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Abstract.

In an earlier paper by the author a detailed convergence and stability analysis of a
generalization of the Richardson extrapolation process was given under certain con-
ditions. In the present work these conditions are modified and relaxed considerably,
and results are obtained on convergence and stability under the new conditions. As
the previous ones, these new results are asymptotic in nature, and contain the former.
The conditions of the present paper are naturally satisfied, e.g., by the trapezoidal rule
approximations of finite range integrals of functions having algebraic and logarithmic
end point singularities.
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1 Introduction and review of earlier results.

Let A(y) be a scalar function of a discrete or continuous variable y, defined for
0 <y <b < oo. Let there exist constants A and o, k=1,2,..., and functions
¢r(y), k=1,2,.., which form an asymptotic sequence in the sense that

(1.1) Pr+1(y) = o(dr(y)) asy — 0+,

and assume that A(y) has the asymptotic expansion

(1.2) Aly) ~ A+ Zakqﬁk(y) as y — 0+.
k=1

The functions A(y) and ¢x(y), k = 1,2,..., are assumed to be known for 0 <
y <b, but A and g, k=1,2,.., are unknown. The problem is to obtain (or
approximate) A, which in many cases is lim,_.o4 A(y) when the latter exists.
(When limy, o4 A(y) does not exist, A is said to be the antilimit of A(y) as
y — 0+.}) An effective means for achieving this goal is the generalized Richardson
extrapolation that we define in the next paragraph.

*Received January 1995.
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Pick a decreasing sequence {y};2,, such that y; € (0,8], I = 0,1,..., and
lim; oo ¥ = 0. Then, for each pair (j,p) of nonnegative integers, the solution
for AJ of the system of linear equations

P
(1.3) Aly) = AL+ ardr(y), §<1<j+p,
k=1

is taken as an approximation to A. (Note that @&j,..., &, are the additional
unknowns in (1.3), so that the total number of unknowns there is the same as
the number of equations, namely, p + 1.)

The approximations Af; to A can be arranged in a two-dimensional table in
the form

Ay A _
(1.4) A3 AL A3 Al = Aly;), §=0,1,....

Let us set for simplicity of notation

(L5) al) = Aw), 1=0,1,...
gk‘(l) = ¢k(yl)9 120,1,, k:1727"'7
) = 1, =0,1,...

Then the following results are true:
THEOREM 1.1. For any sequence b(l), 1=0,1,..., let fg(b) be defined by

91(4) 92(7) () b(j)
L6 fih) = ?O+U ?O+1)-~ %U+1)?Q+U
0 +p) @l+p) - gli+e) b+
Then Al can be expressed as the quotient of two determinants in the form
(1.7) Al = fé(a).
f2(I)
THEOREM 1.2. Define the polynomial HJ()\) by
91(7) e 9p(d) 1
18 Hi\) = QO+U = @O+U }

aG+p) - glU+p) I
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Then Ag) can also be expressed in the form
(1.9) A= s ali+1i),
=0

where 'y;’i are uniquely defined by

Hj(Y)
Hy(1)’

(1.10) Z'ypy A=

from which we also have, by letting A = 1,
p .
i _
(1.11) doyi=1
i=0

The general setting of this generalization of the Richardson extrapolation pro-
cess that is given in (1.1)-(1.3) can be found in Hart et al. [3]. Levin [5] seems to
be the first to give the determinant representation in Theorem 1.1. This result
can be obtained from (1.3) by applying Cramer’s rule. While the results in (1.9)
and (1.11) are simple consequences of (1.7), that of (1.10) is somewhat compli-
cated to obtain, and it was given first in Sidi [10]. For the case in which ¢ (y;)
have no particular structure, Schneider [7] gave the first recursive algorithm for
the Ai, which has been denoted the E-algorithm. By using different techniques
the E-algorithm was later rederived by Havie [4] and by Brezinski [1]. Recently,
Ford and Sidi [2] derived another recursive algorithm for the A7, which is sub-
stantially more economical than the E-algorithm. (This new algorithm actually
forms an essential part of the W(™)-algorithm of Ford and Sidi (1987) that is
used in implementing the generalized Richardson extrapolation process of Sidi
[8], which further generalizes the one we discuss in the present work.)

The important problems concerning the extrapolation procedure above are
those of convergence and stability. For the limiting process in which 7 — oo and
p is held fixed, the following results are known:

THEOREM 1.3. Assume that

bk (Yit1) gr(l+1)

1.12 lim — = lim —————~ =b #1, k=1,2,...,
(1.12) oo ¢p(y) 1o gr(l) ¢

and that

(1.13) b # by for j #k.

(i) The 7;’1- satisfy

(1.14) Jli)IgtoypZ Al _Z%’ A —Hi\:zz

¢=0
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(1)  Let p be the smallest positive integer for which oyt # 0 in the asymp-
totic expansion of A(y) given in (1.2). Then, whether limy_,o1 A(y) exists or
not, A}, satisfies

P
) b —b; . .
(L15) A} A~ap, [H (I_—,,)] gpiuli) as j— oo.
i=1 ?

(1ii) Set ay = a; i in (1.3). Then, with p as above,

. bprw — I\ [T (Optn — 0\ | 9peu(d)
1.16 & —an ~va ( p+i ) ( P+ z) p+#.
(1.16) pde TR Optu \ Ty T 11 b, — bs 9 (7)
ik
as j — oo.

The results in (1.14), (1.15), and (1.16) are those given as, respectively, The-
orem 2.4, Theorem 2.2, and Theorem 2.3 in Sidi [10]. Actually, we have gener-
alized Theorems 2.2 and 2.3 in Sidi [10] by accounting for the possibility that
@p41 may become zero in (1.2). (For additional results of a different nature, see
Sidi [9, Section 4].)

REMARKS:

1. The condition in (1.12) implies limsup,, ., |gr(n)|"/™ = by, which, in turn,
implies that gi(n) behaves, roughly speaking, like b} as n — oo. The
conditions in (1.1) and (1.12) together imply that |bgt1| < |bi| for all &,
and this shows that the condition in (1.13) is, in fact, an independent one.

2. If |bpy ] < 1in (1.15), then A% — A as j — oo, whether lim;_, Ai, k=
0,1,...,p—1, exist or not. The error Ai - A tends to zero, roughly speaking,

like b;qw for 7 — oo.
3. If u =1, ie., apt1 # 0, then the sequences {Ag, 22 and {AZ,_H 1320 satisfy

AL —A

(1.17) lim =21~ —,

whether they converge or not. In case they both converge, (1.17) is said
to imply that {4],,}32, converges more qqickly than {A7}92,. If p > 1,
i.e., apt1 = 0, however, the u sequences {A;+i}§‘;0, 1=0,1,...,0—1, all
have the same behavior; they all converge or diverge at exactly the same
rate, namely, like gp4.(j) for j — oo. In summary, each column of the
extrapolation table in (1.4) is at least as good as the one preceding it; it
may be better or may behave in exactly the same way.

4. A weaker version of (1.15) has been proved also in Wimp [10, pp. 189-
190). There it is assumed, in particular, that (1.1) holds uniformly in &
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and |ag| < A*, k=1,2,..., for some ), in which case a(n) = A(yy,) has the
convergent expansion a{n) = A+ Y ;o argr(n) and that this expansion
converges absolutely, and uniformly in n. The weak result in (1.17) that is
already contained in Theorem 1.3 has been proved in Brezinski {1] under
the additional assumption that lim,_.o+ A(y) = A. A careful reading of the
relevant proof in Brezinski [1] also reveals that, as in Wimp [11], at least a
convergent expansion a(n) = A+ Y 7. axgk(n) is assumed. Note that in
most problems of interest the asymptotic expansion in (1.2) is divergent.
Furthermore, a1 # 0 both in Wimp [11] and Brezinski [1].

The purpose of the present work is to provide further results on the convergence
and stability of the A7 for j — co under conditions much weaker than those
given in (1.1) and (1.13). The new conditions are described in detail in Section
2, in which the new results are stated as Theorems 2.1 - 2.3 for stability and
convergence. The proofs of Theorems 2.1 and 2.2 are provided in Sections 3 and
4. An important result concerning Hg()\) is given as Theorem 3.1 in Section 3,
and this result forms the basis of those in Theorems 2.1 - 2.3. Since the proof of
Theorem 2.3 is almost identical to those of Theorems 2.1 and 2.2, it is omitted.

2 Generalized and extended theory.
2.1 Modified assumptions.

In this section we present new convergence and stability results for Ag, as
j — oo under much weaker conditions than those that were used in Section
L. In particular, we will modify and relax the conditions in (1.1) and (1.13)
considerably.

Let ¥i(y), k=1,2,..., be functions defined for y € (0, b], where y is a discrete
or continuous variable, and assume that

(2.1) Yri1(y) = O(Ur(y)) as y— 0+, k=1,2,....

What is implied by (2.1) is that the sequence {¢(y)}52;, unlike {¢x(y)}32, in
Section 1, is not necessarily an asymptotic sequence in the strict sense of the
concept.

Pick a decreasing sequence {y;}7°, such that y; € (0,8], [ = 0,1,..., and
limy_, oo (Y141/y1) = w, for some w € (0,1). Obviously, y; — 0 as [ — oo at least
exponentially in [. Assume that

. (yn+1)
(2.2) lim ——= =¢;, £1, k=1,2,..,
n—o0 g (yn)
and that the ¢y are distinct, i.e.,
(2.3) Cj 75 Ck if ] # k.

Note that (2.2) implies that for any ¢ > 0 there exist two positive constants I
and Ly such that Li(|ex| — €)™ < |[¥r(yn)| < La(|cg| + €)™ for all large n. As a
result of this we can show that

(2.4) fer] > ezl > fea| > -+,
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and that

(2.5) lck] > |ext+1| implies ¥p41(y) = o(¢r(y)) as y — 0+ .

We must emphasize that the converse of (2.5) is not necessarily true, and it need
not be assumed to hold in our work.

Despite (2.3) and (2.4) we do not restrict the |c;| to be distinct. All we demand
is that there be at most a finite number of the ¢; having the same modulus. The
implication of this demand is that |cg| > |ck41| holds for infinitely many values
of k.

An immediate example of functions 1y (y) satisfying all of the conditions in
(2.1)(2.3) 1s Yx(y) = y°*, Re o1 > Re o2 > ---. For these ¥} (y) we have ¢}, =
w and |cg| = W%, k =1,2,.... Also |[¢r(y)| = [¢s(y)| when Re o = Re o.

With the ¢(y) and {y;}2, as described above, we now assume that the
function A(y) has the asymptotic expansion

o0

(2.6) Aly) ~ A+ Z [ o (log y){l Yr(y) asy — 04
k=1 Li=0

As before, A is limy_,o4 A(y) when this limit exists. Otherwise, A is the antilimit
of A(y). The g are some known nonnegative integers. The constants ay; are
unknown.

Functions A(y) that satisfy (2.6) arise very naturally as Euler-Maclaurin ex-
pansions in the trapezoidal rule approximations of integrals of the form

/0 1 2 (log z)7g(z)dz,

where ¢ > —1,q is a positive integer, and g(x) is infinitely differentiable over
[0,1]. See Navot [6] for ¢ = 1. For a brief survey see also Sidi [9].

For the sake of completeness, we mention that what is meant by (2.6) is that
for any positive integer N

N-1T qx
(2.7) A=A+ D [ awillog y)’} i(y) + O((logy) 14y (1))
k=1 Li=0

as y — 0+,

where § is the maximum of g, k = N, N + 1, ..., for which the corresponding ¢y,
have the same modulus.

Finally, the condition that lim;_,o(y1+1/%1) = w, for some w € (0,1) implies
that
(2.8) %:w—i—sn, en = o(1l} as n — oo.

We supplement (2.8) by the extra condition that

(2.9) (logy,) e, =0(1) asn — o0, allv >0.
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This is satisfied, e.g., when €, = O(y7) as n — oo, for some 7 > 0. Obviously,
(2.9) holds trivially when &, = 0 for all n, i.e., when y, = w"yo, n =0,1,....

We mentioned in the beginning of this section that we would modify and
relax the conditions in (1.1) and (1.13). We now describe how this comes about
in the present setting. First, let us rename the functions ¥ (y)(logy)®, s =
0,1,...,qe, k=1,2,..., by ¢;(y), ¢=1,2,..., for short, and order them such
that ¢;41(y) = O(¢i(y)) asy — 0+. If, for some ¢ and k, ¢;11(y) = ¥r41(y), and
limy 04 [¥r+1(y)/¥r(y)| = C for some C > 0, so that |cx| = |cx41| in addition,
everything being consistent with (2.1), then we have limy o4 |¢:41(¥)/¢:(y)| =
C and not ¢;41(y) = o(¢i(y)) as y — 0+. (The latter holds by (2.5) if |cx| >
|ckt 1] above, which occurs for infinitely many values of k.) This shows that (1.1)
is not necessarily satisfied by all members of the sequence {¢;(y)}$2,. Next, for
all s =0,1, ..., we have

" Uk (Ynt1)(logynt1)® _ X
n—oo  Pr(yn)(logyn)® ,

independently of s, and this shows that (1.13) is not satisfied when at least one
of the integers g is nonzero.

2.2 Statement of Main Results

We now state Theorems 2.1 and 2.2, which are two of the main results of this
work.

THEOREM 2.1. Let the integer p be given by

t t
(2.10) p=> (g+1) = vk, =g +1, k=12,
k=1 k=1

and let ¢1(y), ..., dp(y) in (1.3) stand for the p functions Yi(y)(logy)t, i =
0,1,.sqk, k=1,...,t. Then the 7], in (1.9) satisfy

p . ] P ) t A — e vy
(2.11) j1ir20§ A=Y g =] ( f> ,
1=0 i=0

=1

as a result of which we also have

p p
2.12 i J | = 5 )
( ) Jll)r{.lo ZO lfyp,z| ZO |’YP’1| <o

Note that the major implication of the result in Theorem 2.1 is that the
extrapolation procedure involving the A{) with p as in (2.10) is stable for all 7

as ) 5_q |7, ;| is bounded in j. Note also that Theorem 2.1 does not depend on
A(y) and its asymptotic expansion is (2.6), but only on the properties of the
sequences {tU(yn)(logyn)i 1%, @ =0,1,..,qx, k =1,2,..., namely, on (2.2),
(2.3), (2.8), and (2.9).
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THEOREM 2.2. Let p be as in Theorem 2.1, and write (2.7) in the form

(2.13) Aly)=A+Y [Z o (log y)z] Vi(y) + Re(y)-
k=1 Li=0

Then

(2.14) Ag —A=0(R(y;)) asj— oo.

A much more refined and quantitative version of (2.14) can be given as follows:
Let 11 be the integer for which

(2.15) lesr1l =+ = lereul > leerptal,

and assume without loss of generality that not all of the coefficients oy, k =
t+1,..,t+ p, are zero. (In case all of the apg,, k =t+1,..,t+pu, are
zero, the Y¥r(y) and g, with k > t, i.e., those ¥y(y) and qi that are present
in the asymptotic ezpansion of Ri(y) for y — 0+, can be renamed so that this
assumption is realized.) Then

tu t — e\
(216) A0 —A= Y {aqu [H <Clk_ Cf) } i (y;)(log ;) + m,k} :
i=1 v

k=t+1

where
(2.17) Nk = o(Y(y;)(logy;)*) asj— o0, k=t+1,..,t+ p.

CoOROLLARY 1. If p =1, ie, [ciq1] > |csva|, and if ayqy 4., # 0, then
precisely

(2.18) Al — A~ agig,, [

¢ y
I1 <Ct;_1_ » ) } Wer1 (y)(log y; )9+

=1

as j — oo.

COROLLARY 2. If

(2.19) letra] > [erra| > leeqs]
and opg, 0, k=1+1,t42, and we set

s
(2.20) Pe=) (g +1 Zuk, s=1,2,.
k=1

then
(2.21) lim 2 =0
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Comparing these results with the earlier ones reviewed in the previous section,
we see that the latter are actually contained in the former.

Now Theorems 2.1 and 2.2 do not cover all values of p, but only those values
given in (2.10). Similar results hold for all the remaining values of p. These
results are given as Theorem 2.3 below.

THEOREM 2.3. Let the integer p be given as

t

(2.22) p= Zyk +s, 1<s<wmy1—1, forvg > 1,
k=1

and let $1(y), ..., ¢p(y) in (1.3) stand for the p functions i (y)(logy)’, i =
0,1,.c,q, k=1,..,t, endk =¢t+1, ¢=0,1,...,s — 1. Heret =0 is also
possible. Then the following are analogous to Theorems 2.1 and 2.2.

(i) The vgﬂ- satisfy
t Vi s
A— C; * A— Ci1
i1 1-— C; 1-— Ci41 ’

2.

P P
(228)  lim S X =D N = [
=0 1=0

Hence (2.12) is satisfied as well.
(it) Write (2.7) in the form

(2.24) A =4 + Y [iaki(logy)i] Ve (y)

k=1 Li=0

+ [i a¢ry,i(log y)’J Per1(y) + Re ()

i=0

Then
(2.25) Al — A= O(Ry:(y;)) asj— oo.

3 Proof of Theorem 2.1.

We start with the determinantal representation given in (1.10). Obviously, it
is enough to treat only HJ()) for j — oo. First, H}() is as given in (1.8) with

(3.1) gi(7) = Yily)logy) ™", 1<i<m=q+1,
Gun+i(i) = valyj)llogy;) !, 1<i<im=go+1,
Gurrin+i() = "/’3(yj)(10gyj)1_1, 1<i<r3=q3+1, and so on.

Next, we perform only column transformations on the determinant HI];(A).
We can actually perform these transformations on the first vy columns, then
on the next vy columns, then on the next v3 columns, etc., independently. To
demonstrate the technique we shall treat the first 1{ columns.
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Dividing each of these vy columns by g1(j) = ¥1(y;), we obtain

Hi(x
(3.2) (.
(41 ()]
1 (logy;) o (logy;)™ Gur41(7) o gp(d) 1
M Yialogyivn) o ¥ (ogyie)™  gua(G+1) 0 g(G+1) A
12 ¥ia(ogyive) oo Pio(logyiea)  gnni((+2) o g(i+2) A |
B, ol (ogyisp) 0 ] ,(08Y4p)" Gt (G+p) o g(+p) AP
where
(3.3) Goo i) g

b (yy)

Now from (2.8) we have y; 1, = y; Hf;ol(w +¢ej44), s=1,2,.., from which we
obtain

(3.4) logyj+s =logy; + slogw + O(&;) as j — oo,
with

(35) &5 = max(lesl g4 1l o legp-1]) = ol1) a5 j — oo.
Consequently,

(3.6) (logyj+s)i = (logy; + slogw)i + O((log yj)i_léj) as j — 0o,

which, upon invoking the supplementary condition in (2.9), becomes

RN .
(3.7) (logyjya)' = > (k) (log y;)* (slogw)™™* + 5,44,
k=0

with €;,; = o(l) as j — oo. Substituting (3.7) in (3.2), and performing
elementary column transformations on the 2nd, 3rd,..., v1th columns in this
order, we eliminate all of the terms involving logy;, and obtain

Hi(x
(3.8) _H () )V =
(1 ()1
10 e 0 gui+1(7) e 1
j,l 7{’{,1[108‘*’ + 5;',1,1] T j,l[(lng)ql + 6;,1,:11] Gu+1(G+1) -
1o BaRlogwteion] oo P[Q2logw)™ +efag] gun(i+2) o N

~{,p ~{,p[p10gw + E‘Ij,p,l] U QLi,p[(p IOg w)‘ll + E;’,p,ql] Gui+1 (] + p) R V4
with % _; = o(1) as j — co. From (3.3) and (2.2) we have for s =1,2,...,p
(3.9) ¥, = V1 (Yjts) Y1(Uivs-1) 1Y) — et 4 o(1) asj— oo,

PY1(Yjrs—1) ¥1(Yjts—2) ¥1(yy)
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Thus, if we let j — oc in the first 11 columns of the determinant on the right
hand side of (3.8), these become

1 0 0 o0

ci caflogw) cilogw)?* - cy{logw)®
(3.10) & Z(2logw) A(2logw)? -+ ci(2logw)®

& d(plogw) d(plogw)® -+ d(plogw)®

In addition, we can divide the 1st, 2nd,..., v th columus by 1, (logw), ..., (logw)®*
respectively, as a result of which, (3.10) becomes

1 0 0 -0
a al 12 . ¢l
(311) C% 6%2 0%22 v C%qu
Czl) c]]'t'p cﬁjpz v czqul

We must note, however, that we should not let j — co in (3.8) without per-
forming analogous transformations on the next i, va,...,1; columns of Hg (M)
The reason for this is that, as j — oo, columns of Hg (A) either tend to zero or
are unbounded or are bounded but have no limit, and in any case the result is
useless and/or meaningless.

Let us, therefore, assume that we have performed all the necessary column
transformations on all columns of H (). If we now let j — oo, we obtain

Hj(\)

1 t ~ o~ ~
(312)  Jim —— 20— = (logw)? 2im1 4 det[Hy | Hy| - - - | FL A,
i=00 [Tiey i ()]

where

1 0 0 -0

¢ 1t 1?2 . 1%
(3.13) = | @ a2 gt dan | g

G dpl qpt - op”
and
(3.14) A= (1A, 27T

We show in the appendix to this work that
(3.15) det|fy|H| - | Fy|
t G t
= l:H (H s!) cgm/z} H (cs —cg )7k [H - ) } .
=1 \s=0 1<k<s<t 1=

Combining (3.12) and (3.15), we have the following key result:
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THEOREM 3.1. The determinant HJ()) satisfies

Ho) B
lim ————~——~—— = - )Y,
S AT | G

i=1

(3.16)

where K is a constant that depends only on w, ¢y, ...,ct,v1, ..., v, given by

H (I]: s!) (¢ logw)q“’i/z] H (cs — c)V*"e

i=1 \s=0 1<k<s<t

(3.17) K=

The proof of Theorem 2.1 now follows from Theorem 3.1 if we also note that
the ¢; are distinct and different than 1 and w # 1 so that the right hand side of
(3.16) is finite and nonzero as long as A &€ {c1,c2, ..., ¢t }.

4 Proof of Theorem 2.2.
As in Sidi [10], letting

(4.1) r()=A(y) -4, 1=0,1,..,

we have i

(4.2) 4 —a= B0
f(I)

Now from (4.1), (2.13), and (3.1), we have

(4.3) r(l) = Z‘Szgz(l) +Re(y), 1=0,1,..,,

i=1

where §; are the appropriate ays. Substituting (4.3) in the determinant repre-
sentation of fI(r), c.f. (1.6), we have

P

(4.4) £y =85 (g6) + o),

i=1

where g; and p; stand for the sequences {g;(n)}52, and {p:(n) = R(yn)}olo
respectively. For 1 = 1,2, ...,p, we have fg (g;) = 0 as its determinant repre-
sentation has two identical columns, namely, the ith and (p + 1)st columns.
Consequently, (4.4) becomes

(4.5) F3(r) = fi(pe)-

Substituting (4.5) in (4.2), we have, in a manner analogous to (1.7) and (1.9),
the result

P P
(4.6) A, —A= va,,ipt(j +1i) = Z'Y;J,,iRt(yj+i),
=0 =0

from which we have
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IA

P
> gl |Re(yisi)]

=0

P
(2_; |“/$,il> (Onslggp lRt(yj-H)') :

From Theorem 2.1 we have that the sum 3 7_, |'yg,i| is bounded for all large j.
Also, (2.7) and (2.1) imply that Ry(y;1:) = O(Ry(y;)) as j — o0, i =1,2,...,
even when some of the coefficients as with k& > ¢ vanish. Combining these facts
in (4.7), we finally obtain (2.14).

To prove the quantitative result in (2.15)-(2.17) we proceed from (4.6} and
the expansion

(4.7) |47 — Al

IA

t+p

(4.8) pe(n) = Ri(yn) = D [akg hr(n) + Ox(n)],
k=t+1

where

(4.9) hi(n) = Yr(yn)(logyn)™

(4.10) Or(n) = o(hi(n)) asn — oo.

That (4.8)—(4.10) is true can be shown by employing (2.7) and (2.5). (Also, more
explicit expressions for the ©4(n) can be obtained directly from (2.7), although
(4.10) is sufficient for our purposes.) Substituting (4.8) in (4.6), and changing
the order of summation, we obtain

tp P P
(411) Al-A= Y {aqu (Zﬂyz{)ihk(j+i)> +Z’y§7i®k(j+é}} ,
k=t+1 i=0 i=0
which we rewrite in the form

t4p p i P )+ 1
(412) A) —A= ) [aqu (Z szu%(%)) + ZV’J’%

k=t4+1 i=0 i=0

hi(3)-

But

he(d +9)  Pelyie) (Iogyj—i—i
(4.13) he(3)  U(y;) \ logy,

i=0,1,..,p,

@
) =cj, +o(l), asj— oo,

which can be shown by using (3.7) and (3.9). Similarly,
Orli+3) _ <hk(j + 1)

hi(3) hi(J)
by (4.13). Consequently,

. i Pe(d+1) = i : e —ei \”
g S (aos)”,

(4.14) ) =o0(1) as j — oo,
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where we have employed (2.11) (from Theorem 2.1) and (4.13). Similarly,

p
: 6&(3-&-1
4.16 1 =0.
(4.16) Jg{;Z TR

Combining (4.15) and (4.16) in (4.12), the result in (2.15)—(2.17) now follows.
Corollary 1 follows from (2.16) in a straightforward manner. Corollary 2 fol-
lows directly from Corollary 1.
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Appendix. Proof of (3.15).

The proof of (3.15) can be achieved by performing column transformations on
each of the matrices H;, i = 1,2,...,t, independently, as follows: First notice
that for m > 0

k-3
m
Al mszg ?sk(k), 1o =0, 7Tss =8,
k=0

where T, are constants independent of m. That (A.1) holds follows from the fact
that the binomial coefficients (T), k =0,1,...,s, form a basis for polynomials
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in m of degree < s. Substitute now (A.1) in the matrix H; given in (3.13).
Next, leaving the 1st and 2nd columns of H; unchanged, perform the following
transformations on the 3rd, 4th,...,(v; = ¢; + 1)st columns:

forn =3,4,...,v; do
forl=2,..,n—-1do
multiply the lth column by 7,1 ;_1/7_1,-1
and subtract from the nth column, overwriting the latter.
end do

end do
Let us denote this transformed H; by H;. We have
- 0 -
0 g 0 0 0
1 1
0 ct . Ue; O 0
(4.2) H; = i e i 12 @)2!@? S0
p P p p
cf 1P 218 ... e
@) () @)z (o

Taking the common factor slc§ out of the (s+1)st column of H;, s=1,2,...,q;,
we obtain the matrix

0 1]
. 0 0 0
0/
1 1
0 ci ) ? 0 0
_ 2 2 2
a3 H=| (e (P (2)cg 0

Qe O O - ()

As a result of all the above

(A4) det[ﬁllﬁﬂ o Iﬁt‘)\] =

where
H = [Hi|Hy|--- |H AL

But H is the generalized Vandermonde matrix whose determinant is given by

(A.6) detH=| J[ (cj—ci)»™ H(,\ — ).

1<i<j<t

From (A.4) and (A.6) the result in (3.15) now follows.
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