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A COMPLETE CONVERGENCE AND STABILITY THEORY
FOR A GENERALIZED RICHARDSON
EXTRAPOLATION PROCESS*

AVRAM SIDI'
Dedicated to the memory of Professor Ivor M. Longman (1923-1993).

Abstract. Let A(y) ~ A+ Y72, Qx(logy)y* as y — 0+, where y is a discrete or continuous
variable and Qy(¢) are polynomials in €. It is assumed that o and the degree of Qf (&) or an upper
bound for it are known for each k, and that A(y) is known for all possible y € (0,b]. The aim is to
find A, whether it is the limit or antilimit of A(y) for y — 0+. A very effective way of doing this
is by the generalized Richardson extrapolation. In this paper this procedure is described and a very
efficient recursive algorithm for its implementation is given when the set of extrapolation points is
{y = yow!, I = 0,1,.. .} for some w € (0,1). In addition, a complete theory of convergence and
stability for the columns and the diagonals of the corresponding extrapolation table is provided.
Finally, two applications are considered in detail, one of which is to generalized Romberg integration
of functions with algebraic and logarithmic endpoint singularities.
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1. Introduction. Let A (y) be a function of a discrete or continuous variable y,
defined for 0 < y < b < oo, and satisfying

(1.1) Ay) ~ A+ Qx(logy)y** asy — 0+,
k=1

where Qy (£) are polynomials given as

qk
(1.2) Qr(§) = Z €' for some integer g > 0,
i=0
and
(1.3) Reo; < Reos < Reoz<...; o #0 for all k; klim Re o = +o0.
— 00

Thus there can be only a finite number of o with equal real parts.

Note that if Re o1 > 0, then lim, .o A (y) exists and is equal to A. When
Re 01 <0 and @1 (§) # 0, however, lim,_o+ A (y) does not exist, and A in this case
is said to be the antilimit of A (y) as y — 0+.

We assume that A (y) is known (computable) for all possible y > 0 and that the
ok and g, are known as well. Note that ¢ is an upper bound for 0Q)y, the degree of
Qr(§), and that 0@y need not be known exactly. We assume that A and «ay; are not
necessarily known. Our purpose is to find (or approximate) A, whether A is the limit
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or antilimit of A (y). One very effective way of doing this is through the generalized
Richardson extrapolation.

To simplify the discussion of the generalized Richardson extrapolation process in
the context of the present work, let us order the functions (logy)’ y°* as follows:

(1.4) i (y)

Pvi+i (y) = (logy
¢V1+l/2+i (y) = (log y)l—l ygga 1 < ? <vg = q3 + 17

(logy)i71 y0'1’ ]- S Z S V= q1 + ]-7
YTy, 1<i<wm=go+1,

and so on.

Let us now pick a decreasing sequence {y; }7°, such that y; € (0, b], and limy . y; =
0. Then we define the generalized Richardson extrapolation process through the linear
systems of p + 1 equations

P
(1.5) Aly) = A+ oo (),  F<I<j+p,
k=1

for each pair (j,p) of nonnegative integers. Here A7 and ay, 1 <k < p, are the p+ 1
unknowns, A/, being the approximation to A.

The approximations A/, to A can be arranged in a two-dimensional table in the
form

p=0 p=1 p=2 p=3

Ap
A5 A ,
(1.6) A2 Al A Al =A(y), j=0,1,...

A5 AL Ay A

As shown in numerous places (see, e.g., [Sc] and [Sil]) A7 can be expressed in the
form

P

(17) Ay =D A )
i=0

where 'yg,i are scalars that satisfy

p
(1.8) Z'yzjm‘ =1
i=0
and also
p .
(1.9) S ok (Wiv) =0, k=12,...p.
i=0

In fact, 7;{,2’ are determined by the linear equations in (1.8) and (1.9). What is
implied by (1.9) is that the extrapolation process eliminates ¢1 (y),...,¢p (y) from
the asymptotic expansion of A (y) — A for y — 0+. All of these facts will be used in
what follows.

In the present work we pick g; such that

(1.10) y=yow', 1=1,2,..., forsome yy € (0,b] and w € (0,1).

Obviously, {yi};=, is a decreasing sequence and lim;_,, y; = 0.
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Our purpose is to derive a simple and efficient recursive algorithm for computing
A% and to give a complete convergence and stability analysis for the columns and
diagonals of the extrapolation table in (1.6). All of this has been done in [BuSt] for
the special case in which ¢, = 0, £k = 1,2,..., and o} are real satisfying 0 < o1 <
o2 < 03 < ---, and the results of the present work reduce precisely to those of [BuSt]
for this case.

Functions A (y) of the type discussed in the present work arise very naturally
as Euler-Maclaurin expansions in the trapezoidal rule approximations of integrals
whose integrands have algebraic and logarithmic singularities (at the endpoints in
one-dimensional integration and at corners and/or boundaries in multidimensional
integration). One way of computing such integrals is by applying the generalized
Romberg integration to appropriate sequences of trapezoidal rule approximations.
The generalized Romberg integration in these cases is thus precisely the generalized
Richardson extrapolation method we have described above. It also falls in the category
of the generalized Richardson extrapolation process (GREP) discussed in [Sil] and is
one of the examples of GREP there. See also the survey paper [Si3]. Even though this
approach has been used successfully in many cases, its theoretical analysis has not been
published before. It is hoped that the analysis presented here will contribute to our
understanding of the properties of this useful and practical approach. When ¢, = ¢
and ox41 — o = p, k = 1,2, ..., for arbitrary ¢, p, and o1, the extrapolation method
described by (1.1)—(1.9) can be shown to be a GREP. The method in this case can be
implemented very efficiently by the W (™) -algorithm of [FSi], and with arbitrary y;.

In the next section we concentrate on the algebraic aspects of the extrapola-
tion process. In Theorem 2.1 we give a closed form expression for the polynomial
Z?:o ’yfg,i)\i7 showing at the same time that 'yim are independent of j. In Theorem 2.2
we derive a very efficient recursive algorithm for Ag;, which we denote the SGRom-
algorithm for short. Finally, in Theorem 2.3 we provide a simple upper bound on
the quantity Y% |’y;7i| that controls the numerical stability of Ag, in the presence of
roundoff. All of these results turn out to be very crucial in the rest of the developments
of sections 3 and 4.

In section 3 we analyze the convergence and stability of the columns of the ex-
trapolation table. In particular, in Theorem 3.1 we provide a complete asymptotic
expansion of the error Ag, — A for j — oo, in Theorem 3.2 we provide the most dom-
inant terms in this error for j — oo, and in Theorem 3.3 we prove that the columns
are stable.

In section 4 we analyze the convergence and stability of the diagonals of the
extrapolation table. In Theorem 4.1 we provide a very realistic upper bound on
‘Aé - A|. Under additional conditions on o; and g, we use this upper bound to
prove a powerful convergence result in Theorem 4.2. In Theorem 4.3 we show that
the diagonals are stable just as the columns are. One of the important contributions
of this section is the formulation of the conditions on o} and ¢ that guarantee both
convergence and stability in their general form.

In section 5 we apply the theory of sections 3 and 4 to two problems, one being
a generalized Romberg integration scheme for integrals with algebraic and logarith-
mic singularities. The generalized Romberg integration scheme for this case is an
extrapolation method precisely of the form described above, as we mentioned earlier.
For this example g are uniformly bounded in k. In the second example g increase
polynomially in k, and this case has apparently not received much attention before in
the context of generalized Richardson extrapolation.
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In section 6 we consider briefly the case in which the existence of (1.1) is known,
but o are not available. In this case the generalized Richardson extrapolation process
is not applicable, but the e-algorithm can be used successfully.

We note that the recursive implementation of our generalized Richardson extrap-
olation process through the SGRom-algorithm is made possible by the choice of y;
given in (1.10). For arbitrary y; (and arbitrary ¢ and o) we do not have an imple-
mentation as efficient as the SGRom-algorithm. In this case we can use the algorithm
of [FSi, Appendix A] that we shall now denote the FS-algorithm for short. The FS-
algorithm is summarized also in [Si3, section 2] and [Si4, section 1]. We can also
use the E-algorithm of [Sc], different derivations for which can also be found in [H]
and [Br]. We note, however, that the FS-algorithm requires about two thirds of the
computation that is required by the E-algorithm and may thus be preferable. When
y; in (1.5) are as in (1.10), the SGRom-algorithm is superior to both the E-algorithm
and FS-algorithm. A quantitative discussion of this point is provided following the
proof of Theorem 2.2. 4

Finally, we would like to comment that the order in which the functions (logy)* y°*
are eliminated in the extrapolation procedure of the present work is not the con-
ventional one. In the present work we eliminate these functions in the order i =
0,1,2,...,qk, k=1,2,..., so that ¢, (y) in (1.4) do not satisfy ¢r+1 (y) = O (¢r (y))

as y — 0+ for all K = 1,2,... . In the conventional order, however, i = gy,
g —1,...,1,0, k = 1,2,..., to achieve ¢r41 (y) = O (¢r (y)) as y — 0+ for all
k=1,2,.... As a result, intuition would suggest that those columns of the extrapo-

lation table of (1.6) for which 22:1 v <p< Zfii vi, t =0,1,..., may not enjoy any
acceleration property. The delicate analysis of Theorem 3.2 reveals, however, that
this acceleration property is preserved under our ordering in (1.4). Furthermore, this
ordering enables the recursive SGRom-algorithm of Theorem 2.2 as well. Our efforts
to obtain a good recursive algorithm with the conventional order were not successful.

2. Algebraic properties of 72’1- and recursive computation of AJ. Let us
first note that for any integer p > 0 there exist unique integers ¢ and s such that ¢t > 0
and 0 < s <y — 1 and

¢
(2.1) p:ZVk+s,
k=1

where vy, = g +1, k = 1,2, ..., as already defined in (1.4). For t = 0 we take ZZ=1 Vk
to mean zero.
Next, with p, ¢, and s as above, we also define the sets of integer pairs S, and 7},

by

(22) Sy ={(k,r):1<k<tand 0<r < q}U{(k,r):k=t+1and 0 <r <s—1},
T, ={(k,r): k>1and 0 <r < g} \S,.

In S, (i) when ¢t = 0, we can have only k =1 and 0 <r < s—1, and (ii) when s = 0,
we can have only 1 < k <tand 0 <r < gg.

Note that with ¢ (y) as defined in (1.4), the sets of functions {¢y (y)};_, and
{(logy)" ¥ } (1 1yes, are identical.

In Theorem 2.1 below we show that when y; are as given in (1.10), Wi,i are
coeflicients of a simple known polynomial. This result is somewhat surprising in view
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of the fact that the functions ¢y (y) in the linear systems of (1.5) that define the
extrapolation procedure are not simple at all.

THEOREM 2.1. Given the integer p > 0, lett > 0 and 0 < s < 111 — 1 be the
unique integers for which p is as given in (2.1). Then, with y; as given in (1.10), v, ;

turn out to be independent of j. Let us denote ’y;)i = Yp,i- Then vy, satisfy

(23 gw - [H (5= ” (3=2) =g,0.

1—c
i=1 t+1

where
(2.4) cp = wok, k=1,2,....

Proof. With y; as given in (1.10) and with ¢y (y) as defined in (1.4), equation
(1.9) becomes

P
(2.5) > ) logye + (G + D) logw]” (yow' )7 =0, (k,r) €5,
i=0

Analyzing these equations in the order r = 0,1,...,qx when 1 < k < ¢, and in the

order r =0,1,...,s —1 when k =t + 1, we can see that they are equivalent to
(2.6) S G+ A =0 (k) €S,

i=0
But

P
(2.7) don+iat
i=0

I
/N
>

o
STES
N———
g
z ~
I M@
o
s
3
t
v

Thus, combining (2.6) and (2.7), we obtain

o @) )

It is obvious from (2.8) that the polynomial Y % _; *yi’i)\i has a zero of order vy, at cy,
1 <k <t, and a zero of order s at c;+1. Also, the sum of the multiplicities of these
zeros is simply 22:1 vk + 8, which is p by (2.1). This, together with (1.8), results in
(2.3). O '

Note. It must be emphasized that the fact that 71]071' are independent of j is a

=0, (k,r) €Sp.

/\=ck

consequence of the choice y; = yow' in (1.10).

With the help of Theorem 2.1 we prove in Theorem 2.2 below that Ag) can be
computed by a very simple recursion relation. As this recursion relation reduces to
the Romberg algorithm when g = 0 and o, = k6 for some 6 # 0, k = 1,2,..., we
shall call it the generalized Romberg algorithm and denote it the SGRom-algorithm
for short.

THEOREM 2.2 (SGRom-algorithm). Let us define (cf. (1.4))

(29) )\izclv 1§i§1/1)
Avi4i = C2, 1 <i <y,
Avi4vati = C3, 1<i< s,
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and so on. Then Ag) can be computed recursively from

Al = Aly;), j=0,1,...,

(2.10) Al = Agj—_i — )‘pAz)—l

)} =0,1,... =1,2,... .
y4 1_>\p k) .] - ) p =

Proof. By (2.9), the polynomial U, () in (2.3) becomes simply

A=\
(2.11) QAMZIIl_X.
i=1 v
Thus
1N =AU,
(2.12) U, = 2= oy = At ) = AUt ()
1_)‘p 1—>\p

Consequently, with v ; =0 when ¢ > k or 7 < 0, we have

11— ApVp—1y .
(2.13) pi = 2TLITL T ApMpmli g <oy,
: 1- A,
The result in (2.10) now follows by substituting (2.13) in (1.7). O

Given A(y;), L = 0,1, ..., N, the generalized Richardson extrapolation process pro-
duces the approximations Ag,, 0 <j+p < N. The SGRom-algorithm computes all
these A7 in O(N?) arithmetic operations as is clear from (2.10). The FS- and E-
algorithms, on the other hand, need O(N?) arithmetic operations for the same task,
the FS-algorithm being the more efficient of the two. The latter two also require more
storage than the SGRom-algorithm. ‘

Next, we give a simple result concerning |, ;| = |7p,i-

THEOREM 2.3. Under the conditions of Theorem 2.1 |’y§)i| = |vp.i| satisfy

V4 t v s
L Fleil | (12l A leeal
2.14 i 1) < (") ( |
( ) ; ’ypﬂ, ‘ | [H |1 _ Ci| |1 _ Ct-i,-l‘
In particular, we have

i=1
Y S\ ] (L el
2.15 Jl< ( z) < t+1> '
( ) ;710,1 |Jl:[1 |1—Ci| ‘1_Ct+1|

If ¢;, 1 <1 < t+1, all have the same phase, then equality holds both in (2.14) and

(2.15). This holds, in particular, when c;, 1 < i < t+41, are all real positive or all real

negative. Furthermore, we have Y37 |7; ;| = 1 for the case ¢; <0, 1 <i <t + 1.
Proof. Let Q(z) = > yaiz’, an, = 1, and denote its zeros by z1,...,2,. Then

(_1)2 an—i = Zk1<“'<k7§ Hl:l Zks> i = ]‘7 27 RN Thus |a’n71‘ S Zk1<“‘<k7‘, stil |st

Gn—i, 1=1,2,...,n. Set a, = 1. Consequently,
P 4 P o n
Dolail ol <> ailel = [T (2l + 12D,
i=0 i=0 i=1

whether a; and/or z; are real or complex.
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Applying this result in conjunction with Theorem 2.1, we obtain (2.14) and hence
(2.15). The rest follows from the observation that |a,—;| = @n—i, i = 1,2,...,n, when
the z; all have the same phase. ] ‘

It is important to mention that to a large extent the quantity > 7 o ;4| controls
the numerical stability of A7 with respect to roundoff. The upper bound on Y77 |7 ;|
in (2.15) thus gives very reliable information on the numerical quality of A7 in floating
point arithmetic. For details see [Sil].

We would like to note that both Theorems 2.1 and 2.3 are of critical importance
in the convergence and stability analyses that we provide in the next two sections.

Finally, we mention that with y; as in (1.10), (1.1) and (1.2) give the asymptotic
expansion

o0 K
(2.16) Ayn) ~ A+ Z (Z ﬂkml> cp asmn — 00,
k=1 \i=0

where B; depend linearly on oy, i <7 < qi, and Brg, = kg, 5" (logw)?, and ¢y is
as given in (2.4).

Consequently, the extrapolation process, the SGRom-algorithm, and all of the
theoretical developments of this paper directly apply to sequences {S’n}f;o satisfying

(2.17) Sh ~S+Z<Zﬂm )ck as n — 0o,

1=0

as well.

3. Convergence and stability of columns. In this section we will be con-
cerned with the problems of convergence and stability of the sequences {A7}™ 70,

where p is held fixed. These appear as columns of the extrapolation table in (1. 6)
Theorem 3.1 below we give a complete asymptotic expansion of A{, — A for j — oo.
In Theorem 3.2 we analyze the dominant terms in this expansion and provide both
quantitative and qualitative results for Ag; —Aasj— oo.

As ¢y, rather than oy, are involved in the analysis of this section as well as the
next one, it is important to make the following observations about cy:

(i) |e1] > |ea] > |es] > - -+, and |¢;| = |¢4] if and only if Re o; = Re 0;

(i) g #1, k=1,2,..., and limg_, o ¢, = 0.
These follow from (1.3), (2.4), and from |c| = wie 7%,

THEOREM 3.1. Given the integer p, let the integers t > 0 and 0 < s < vpyq — 1
and the set T), be as in (2.1) and (2.2), respectively. Then, with the polynomial U, (N)
as defined in (2.3) of Theorem 2.1, we have the asymptotic expansion

(3.1) —A~ ) m,{( )r[,\jUp(/\)] Hk} as j — oo.

(k,r)eTy

Proof. From (1.7), (1.8), and (2.16) we have

(3.2) -A= Z Vosi [A (Yj+i) — A

J+i o s
¢, as j — oo.

P oo qk
BORS [z B G 3
1=0

k=1 Lr=0
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Interchanging the order of summation, and invoking (2.6), we can rewrite (3.2) in the
form

P
(3.3) A=A~ N B, lzyp,i (j+1) c{”] as j — 00.
(k,r)ET, i=0
The result in (3.1) now follows by invoking (2.7) in (3.3). 0

A cursory look at the asymptotic expansion given in (3.1) shows that the error
AJ — Ais at worst O(jic}, ) as j — oo, where § = max {qy, : [cx| = |ciqa] b >t + 1}
This is due to the fact that (¢t +1,¢:4+1) € T,. This result is not the best possible,
however, and can be improved upon by a more careful analysis of (3.1). We do this in
Theorem 3.2 below, in which we also provide the dominant terms in (3.1) explicitly.
THEOREM 3.2. With p,t, and s as in Theorem 3.1, let u be that integer for which

(3.4) lceprl = -+ = levul > lerrptal
(i) When s =0, Al satisfies
. t+lJ/ . .
65 A=A= Y Bl (@) i +o (™)} asi—oc.
k=t+1

(ii) When 0 < s < vgp1 — 1, A{, satisfies

(36) A} —A=PBiig., < i ) Uygs) (cey1) 1747 +o (6{4—1]‘%“75)

S
farg i ;. .
+ X {ﬂquUp (ck) el g% +o (Ci]q")} as j — oo.
k=t+2

(iii) As a consequence of (i) and (ii), for all s, 0 < s < vy — 1, we have

(3.7) Aé —A=0 (|ct+1|j jq) as j — oo,
where
(38) q = max (Qt+1 — S8, qt42,-- -, qt+#) .

Proof. We start by observing that the dominant terms in the asymptotic expan-
sion given in (3.1) are those with k = ¢+ 1,...,¢t + u. This can be seen very easily
from the identical asymptotic expansion given in (3.3).

To prove (i) we first note that when s = 0, U, (¢x) # 0 for all £k > ¢ + 1. Thus,
for all (k,r) € T),

p P
(3.9) Do wi G+ G~ Y it asj— oo
i=0 i=0 )

~ Uy (ck)clj" as j — oo.

It follows from (3.9) that, for any k > ¢+ 1, of all the terms with 0 < r < ¢ in (3.1),
the one with r = ¢ is the most dominant. With this the proof of (3.5) can now be
completed.
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The proof of (ii) proceeds along the same lines as that of (i). As in the previous
case we have U, (¢x) # 0 for k > t + 2, from which we deduce the validity of the
summation on the right-hand side of (3.6). For k = t+1, however, we have U, (¢;41) =
0, hence (3.9) is not valid for this case, and we need a more detailed analysis. To this
effect we observe that for any function f (\)

(3.10) (AJA) V7] =D um (DATFO ),
=0
where v (j) = j" and v, (j) = 1, and

(3.11) vm(j)N(Z)j” asj — oo, 0<i<r.

The proof of (3.10) and (3.11) can be achieved by induction, and we leave its details

to the interested reader. By (3.10) and the fact that U,gi) (ct41) =0,0<i < s—1,
we have for r > s

(312 (M) PO =D e HUS a).

A=ctq1 i=s

For j — oo the most dominant term in this summation is that with 7 = s and it is
of order C{Hj’"’s. As s <r < q1 when k =t + 1 in (3.12), we therefore have that
the most dominant of the terms with k = ¢+ 1 and s <7 < 41 in (3.1) is that with
r = qi+1. By (3.12) and (3.11) this term is asymptotically equivalent to

qt+1 s J+8 :qir1—s
ﬂt-‘rl,qu ( s U;E ) (Ct+1)ct+1j e

as j — 0o. The proof of the result in (3.6) can now be completed. ]
COROLLARY. Provided i = 1 and Biy1,4,,, 7 0 in Theorem 3.2, for any s =
0,1,...,v¢41 — 1 we have

(3.13) Al — A~ Bigig, ( qtzl ) UZSS) (ct41) c{_‘tqu‘“_s as j — oo.

This is the case when |ci| > |ca| > |cz| > ---, for example. Consequently, in case
leer1| < 1, limj oo A% = A for all s, 0 < s < vy — 1, and the column for which s
1s larger converges more quickly than the preceding ones.

In connection with Theorem 3.2 and its corollary we note that G, # 0 in (2.16)
if and only if oy, # 0 in (1.2).

Note. The results of Theorems 3.1 and 3.2 and its corollary are valid whether
lim;_, o A% exists or not. Obviously, lim;_.. Ag = A when |¢41] < 1, ie., when
Re 0¢41 > 0, even when some or all of |c1],...,|c:| may be greater than or equal to
unity.

With the question of convergence of columns of the extrapolation table in (1.6)
settled, we now turn to the question of stability.

THEOREM 3.3. The extrapolation process that generates the sequences {A-g}

o0
§j=0
with p fized is stable in the sense that

p
(3.14) sup Z
I i=o

< 00.

J
Tpi

Proof. The result follows from the fact that the ’71{71' are all independent of j as
proved in Theorem 2.1. ]
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4. Convergence and stability of diagonals. In this section we will be con-
cerned with the problems of convergence and stability of the sequences {Ag)};io,

where j is held fixed. These appear as the diagonals of the extrapolation table in
(1.6). In Theorem 4.1 we give an upper bound on |A; - A‘ that is suitable for anal-
ysis as p — oo. In Theorem 4.2 we provide this analysis under additional realistic
assumptions. In Theorem 4.3 we give the corresponding stability result.

First, with p, ¢, s as in the first paragraph of section 2, and with the set S, as in
the second paragraph there, we define R, (y) by

(4.1) A)—A= Y o (logy) v + Ry (y).
(k,r)eSy

Let us set
(4.2) G =max{qx : |ck| = |ct41], k>t + 1}.
Then we can see from (1.1)—(1.3) that

(4.3) R, (y)| < &p |log y|7yR 741 for some constant Gy > 0.

From this we also have

(4.4) IRy (yn)] < Bpnq leera|™,
with
(4.5) Bp = d, (|10g y0| + |1ng|)q y(l}e Tif1

THEOREM 4.1. With p,t,s,q, and Bq as above, we have

t vi s
. A ; ; leera] + el 7 2| ce41]
(4.6) |A)—A| <8, (G +p) el [H( —a '

palen 11— ciqa

Proof. Substituting (4.1) in the equality in (3.2), and invoking (1.9), we obtain

P

(4.7) Ay — A= Z'Yp,iRp (Yj+i)
=0

which by (4.4) becomes

p
(4.8) AL = Al < Bp) " 1rpal G+ 8) feea ™
=0
p

< By (j+p) etV Z Vp,i
1=0

leesal”

The result in (4.6) now follows by invoking (2.14) of Theorem 2.3 in the last summation
of (4.8). O

Let 1 = k1 < ko < k3 < --- be the (smallest) positive integers for which
(49) Re ok, < Re o

i and Re oy =Re oy, ki <m <kijyr, 0=1,2,... .



A GENERALIZED RICHARDSON EXTRAPOLATION PROCESS 1771

By the fact that |¢;| = w® 71, (4.9) is equivalent to

(4.10) cki<m <k, i=1,2,....

> ’Ckiﬂl and |ep,| =

Let us now define

pi—1
(4.11) pi =kigy — ki and Ny = Y vy, i= 1,2, .

m=0

Thus the number of o, whose real parts are equal to Reoy, or, equivalently, the
number of ¢, whose moduli are equal to i, and the sum of their respective
multiplicities vy, is IV;.

THEOREM 4.2. Assume that o), are such that

(4.12)  Re (Uki+1 foki) > M >0, i=1,2,..., for some fivzed M > 0.
Assume also that N; satisfy

(4.13) liminf N;/i® = D and limsup N;/i® = E for some D >0, FE >0, and

1—00

0<a<bwitha+2>hb.

If, for ki < k < kiy1, all of the g in (1.2) grow at most like B® for B > 1
and u < a+ 2, and Re o, = O(i") as i — oo with v’ < a + 2 when yo > 1, then
limp 00 {1% = A whether lim,_.oy A(y) exists or not.

Let K = wDiw/(‘“LQ). Let also k41 < t+1 < kyyo for some r. Then, for any
e > 0 for which K 4+ ¢ < 1, there exists a positive integer py such that

a+2

(4.14) |Ai—A| < (f(—l—a)r for all p > pg.

Note that r is uniquely determined by t, and t is uniquely determined by p from (2.1).
Also, r =0 (pl/(‘”‘l)) as p — 00, so that r — 0o as p — oco. The result in (4.14) can
also be expressed as

' ~ plat2)/(b+1)
(4.15) |A%—A| < (L+5) for all p > po,
where L =w™ <1, 7 = % % (at2)/(b+1)

Proof. Let us rewrite (4.6) as

(416) L e /el\
|4 — A S{Llj[l (M) 1 <|1—Ct+1|) }ﬂp

(i) First, we show that the infinite products [];2, |1 — ¢;|”* and [];2, (1 + |¢;|)”
converge under (4.12) and (4.13). To show this it is sufficient to demonstrate that
Yo Vi || converges. We have

(oo} oo oo
(4.17) > vileil =Y Nilew,| < Er Y i,
=1 =1 =1

s+j

Citi (4 + p)q .

1L
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where we have used the fact that N; < Eqi®, i = 1,2,..., for some E; > E that
follows from (4.13). The result follows from the convergence of » .~ which
can be verified by the ratio test upon invoking

(4.18) Shin |l e M o1 i=1,2,...,

Ck,
that follows from (4.12).

The fact that [[72, |1 — ;"¢ converges implies that ([T'_, |1 — ¢;]*)[1 — ¢r41]® in
(4.16) is bounded away from zero for all p.

(ii) Next, we show that

t
(4.19) W, = 2° H (1+ |eyr/ci])” < H™ for some H > 1.

i=1
From s < v441, Ny < Eyi® i = 1,2,..., and |ciqq| = |k, .| which follows from

kri1 <t+1 < ky49, it follows that

t+1 kryo—1
(4.20) W, < [T (@ + lega feil)” H (1 + [ersrfei)”
i=1
r+1 N r+1 Bar®
< H (14 |ep,py fer]) ' < [H (1+ |ck7,+1/cki )1 for some Ey > Ej.
i=1 i=1
From (4.18)
r+1 r4+1 ‘ r )
(4.21) IT Qe /enl) < JT QO+ K7 =] 1+ K7)
i=1 i=1 i=0

with K = w™ < 1. Since [];2, (1 4+ K*) converges, []\_, (1 + K?) is bounded for all
7, say, by H'/F2 > 1. The result in (4.19) now follows.
(iii) Next, we prove that for all large p, and for € > 0 but arbitrary,

V'L

(4.22)

cfif’ < (K +¢) ] g (r)=0(r") asr — oo.

First, we observe that 3 i_ v < p < ZZ 1V so that p — oo implies ¢ — oo and
vice versa. Also, from the fact that >.._, N; < p < Z:Ll N; and from (4.13), we
have that p — oo implies 7 — oo and vice versa, and that p = O (r"™) as r — oo
and r = O (pl/(“+1)) as p — oo. From limy_,o ¢ = 0 it follows that |cx| < 1 for all
k > m+1, m being a fixed nonnegative integer. Thus, for p sufficiently large, we have

lek| <1 for k > k,y1. With this and with |c;q1| = ’ckrﬂ‘ we have
t kry1—1
4.23 vi<|lle| < — X
( £ ; 7
i=1 i=1
where
s
(4.24) X, =Y NiRe oy,

i=1
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But from (4.12) we have Re oy, > Re 01 + (i — 1) M, i =1,2,... . Substituting this
in (4.24), and using the fact that, given € > 0 arbitrary and sufficiently close to zero,
there exists a positive integer ig such that N; > (D — ¢)i* for i > ip, we obtain

(425) XT>;N7;[R601+(Z'—1)M}>(Da__::;]w?"aJrg[l'f'n(’f‘)]a

n(r)=0(r") asr— oo,

With this the proof of (4.22) is now complete.
(iv) Next, we have also

(4.26) G+pi=0 (r(bH)E”b) as r — 00.

This follows from p = O (rbH) as r — 0o and from ¢ < N,.;1 and from (4.13).

(v) The growth condition on the agy, and on Re oy, together with the connection
between the agm, kr41 <k < kr41, and &, and the connection between Bp and &,
given in (4.5), suggest that Bp =0 (B{ul) as r — oo for some By > 1 and u; < a+2.

Finally, by combining the results in (i)—(v), we obtain the result given in (4.14).
The result in (4.15) can be obtained by using the fact that limsup,_, ., (p/rb'H) <
E/ (b+ 1), which follows from (4.13) and 2/_, N; <p < S/ N, O

Remarks.

(1) The conditions that are imposed on oy, N;, and @y, in Theorem 4.2 may
seem to be arbitrary at first, but they are, in fact, naturally satisfied in many cases of
practical interest. In addition to guaranteeing quick convergence, these conditions also
guarantee stability for the diagonals, as we show in Theorem 4.3 below. The condition
in (4.13) that is imposed on N; can be achieved when FKor <y, < F'E% for all k and
Gi% < p; < G'i% for all i, for 0 < 6; < 6] and for 0 < 65 < 65. In connection with
the growth condition on the ay,,, it is worth mentioning that this condition is a mild
and rather comprehensive one; it includes, for example, g, = O ((di)!) as i — oo,
for any d > 0, where k;11 < k < ki4o.

(2) When a # b and/or D # E in (4.13), the results in (4.14) and (4.15) are not
equivalent. Although (4.14) implies (4.15), the opposite is not always valid. Only
when a = b and D = E does (4.15) imply (4.14). Thus (4.14) is the stronger of the
two results in general. We have included (4.15) since we would also like to have a
bound on |A§] — A| involving p itself. The situation in which a = b and D = E can
be achieved when N; ~ (Ci* as i — oo, for then D = E = C. This prevails when
v ~ Fk% as k — oo and p; ~ Gi% as i — oo for some 6; > 0 and 6, > 0. For
example, for the case treated in [BuSt] we have, for all k£ and i, vy = 1, u; = 1, and
hence N; = 1, which implies D = E = 1 and a = b = 0; consequently, |AJ — A| is
practically O(w™P”/2) as p — oo, and this is precisely what is given in [BuSt].

(3) From the proof of Theorem 4.2 we see that what determines the issues of

convergence and rate of convergence of AJ for p — oo is the factor ITI._, ¢”| that

i=1C
behaves at worst like Z2“"“"" under the given conditions. It is this factor that

explains the remarkably quick convergence of the sequences {A{j};io.
With the issue of convergence settled, we now go on to investigate the issue of
stability.
THEOREM 4.3. Under the conditions of Theorem 4.1 ’yi’i = p,i satisfy

Sl < ] (L)
im < J i
(4.27) hffip 2 Vpi| < H <|1 — Cz|) < 00

=1




1774 AVRAM SIDI
As a result, the extrapolation process that provides the sequences {Ag,};ozo with j fized
is stable in the sense that

P
(4.28) supz "yim < 0.

P =0
Furthermore, when ¢;, © = 1,2,..., all have the same phase, limsup and “<” in
(4.27) are to be replaced by lim and “=", respectively. This holds, in particular, when
ci, 1 =1,2,..., are all real positive or all real negative. When ¢; < 0,1 =1,2,..., we

have >-F_, |’yi,i| =1 for all p.

Proof. The inequalities in (4.27) follow from (2.15) and from the convergence of
the infinite products [[;°, (1+ |¢;])"” and [[;2, |1 — ¢|”* that was proved in part (i)
of the proof of Theorem 4.2. The inequality in (4.28) follows directly from (4.27).
The rest follows from the last part of Theorem 2.3. 0

5. Examples. We now demonstrate the results of the previous sections with two
examples. The first one comes from the numerical integration of a function having
a logarithmic endpoint singularity by the trapezoidal rule. In this example vy, u;,
and hence N; (cf. (4.11)) are all bounded, i.e., a = b = 0 in (4.13). In the second
example vy and hence N; are unbounded with a = b = 1 in (4.13). To the best of
our knowledge cases with unbounded v, have not received enough attention in the
context of generalized Richardson extrapolation before.

The computations reported in this section were carried out in double precision
arithmetic on an IBM-370 computer at the University of Connecticut in Storrs, Con-
necticut.

Example 5.1. Consider the integral

1
(5.1) I, = / (logz)?2%g (x)dz, ¢=0,1,..., Rea>—1, g(z) € C*[0,1],
0
and the (modified) trapezoidal rule approximation to it
m—1 ) h
(5.2) Ty (h) =h ; Gq (ih) + §Gq (1);

G, (z) = (logz)?!2%g(z) and h=1/m, m=1,2,... .

Note that T;,(h) does not include G4(0) which is usually undefined for ¢ > 0 and/or
Re a < 0. Also, note that G4(1) =0 for ¢ > 0.

Theorem 5.1 below gives the Euler—-Maclaurin expansion for the error Tj, (h) — I,
as h — 0.

THEOREM 5.1. The approzimation T, (h) satisfies

q
> bl (log h)il R+ as h — 0

=0

(53)  Ty(h)—I,~> dPn¥ + 3"
j=1 =0

(@) (@) ;
for some constants a;”’ and b;;" that are independent of h. Actually,

oo
—i ©)

0 _ ()[4, 22O : -

bji _<Z>|:d04q2<( « ]):l J‘ ) OSZSQa .]_0717"'7

where B; are the Bernoulli numbers and ( (z) is the Riemann zeta function.

B .
oD — 22 (2j-1) 1), ji=12,.

ey

(5.4)
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Proof. The result in (5.3) and (5.4) when ¢ = 0 is a special case of that given in
[Nal]. The result for ¢ = 1 is similarly a special case of that given in [Na2], and it is
obtained by differentiating both sides of (5.3) (with ¢ = 0 there) once with respect to
a. Applying this technique of differentiation with respect to a ¢ times on both sides
of (5.3) (with ¢ = 0 there), we obtain the required result. 0

We observe that for all values of Re o > —1, whether « is integral or not, and for
all integers ¢ > 0, T, (k) in (5.2) is precisely of the form described in (1.1) and (1.2),
with ¢x < ¢, k=1,2,..., and 0 < Re 07 < Re 02 < ---, such that limg_,.,c Re o =
+o0; cf. (1.3).

Letting now h = h,, = 27" in (5.2), and denoting S,, = T, (h,,) ,» =0,1,..., and
S = I, after some manipulation (5.3) becomes

[e'e] oo q
59 SRR U0 31 0 3L ERREER
j=1 j=0 \i=0

where p; =272 7; =277 and a; = a§Q), bji = (—log2)’ b;‘f). Of course, (5.5)
is of the form given in (2.16).
When —1 < Re a < 0, we have

C3k+1 = T2k, q3k+1 = ¢,
(5.6) C3k+2 = T2k+1, @r+2=¢, k=0,1,...,

C3k4+3 = Prk+1, G3k+3 =0,

and |e1| > |ea| > ez > -
When a = 0, we have

(5.7) = Tho1 =27F, k=1,2,...,
and thus ¢; > ¢o > ¢3 > ---. Also,
(5.8) QA=q¢ q@r=q¢ @1=q9—1, k=12,...,

since ( (0) #0 and ((—=2m) =0, ((-2m+1)#0,m=1,2,....

In all cases Theorem 3.2 applies and all of the columns of the extrapolation table
converge, the rates of convergence being given by (3.13) in the corollary to Theorem
3.2. Of course, this is subject to (5.6) when —1 < Re a < 0 and subject to (5.7) and
(5.8) when oo = 0.

Also, the additional conditions of Theorem 4.2 that are imposed on o and g are
automatically satisfied with a = b = 0 in (4.13). If also the function g () is such that
maxo<y<i ‘g(m) (z)] = O((dm)!) as m — oo for an arbitrary constant d , then the
constants d,, and by,i, i = 0,1, ..., in (5.5) are at worst O ((d'm)!) as m — oo for some
constant d’. In proving this we make use of the facts that Ba,,/(2m)! = O((2m)~2™)
asm — oo and ¢ (—2m + 1) = O((2m—1)!(27)~2™) as m — oo. As a result, Theorem
4.2 applies, and all of the diagonals of the extrapolation table converge.

Finally, both the columns and the diagonals are stable as implied by Theorems
3.3 and 4.3.

Before closing this section we mention that the results of [Nal] and [Na2] have
been obtained in [LNi] by using entirely different techniques. Generalizations of the
expansion in Theorem 5.1 to multidimensional integrals of singular functions have
been given in [L], [LM], [ML], and [Si2].
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TABLE 5.1
Relative errors in A{; for the integral Iy = fol logz/ (1 +z)?dz = —log2 of Ezample 5.1.

p=0 p=1 p=2 p=3 p=4 p=5 p=26 p=7 p=28
1.0D+00
7.8D—01 | 5.6D—01
5.4D—01 | 2.9D—01 | 2.9D—02
3.4D—01 | 1.4D—01 | 7.4D—03 | 2.0D—02
2.0D—01 | 6.8D—02 | 5.6D—03 | 5.0D—03 | 2.0D—04
1.2D—01 | 3.3D—02 | 2.2D—03 | 1.1D—03 | 2.1D—04 | 2.7D—04
6.7D—02 | 1.6D—02 | 7.4D—04 | 2.5D—04 | 3.9D—05 | 1.4D—05 | 3.5D—06
3.8D—02 | 8.0D—03 | 2.3D—04 | 5.8D—05 | 5.0D—06 | 1.4D—07 | 7.6D—07 | 5.8D—07
2.1D—02 | 4.0D—03 | 6.8D—05 | 1.4D—05 | 5.9D—07 | 3.5D—08 | 4.6D—08 | 1.5D—09 | 2.0D—08
1.1D—02 | 2.0D—03 | 2.0D—05 | 3.4D—06 | 7.0D—08 | 4.4D—09 | 2.4D—09 | 5.0D—10 | 4.7D—10
6.2D—03 | 9.8D—04 | 5.5D—06 | 8.5D—07 | 8.4D—09 | 4.0D—10 | 1.3D—10 | 2.0D—11 | 3.9D—12

O OO0 U WN — O

=

We have applied the SGRom-algorithm of Theorem 2.2 to the integral

1

1

/ %dm:—logQ,
o (1+x)

precisely as described above. We thus have ¢, = 27% k = 1,2,..., and ¢ = 1,
Gok =1, gopr1 =0,k =1,2,.... Asaresult, N; =v; = q; + 1, so that 1 < N; < 2 for
all 7, giving D=1, E=2,and a =b=0in (4.13). Also, M =1 in (4.12). Finally,
by the analyticity of 1/ (14 z)* at z = 0 and of logz/ (1 +z)* at = = 1, it turns
out that the growth condition on «g,, in Theorem 4.2 is also satisfied. Therefore,
Theorems 4.2 and 4.3 apply, and we have A} — A| < (w!/® + ey’

Table 5.1 shows the relative errors in Ag). Note the absolute stability of Ag, both
in columns and diagonals.

Ezample 5.2. A(y) = (1 —ylogy) / (1 — 2ylogy + y*). This A (y) has the asymp-
totic expansion

A(y) ~1+4 Y y*Ty (logy) as y — 0+,
k=1
where T}, (z) are the Chebyshev polynomials of the first kind. Thus o, = k and ¢, = k,
k=1,2,.... The validity of this asymptotic expansion can be shown as follows: we
first have the identity

1—2xz
1 —2xz + 22

NTN (3?) — ZTNfl (.’E)
1—2xz + 22

N-—-1
k=0

that is valid for all  and z as long as 1 — 2xz + 22 # 0. Now let z = y and
2 = logy. The left-hand side of the identity above becomes A (y), the summation on
the right-hand side becomes Zg;ol y* Ty, (logy), and the remaining term is precisely
0] (yNTN (log y)) as y — 0+.

We have applied the SGRom-algorithm of Theorem 2.2 to this example, taking
Yn =27 n =0,1,.... We thus have ¢, = 27%, ¢ =k, k = 1,2,.... As a result
N,=i+1,i=1,2,...,giving D =FE =1and a =b=11in (4.13). Also, M =1
in (4.12). Finally, a straightforward analysis of the coefficients of the Chebyshev
polynomial T}, (z) reveals that the growth condition imposed on the ag,, in Theorem
4.2 is satisfied. Therefore, Theorems 4.2 and 4.3 apply.

Table 5.2 shows the relative errors in Af). Note the absolute numerical stability
of A{, both in columns and in diagonals.
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TABLE 5.2
Relative errors in Aj, for Example 5.2.

p=0 p=1 p=2 p=3 p=4 p=>5 p==6 p=7T p=2_8
5.0D—-01
3.1D—-01 | 1.1D-01
2.3D-01 | 1.6D—-01 | 2.0D-01
1.8D—-01 | 1.3D—-01 | 9.3D—-02 | 5.6D—-02
1.3D—01 | 8.3D—02 | 4.0D—-02 | 2.2D—-02 | 1.1D—-02
9.0D—-02 | 4.8D—02 | 1.4D—-02 | 4.8D—03 | 1.0D—03 | 5.1D—03
5.8D—02 | 2.6D—02 | 3.0D—03 | 4.8D—04 | 2.3D—03 | 2.7D—03 | 2.3D—03
3.56D—-02 | 1.3D—-02 | 6.4D—05 | 9.3D—04 | 1.1D—03 | 6.9D—04 | 4.0D—04 | 1.3D—04
2.1D—-02 | 6.3D—03 | 3.4D—04 | 4.8D—04 | 3.3D—04 | 8.1D—05 | 5.8D—06 | 6.4D—05 | 9.1D—05
9]1.2D-02 | 3.0D-03 | 2.2D—04 | 1.8D—-04 | 7.9D—05 | 4.7D—06 | 1.7D—05 | 1.9D—-05 | 1.2D—05
10 | 6.7D—03 | 1.5D—03 | 9.8D—05 | 5.8D—05 | 1.7D—05 | 3.9D—06 | 3.8D—06 | 1.9D—06 | 4.7D—07
11| 3.7D-03 | 7.1D—-04 | 3.7D—-05 | 1.7D—05 | 3.5D—06 | 8.9D—07 | 4.6D—07 | 2.1D—-08 | 3.0D—07
12 2.0D—-03 | 3.5D—04 | 1.3D—05 | 4.9D—06 | 7.9D—07 | 1.3D—07 | 2.4D—08 | 3.7D—08 | 3.9D—08
13]1.1D—-03 | 1.7D—04 | 4.3D—06 | 1.4D—06 | 1.9D—07 | 1.4D—08 | 3.4D—09 | 7.4D—09 | 3.2D—09
14 | 5.9D—-04 | 8.6D—05 | 1.3D—06 | 3.7D—07 | 4.6D—08 | 4.7D—10 | 1.4D—09 | 1.1D—-09 | 2.1D—10
15| 3.2D—04 | 4.3D—05 | 4.1D—-07 | 1.0D—-07 | 1.2D—-08 | 2.1D—10 | 3.1D—10 | 1.5D—10 | 1.7D—11
16 | 1.7D—-04 | 2.1D—-05 | 1.2D—-07 | 2.8D—-08 | 3.0D—09 | 7.6D—11 | 5.7D—11 | 2.1D—11 | 2.2D—12
17 1 9.0D—05 | 1.1D—-05 | 3.7D—08 | 7.56D—09 | 7.6D—10 | 1.8D—11 | 9.7D—12 | 2.9D—12 | 3.3D—13
18 | 4.8D—05 | 5.3D—06 | 1.1D—08 | 2.0D—-09 | 1.9D—-10 | 3.6D—12 | 1.6D—12 | 4.0D—13 | 4.3D—14
19 | 2.5D—-05 | 2.6D—06 | 3.1D—09 | 5.4D—10 | 4.9D—11 | 6.7D—13 | 2.56D—13 | 6.0D—14 | 1.1D—14
20 | 1.3D—-05| 1.3D—06 | 8.8D—10 | 1.4D—10| 1.2D—11 | 1.2D—13 | 3.7D—14 | 7.1D—15 | 3.9D—16

0O Ui WN — O,

6. Concluding remarks. As mentioned in section 1, our generalized Richard-
son extrapolation process needs the integers gy, the (real or complex) numbers oy, and
y; in (1.10) as input. This means, obviously, that we need to know that A(y) is of the
form given in (1.1) and (1.2), and we need to know o in (1.1) and g in (1.2) as well.

When we know that A(y) is of the form given in (1.1) and (1.2), but we have no
knowledge of o, the generalized Richardson extrapolation above cannot be applied.
Instead, the Shanks transformation of [Sh] or the equivalent e-algorithm of [W] can
be applied to the sequence {A(y,)}52, with y; as in (1.10). The convergence of the
columns of the epsilon table on sequences {S,}52, with S,, as in (2.17) has been
analyzed in great detail in the recent work [Si6]. Recall that, with y; as in (1.10),
the sequence {A(y,)}22, is exactly of the form given in (2.17). Furthermore, the
¢k in (2.17) (hence the oy in (1.1)) and the precise degrees of the Q(§) in (1.2)
can be obtained from the denominators of the Padé approximants associated with
the formal power series f(z) := Sy + > o, (S; — Si—1)z". In fact, the reciprocals of
the poles of these Padé approximants approximate c; under certain mild conditions.
This approach has been proposed in [Si5, section 7], where the construction of good
approximations to the cj is described and a detailed convergence analysis is given.

Acknowledgment. Part of this work was done while the author was on sab-
batical at the University of Connecticut, Storrs, Connecticut, during the 1994-1995
academic year.
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