtained by using the
FORTRAN 77 code given in [8]. The computations were performed in extended
double precision arithmetic on an IBM-370 machine.

Case 1: Let us take v =0 and § = 0. Then we are dealing with the Poisson
equation with Dirichlet boundary conditions on the unit square. The Jacobi itera-
tion matrix is real symmetric and all its eigenvalues are in (—1, 1) and are symmetri-
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cally distributed about 0. Thus theorem 1.1 applies to s, with k = 2,4, 6, . . ., since
pj = Oforallj; (1.14) holds with p,;; = 0, and (1.16) holds too.

Table 1 gives |s,x — $||, the Euclidean norm of the error, for n = 500 and
k=1,2,...,20, for both MPE and RRE. We observe that ||s}it% — s|| is almost
identical to ||s§5% — sll for k =2,4,...,20, in accordance with (1.16). We also
observe that, for both MPE and RRE, ||ss0024+1 — 5| is not much smaller than

l|$500,24 — ||, in accordance with remark 3 following the proof of theorem 2.3.

Case 2: Let us now take v = 100 and § = 0. The resulting system of linear
equations is real nonsymmetric. As a result of this the Jacobi iteration matrix is also
real nonsymmetric. We do not know for sure whether the eigenvalues of the Jacobi
iteration matrix are real or not for this case. As mentioned above, however, we
know that theorem 1.1 applies for some or all of the even k’s.

Table 2 gives |[snx — || for n =200 and k=1,2,...,20, for both MPE and
RRE. It seems from this table that theorem 1.1 applies with & = 2,6, 8,12, 14, at
least. This implies first that the Jacobi iteration matrix has two distinct real eigen-
values +u of largest size. Then there are either two distinct real eigenvalues v each

Table 1

h-norm of the errors in sspox,k =0, 1,...,20 where s,x is computed by applying MPE and RRE
in conjunction with the Jacobi iteration method for the finite difference equations obtained from
(4.1) with f =0 and g =0 and § =0 and vy = 0. The solution for this case is s = 0. The initial
vector is taken to be (1,1/v/2,1/v/3,...,1/v/N)T, where N is the number of unknowns. Recall
that s, 0 = x, for all n.

k lls566: — sl lls556% — sl
0 1.03D - 01 1.03D - 01
1 6.07D — 02 1.03D — 01
2 1.19D - 03 1.19D - 03
3 1.01D - 03 1.18D - 03
4 8.57D - 06 8.58D — 06
5 8.05D — 06 8.46D — 06
6 5.09D — 07 5.10D - 07
7 4.55D — 07 5.04D - 07
8 1.37D - 08 1.38D - 08
9 1.28D — 08 1.35D — 08

10 431D - 10 433D - 10

11 223D -10 4.15D - 10

12 7.09D — 12 7.10D — 12

13 573D - 12 6.90D - 12

14 1.29D — 13 1.30D - 13

15 122D - 13 1.26D — 13

16 1.03D - 14 1.05D — 14

17 7.20D — 15 1.00D - 14

18 1.22D - 16 1.22D - 16

19 7.50D — 17 1.16D — 16

20 3.65D - 18 3.67D - 18
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Table 2

L-norm of the errors in s3004,k = 0,1,...,20 where 5,4 is computed by applying MPE and RRE
in conjunction with the Jacobi iteration method for the finite difference equations obtained from
(4.1) with f =0 and g =0 and 8 =0 and v = 100. The solution for this case is s = 0. The initial
vector is taken to be (1,1/v2,1/+/3,...,1/v/N)T, where N is the number of unknowns. Recall
that s, 9 = x, for all n.

k 11520 — 51l 15565 — sl
0 2.32D —03 232D - 03
1 2.18D - 03 2.26D - 03
2 8.78D - 07 8.78D - 07
3 7.38D - 07 8.09D — 07
4 5.25D - 08 2.01D - 07
5 3.33D - 08 9.50D - 08
6 531D -11 531ID-11
7 3.88D - 11 4.46D — 11
8 1.01D - 15 1.01ID - 15
9 6.29D - 16 7.57TD - 16

10 278D - 17 471D - 18

11 1.38D - 17 1.07D — 17

12 3.00D - 21 3.00D — 21

13 1.60D — 21 1.99D - 21

14 5.29D - 27 529D - 27

15 3.15D - 27 3.90D - 27

16 2.72D - 27 3.02D -27

17 1.36D - 27 1.79D — 27

18 8.74D - 29 1.12D — 28

19 572D -29 8.20D — 29

20 4.05D - 31 391D -31

having one corresponding eigenvector and one corresponding principal vector or
four distinct complex eigenvalues + (o + i3) having, of course, the same modulus.
We can continue this way and come to conclusions about the rest of the eigen-
values.

5. A further development

For given n and k let the 'y}"’k) for MPE and RRE be exactly as defined through
(1.2)—~(1.5) in section 1. Let us now replace the approximation s, of section 1 by a
corresponding approxmatlon (¢ ,,)c, where

f‘qz - Z (k) Xn+q+j» 40 a fixed integer . (5.1)

As st k = Snk, S (q) is, in fact, a (slight) generalization of s,%. When the (" k)

are those obtained from RRE, s; ,)c turns out to be precisely the approx1mat10n
givenin[4].
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Obviously, for given n and k, all s (q) ©d=0,1,2,..., use the same set of ,Y(n )
The reader should be cautioned not to confuse s ,,1 w1th Sn+qk- The simplest dxffer—
ence between the two is that sY ,)c is constructed from the vectors x;, n<i<n
+k + max(1, q), whereas s, 4« is constructed from x;,n + g<i<n+q+k+1,and
these two sets of vectors are different from each other when ¢>0. Actually, the
vector sf,',’,l with g> 0 does not belong in the table given in (1.6) whenever k <k, cf.
theorem 2.1.

The treatment of the row convergence problem in [9] was actually achleved for
the sff,l In particular, theorem 1.1 holds in its entirety with s, replaced by s, ) .In
view of this fact, it is natural to ask whether the results for the mtermedlate rows
hold with s, replaced by sfl,)c The question is of interest also since theorem 2.2
which forms the starting point of the proof of theorem 2.3, is not satisfied by s, (q 5
when g >0. Theorem 5.1 below provides the answer to this question.

THEOREM .1
Theorems 2.1 and 2.3 hold without any changes when s,  is replaced by s(")

Proof
First, we recall that, under the conditions of theorem 2.1, s, & exists and is unique
if and only if the fy(”’k) exist and are unique. This and (5.1) are enough to conclude
that theorem 2.1 about the existence of the s, & holds with s, replaced by s, ( ) . Next,
we recall that (2.2) implies
Xm—S=A"(x9—5), m=0,1,.... (5.2)

Combining this with (5.1) and with Zk—o (k) — 1, we obtain

s;(;qz)c —5= Z A (Xns gty — 5)

j=0
k
= A l;Z*r}"’k) (Xnts — S)} = A¥(spx — 5) - (5.3)
=0
From this we immediately have
15 — sll <1149 llsne — sl (5.4)

in any norm whatsoever. Invoking now theorem 2.3 on the right hand side of
(5.4), we see that it holds with s, x replaced by s,(f,l. O

6. Extension to general inner product spaces

In section 2 we restricted ourselves to vector sequences obtained from iterative
solution of linear systems of equations of the form (2.1) in CV. In this section we
consider vector sequences obtained from iterative solution of linear operator equa-
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tions of the form (2.1) in an infinite dimensional inner product space B described
in the first paragraph of section 1. We assume that the ); and y; are precisely as in
section 1, and that the vectors x,, satisfy (1.7) the summation there being indeed
infinite. With this last condition the concept of the minimal polynomial of A with
respect to a vector loses its meaning and relevance, and we have ky = oo formally.

By going through the proofs of theorems 2.1 and 2.2, we see that their results
remain unchanged whether 4 isan N x N matrix or a bounded linear operator in a
general inner product space B. The same argument applies to theorem 2.3 as well.
We only need to keep in mind that (i) in (2.19) and (2.24) v is to be replaced by oo,
(ii) the equality sign = in (2.19) is to be replaced by the asymptotic equivalence sign
~, and (iii) the interpretation of (1.7) through (1.11) should be recalled. Similarly,
theorem 5.1 remains valid.
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