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A CONVERGENCE AND STABILITY STUDY
OF THE ITERATED LUBKIN TRANSFORMATION
AND THE 6-ALGORITHM

AVRAM SIDI

ABSTRACT. In this paper we analyze the convergence and stability of the iter-
ated Lubkin transformation and the f-algorithm as these are being applied to
sequences {An} whose members behave like Ar ~ A+ ¢"/(n!)" 370 aynY ¢
as n — oo, where ¢ and ~ are complex scalars and r is a nonnegative in-
teger. We study the three different cases in which (i) » = 0, ¢ = 1, and
v #0,1,... (logarithmic sequences), (ii) » = 0 and ¢ # 1 (linear sequences),
and (iii) » = 1,2, ... (factorial sequences). We show that both methods accel-
erate the convergence of all three types of sequences. We show also that both
methods are stable on linear and factorial sequences, and they are unstable
on logarithmic sequences. On the basis of this analysis we propose ways of
improving accuracy and stability in problematic cases. Finally, we provide a
comparison of these results with analogous results corresponding to the Levin
u-transformation.

1. INTRODUCTION AND BACKGROUND

The purpose of this work is to contribute to our understanding of how the iterated
W-transformation of Lubkin [[7] and the #-algorithm of Brezinski [2] accelerate the
convergence of some important classes of infinite sequences {A,}. The sequences
that we have in mind are the following:

1. Logarithmic sequences for which

(oo}
(1.1) AnNA—I—ZamV*i asn —o00; ag£0, v£0,1,2,... .
i=0

Here A = lim;, oo A, when Ry < 0. When Ry > 0, A is the antilimit of
{An}.

2. Linear sequences for which
o0
(1.2) AnNA—l-Q”ZozinV_’ asn — 00; ag #0, ¢ # 1.
i=0

Here A = lim,,_,oc Ap, when (a) |(] < 1 or (b) [(| =1 and Ry < 0. Otherwise,
A is the antilimit of {A,}.
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3. Factorial sequences for which

oo

(i!)TZamvi asnm—o00; ag£0, r=1,2,... .
i=0

(1.3) Ap~A+

Here A = lim,, .., A, always.

Of these, the classes of logarithmic and linear sequences have provided re-
searchers with important test grounds for the comparative study of convergence
acceleration methods, including the Shanks transformation [9] (or the equivalent
g-algorithm of Wynn [18]), the 6-algorithm, the iterated W-transformation, the
Levin [5] transformations, and so on. See, e.g., Smith and Ford [I5], [16] and Van
Tuyl [17].

If we let ag = Ap and a,, = AA,_ 1 = A, — Ap_1, n=1,2,..., then we realize
that the a,, grow as in

(1.4)

Ay ~ iem”il*i asn — o0; eg=yag#0, v#0,1,... (for D)),

(1.5) -

n ~ C”ieﬂﬂ_i asn —o00; eg=(1-¢ Nag#0, (#1 (for (L2)),

(1.6) -

Gy, ~ %gemwﬂi asn —o00; eg=—C lag#0, r=1,2,... (for (IT3I)).

(Of course, the e; are different in each of (L4)—(L6).) Furthermore, the a, satisty
2-term recursion relations of the form

(1.7) an+1 = c(n)ay,
where c(n) satisfies asymptotically

(1.8)
cn)~1+(y—Dn "t +en 24+ asn—o0; v#0,1,2,... (in (),
(1.

=)
~

e(n) ~C(1+ym ' +eon™+-1) asn—oo; (#1 (in (L2)),
(1.10)
cn)~(n"(1+m  +en?+-1) asn—oo; r=1,2,... (in (L3)),

Conversely, if the a,, satisfy (I7) with (L8)) or (I9)) or (IIU), then they have as-
ymptotic expansions that are given exactly as in (L) or (ITH) or (I6]), respectively.

This has been shown in Ford [l p. 70].
Conversely again, if a, are as in (I4) or (LH) or (CO) and A, = > }_, ax,
n=0,1,..., then the A,, have asymptotic expansions that are given exactly as in
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(CIO) or (C2) or (L), respectively. This follows from the following results:

(1.11) A, ~A+napsr Zﬂm*i asn —o00; fo=~"1#0 for (),

=0

(1.12) A, ~A+ant1 Zﬁin_i asn — oo; fp=(¢— 1)_1 # 0 for (C3),

=0

(1.13) A, ~A+apt (—1 + Zﬂm") asn —oo; fBr=—-C#0 for (I.G).

The expansions in ([LI1]) and (ILI2)) were given by the author in [10] and [IT] for
convergent >~ ag. The result in (III) for divergent Y ;- ar was given in [13],
where the nature of the antilimit A and its precise value are also provided. The
result in for divergent Y.~ , a, was given in [12] for the case (| =1, ¢ # 1,
where it is shown that the antilimit A is the Abel sum of > ;- aj, namely, A =
lim, - > e gaxT®. A is also the analytic continuation to || = 1 of f((), the
function that is defined by the power series > ;= el ecn=0a,"", n=0,1,...,
and that is analytic for |¢| < 1. In [12] it is shown in addition that (L.12) holds also
when (| > 1, ¢ € [1,400), if a,, = ("nPh(n), where p is a nonnegative integer and
h(n) = [;° e " p(t) dt, (t) being a function of exponential order for which a,, has
an asymptotic expansion of the form given in ([I.5). In this case A, the antilimit
of {A,}, is f(C), described above, that is now defined and analytic for all ¢ in the
complex plane cut along [1,4+00).

The result in ([[I3) is new and can be proved as follows: Since {A,} converges
when a, is as in ([CG), we have 4, — A = —E;inﬂ a; and E;O:nﬂ ap is a
convergent series. Invoking (L7), we can write

oo k
An = A= —ap1 |1+ ] eln+3)

k=1j=1

By (LI0) the term inside the square brackets has an asymptotic expansion of the
form 1+ Y7 o;n~% as n — oo, with o, = . This produces (LI3). (We must
note, however, that an expansion of the form A,, ~ A+ a1 Eio Bin~"asn — oo
is already contained in the paper [10] for the case in which {4, } satisfies (L3).)

The results in ([CII)—(TI3) will be used later in proving theorems on the con-
vergence and convergence acceleration of the (iterated) W-transformation and the
f-algorithm. It must be noted here that the fact that 8y = --- = 6,1 = 0 in
(CI3) is of great importance in the convergence theorems of the next two sections.
Without this knowledge one cannot show that there is convergence acceleration, for
example.

We now turn to the definitions of the W- and iterated W-transformations and
the #-algorithm.

Two convenient representations of the W-transformation on {Ay} are given by

A%(A;/AA)) _ A(Ajn x A(1/AA4)))

(L14)  W;({A}) = A2(1/AA;) A2(1/AA)) ’

=0,1,... .
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This transformation is normally applied in iterated form as in
(1.15) BY) =4;, j=o0,1,...,
B’ELJJ)rl = WJ({Br(LS)})a ja n= Oa ]-7 cee e

Thus Bij) = W;({As}). In addition, B%j) is determined from Ajyp, k =
0,1,...,3n.
The #-algorithm on {Ay} is defined via the recursion relations

(1.16) 0Y) =0, 6 =4;, j=0,1,...,
; ; 1
05, =09 + ——
2n+1 2n—1 Aeéjn)
. ) Ae(jJrl) % Ae(jJrl)
05)) 5 = 05, + === 2t jn=0,1,...,

i,
where AG,()j) = 91(,j+1) - GI(Jj) for all j and p.

Note that Hgn) is determined from A;ix, k=0,1,...,3n, just like Br(lj).

Using the fact that 9§]) = 1/AA; in ([IG), it can be shown after some algebra
that
(1.17) 05 = Wi({A:)).
This fact was first noted by Drummond [3]. Also, from the fact that the Levin
u-transformation on { Ay} produces the approximations u%] ) to A as in

N An("T2AJAA;
(1.18) uﬁf) _ U : 21/ 1)7
An(jnT2/AAy)

see Sidi [10], it is clear that
(1.19) uf = Wi{A}),

and this was first observed by Bhowmick, Bhattacharya, and Roy [1].

Sablonniere [8] and Van Tuyl [I7] have provided the convergence analysis for the
sequences {Bﬁf )}Jio as these are obtained from logarithmic sequences { A} in (LI).
(In fact, both papers deal with sequences {4} for which A, ~ A+ > a;n?7~V/*
as n — oo, where s = 1,2,... . In [8] explicit treatment is given for s = 2,
while in [I7] s is any integer.) The convergence analysis of the sequences {Héjn) };‘;0
from logarithmic sequences {Ax} has been given in [I7]. We are not aware of
analogous studies pertaining to the linear and factorial sequences in (L2) and (L3).
Furthermore, no results on the stability of the sequences {Bﬁf ) Jio and {Héjn) };‘;0
have been obtained so far. Our purpose in the present work is to provide these
missing analyses. We give the convergence and stability theories of the sequences
{Br(lj )};‘io and {0&2 }320 as these are obtained from the logarithmic, linear, and
factorial sequences {Ay} given in ([I)-(3). A nice feature of our analysis is that
the treatments of the three fundamentally different classes (linear, logarithmic,
factorial) are unified and simplified. In addition, based on the stability analyses
of {Br(f )};‘;0 and {Qéjn) };‘;0 from linear sequences {A}, we are able to conclude
that the strategy proposed in [I2] for power series and Fourier series near points
of singularity can be applied very effectively here too. All this is done in Sections
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PHAl The study of the convergence of the W-transformation that is the subject of
Section [2 turns out to be of great importance in the developments of Sections
and (@1

Finally, in Section Bl we provide a detailed comparison of our results on the
iterated Lubkin transformation and the #-algorithm with the corresponding results
pertaining to the Levin u-transformation.

2. CONVERGENCE ANALYSIS OF THE ITERATED LUBKIN TRANSFORMATION

We start with the W-transformation of (LI4).

Theorem 2.1. (i) Let {Ay} be as in (L)), and let Boy, (1 > 0) be the first nonzero
Gi with i > 2 in (LII). Then

2.1)
NP . +D)(u+2
W;i({As}) — A~ Zwiﬁ TR as j— 00y wo = 04052+u% # 0.
=0

(11) Let {Ar} be as in (D), and let f14, (u > 0) be the first nonzero 3; with
i>1in (LI2Z). Then

(2.2)
W;({A})—A~(I Zwij7_3_”_i as j—00; wo=aoﬁ1+uwe3ﬁ0.
i=0
(111) Let {Ay} be as in (L3). Then
(2.3)

i ,
W;i({As}) — A~ (JCW Zwijv_mﬂ_’ as j — 00;  wo = agCr(r+1) #0.
V=0

Part (i) of Theorem [Z1] was already given in [7]. All three of (ZI)—(Z3) also
follow from the analogous results of [10] and that pertain to the Levin trans-
formations. They can be proved by observing that

A2((A; — A)/AAy)

24 ({As}) —A= s L

and by invoking (CID)—-(TI3) and (CA)-(LH). In addition, we need the following
facts that we will use again later in this work: Let

(2.5) g(n) ~ > gin®" asn — o0; go # 0.
=0
First, if § # 0,
(2.6) Ag(n) ~ Y gn® ™ asn — o00; o =dgo #0,
=0

and if 6 = 0 and g, is the first nonzero g; with ¢ > 1,

o0
(2.7 Agln) ~ 3 gin " asm 001 G, = —vg £0.
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Next, if ¢ # 1,

@8 A~ Y gt asn o0 G0 = (€ g £0.
Finally, if p = 1,2, ..., -

29) ALY g)] ~ (S Gt as o0 do = oo 0.

1=

[}

C’ﬂ
2.10 A n)| ~
210)  a[m)
It follows from Theorem 1] that the W-transformation accelerates the con-
vergence of logarithmic, linear, and factorial sequences, the acceleration of linear
sequences being more effective in general. Specifically,

(" = i
(n!)p Zgzn ' asn — 00; Jo = —go-
i=

(2.11) % =0(j7?) asj — oo, ifixed (in (),
(2.12) % =0(j73) asj — oo, ifixed (in (T2)),
(2.13) W;(4.h) -4 ~r(r+1)j72 as j — oo, (in (T3)).

Ajis—A
Note that since W;({As}) is constructed from A;;;, 0 <i < 3, we should compare
W;({As})—Awith A1, — A, 0 <4 <3. When {A;} is asin ([I) or (T2), 41, — A
are all of the same order with arbitrary fixed i. When {4y} is as in (3), however,
W;({As})— A must be compared with A3 —A, the smallestof A1, —A,0 <13 < 3,
as j — 0o, and this is what we have done in (2:13).

Finally, from (21)) it is clear that, whether {A;} in () converges or not,
W;({As}) converges to A if Ry < 2. Similarly, from (22) we see that W;({4s})
converges to A when |[¢| = 1 provided vy < 3, whether {Ax} in () converges or
not.

The following theorem concerns the repeated W-transformation as defined in
(CIH) and can be proved by repeated application of Theorem Bl This is possible
since the asymptotic expansion of W;({As}) as j — oo in Theorem[ZTlis of precisely
the same nature as that of A;.

Theorem 2.2. (i) If {A;} is as in (L)), then

o0
(214) BY) — A~y guid ™ asj =00, gao #0,
i=0
with o = 7, Y6 = Yk—1 — 2 — g, k = 1,2,..., where ui are some nonnegative

integers, hence Ry, < Ry —2k, k=1,2,... .

(i) If {Ar} is as in (I2), then

oo
(2.15) BY) — A~ (TN gnif ™t as j — 00, gno #0,
i=0
with v = 0, Vg = Ye—1 — 3 — uk, k = 1,2,..., where ux are some nonnegative

integers, hence Ry, <Ny -3k, k=1,2,... .
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(iii) If {Ar} is as in (3), then

, = ,
(2.16) BY — A~ G z{;gmﬁ" Y asj— 00, gno=aolCPr(r+1)]" #0,
P

with vy, =v—k(3r+2), k=0,1,... .
Part (i) of Theorem 21 was already given in [§] and [I7]. Parts (ii) and (iii) are
new.

Clearly, the repeated W-transformation accelerates the convergence of logarith-
mic, linear, and factorial sequences. Even when Ry > 0, hence {Ax} in (1)

diverges, {ng )}Jio will converge to A for every n > %?R'y in part (i) of Theorem
B2 Similarly, when {A} is as in (I2)) with (] =1, {B,(lj)};io will converge to A

for every n > £ Ry in part (ii) of Theorem 22, even when {A;} diverges.
In addition, analogously to (ZII)—(ZI3), we have

BY), — A )
(2.17) 3 =0(j7%) asj— oo, i fixed (in (LI)),
Br(szZI —A .3 . . .
(2.18) m =0(j7) asj — oo, ¢ fixed (in (2),
B(j) _A
n+1 ~ 2 . .
(2.19) 7B§Lj+3) . r(r+1)j7% as j — oo (in (C3)).

In other words, the sequence {ng_l ]io converges more quickly than {ng )}Jio for

each n in all cases.

3. CONVERGENCE ANALYSIS OF THE #-ALGORITHM

Due to the complexity of the recursion relation in (I.IG), the analysis of the

f-algorithm turns out to be quite involved. Specifically, we have two different types
N 60 . [e’e)

of sequences to worry about, namely, {0&2 } j=o and {0&2 +1}j—o and the two are

coupled nonlinearly. Luckily, a very rigorous analysis of both types of sequences

can be given, and we turn to it now.

We start by expressing ng) 4o in (LT6) in different forms.

Lemma 3.1. 9;{2” can be expressed as in

) 1 s . ) .
(81) 050 = — o { W05} x A2(1/805)) + A5 x A5}
A 92n+1
and
) A 9(j+1) Ag(j)
(3.2) o), — (O3 X Absii1)

rTon
Proof. From ([LI6) we first have

Y %)+ AN x AdY

(3.3) 652 ‘
A0,



426 AVRAM SIDI

Substituting AGY = 6FF — g9+ and A205) | = AGYEY) — AGY). | in the
numerator of (B.3), we obtain (B2). Next, substituting Hé]n) = 0&1{&11) +1/ Aé)gz in
the numerator of (3.3]), we have
A5 < AC/AGZD) + AB5,™ x AOE)

TN |

(34) egjﬁ)ﬁ =

Letting now n = 0 and recalling that 9(7]% =0, Héj) = Aj;, and hence ng) =1/AAj,

we have from B4l and (LI4) that

A(Aj41 x A(1/AAy))
A2(1/AA;)

(This is nothing but (L.I7).) Using this in ([B8.4), the result in Bdl) follows. O

(3.5) 6y = = W;({As}).

The representation of ngn) 4o given in (B.) of Lemma[3.Tand Theorem 2Tl enable

us to analyze in a unified manner the convergence of the sequences {Héjn) };io for all
three cases of {A,} described in (I)—(3).

Theorem 3.2. (i) If {Ax} is as in (1)), then

o0
(3.6) 65 —A~>gui™ " asj— 00, guo #0,

i=0
. oo
(B7) 08N~ D b T as j =00, huo = 1/(Yagno) £ 0,
i=0
with yo = v, Y& = Yk—1 — 2 — pg, k = 1,2,..., where up are some nonnegative

integers, hence Ry, <Ny —2k, k=1,2,... .
(i) If {Ar} is as in (L2), then

(38)  6Y) — A~ g™ asj— 00, guo #0,

i=0
(3.9) 69 ~ ¢S i T as j— 00, hng = 1/[(C = 1)gao] # 0,
i=0
with o = 7, Y6 = Yk—1 — 3 — g, k = 1,2,..., where ui are some nonnegative

integers, hence Ry, < Ry —3k, k=1,2,... .
(111) If {Ar} is as in (I3), then

J = i . f
G D™ s j = 00, g = aolCr(r 4 1] £0,
=0

o0
(B11) 09, ~ TGS i T as = 00, huo = —1/gu0 # 0,
1=0

(3.10)  6Y) — A~

with yo =7, v« =v—k(Br+2), k=1,2,... . Thus, in this case we also have that
limj e [(65)) — 4)/(BY = 4)] =1.
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Remark. Part (i) of this theorem was given in [17]. Parts (ii) and (iii) seem to be
new. The v, in (B8) and (3 are not necessarily the same as those in (ZI4]) and

(219) respectively.

Proof. Here we shall give a detailed proof of part (ii) of the theorem. The proofs
of part (i) and part (iii) can be achieved by following the steps of the proof of part
(ii) and by making the appropriate substitutions there.

We proceed by induction on n. From the fact that 9(()] ) = Aj and by (2 it
is clear that (3J) holds for n = 0 with 79 = v and goo = @y # 0. From this
and from the fact that 953 ) =1 J/AA; it follows that (339) holds for n = 0 with
hoo = 1/[(¢ — 1)apg] # 0. Let us now assume that (B:8) and (3.9) hold, and prove
that they hold with n replaced by n + 1.

We begin by observing that equality is maintained in (LI6)) if we subtract A
from the 05;) there. As a result of this and of Lemma [31] we can write

(3.12)
051, — A
1 . , | |
= o W) — AIA%(1/805) + A6 — A) (A5}
2n+1

Now by part (ii) of Theorem [ZI] we have

(313) P = Wy ({0~ A~ &S i as oo,
1=0

and

(3.14) Q) = A2(1/A05)) ~ ¢S g as j— oo
=0

Thus

(3.15) P;Q; ~ i@j*’*i as j — oo.

=0

Next, by the induction hypothesis we have

oo
. | = —A~( it as j — oo,
(3.16) Ry=09 — A~ 73 1™ as
i=0
and
. = ‘7 ~ (T si'_"‘_‘ as j — oo
(3.17) ;= AOGY ~ ¢TI s as j oo,
i=0
and hence
0 .
(3.18) A(R;S;) ~ Zu;’jv”*v”*lf“l as j — oc.

=0
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Consequently, by the induction hypothesis that v, = ~,-1 — 3 — u, for some
nonnegative integer p,, we have

(o]

(3.19) Uj = Pij - A(R]Sj) ~ Z’U,iji‘gii asj — OQ.
i=0

In addition, since ng) 41 satisfies (B9) by the induction hypothesis,

o0
(320) V;=A205)  ~ ¢ w T as oo, wo = (CF = 1) hao #0.

i=0
Combining (319) and (3:20) in B2), we obtain
, U, & A
(3.21) 05— A=~ (Y gl as o,
J i=0

which gives the desired result for Héjn) 1o, nNamely,

[e.e]
(3.22) 05) 0 — A~ (I3 gugr a1 as j = 00, gniro #0,

i=0

with Yp4+1 = ¥ — 3 — fn+1 for some nonnegative integer piy 1.
As for 92Q+3, we start with

. . 1
o o =021 +

A
By the induction hypothesis we first have

(3.24) 05 ~ ¢TI T H T as 00, By = hao/C # 0.
=0

Next, by (3:22)) we have

1 — ;
(3.25) —o—~ (7 Zh;’j‘%“" as j — 0o, hg=1/[(C~1)gnt1,0] # 0.
A62n+2 =0

Combining (B24) and 320) in B23), and recalling that y,+1 — ¥ = =3 — i1 <
—3, we first have the asymptotic equality

- 1
(3.26) 09) s~ ——— asj — o,
AG5)
and, as a result,
(3.27) 05) 5~ ¢ hograf T as j = 00, hnt1o = hi,
i=0

which is the desired result for Hgn) +3- This completes the proof of part (ii) of the
theorem. [l

As the representation of Héjn) 1o given in (B.2) looks simpler than that in (3.1J),
one may wonder whether it is not easier to use (32) in the proof of Theorem
It turns out that the convergence result produced by (B.2) is inferior to that stated
in Theorem B2 The representation in ([3:2)) turns out to be useful in the stability

analysis that we present in the next section, however.
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4. STABILITY

An issue of major importance in convergence acceleration is that of stability.
By studying this issue carefully, we may understand why convergence acceleration
methods behave the way they do, and we can also design ways of improving the con-
vergence of these methods, at least in some cases. This has been done successfully
in the papers [12] and [13] by the author in connection with the d-transformation
of Levin and Sidi [6].

Our purpose now is to study the stability of the iterated W-transformation
and the f-algorithm as these are applied to the sequences {Ax} that have been
treated in the previous sections. It turns out that both methods can be analyzed
simultaneously with respect to stability.

From ([LT5) and (T.14) we have

(4.1) BY), = \DBUHY 4 () B2,
&) (G+1)
Ao = _AWABY) 6 2 AAAB )
A2(1/ABY) A2(1/ABY)
Similarly, from (3.2)) we have
(4.2) 050), ) = NDOSTY 4 D)l
(5+1)
)\%j) = AQQ{L;'l and uﬁf) 792(",;'1 .
A0, A

If we denote both BY’ and 92n by QY. we realize that (@1) and (E32) can be
expressed as in

(43 WA 40 A ) =
with the appropriate )\(j ) and u J
Starting with the fact that Q(]) Aj, j=0,1,..., we can easily see by induction
that
(4.4) QY = Z%(Lji)AHnH ; Z%(zji) =1,
i=0 i=0
for some 'y(]) that depend nonlinearly on Ay, j < k < j+3n. As has been observed

in the context of other extrapolation methods, the way Q%j ) has been expressed in
(E4) is very suitable for the analysis of stability. The quantities of relevance to

stability of the lej ) are
n

(4.5) r@ =3,
i=0

in the following sense. If Ay, = A}, + €, are the computed values of the Ag, then the
application of the iterated WW-transformation and the #-algorithm to { Ay} produces

the approximations ng ) that are given by

n n
(46) Q%]) ~ Zlyr(Ljy;)AjJrnJri = Q%]) + Z 7§L]1)6]+n+z
1=0 i=0
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for all practical purposes. (This is so since the 'y,(i), even though they depend on

the A, do not vary appreciably with small errors in the Ag.) Thus
(4.7) QY — QW STWe, e =max{|ex]: j+n <k <j+2n}.

That is, I‘(j ) determines how close Q(j ) is to Q(j ). For additional information on
the meaning of 'Y we refer the reader to Section 4 of Sidi [14].
Obviously, when sup; F( - oo, the sequence {Q(] )} . is unstable, and when

sup; F%j) < 00, it is stable. Similarly, when sup,, F(]) = 00, the sequence {Q(])}n 0

(J)

is unstable, and when sup,, < o0, it is stable.

Since Y1, '77(1]1) = 1 for both methods, as also follows immediately from Lemma
E T below, we have F(] ) > 1, and for good numerical stability we want F(] ) to be as

close to 1 as possible. In case of instability, we want I‘Sf ) to increase slowly as j or
n — oo.

Below we analyze F(j )

for 7 — oo just as we have analyzed the convergence of

{Q(])} j—o- The results of Sections 2 and 3 will be of use in this analysis.
We start with the following simple lemma.

Lemma 4.1. Let P\ () =31, 'y,(i) . Then

(48) P (2) = NP @) + ) 2P (2).
Proof. By (&3) and (E4) we have
n+1
Z 7n+1 Ajinrier =AY ZW T Ajinsin + pY Z’Y T2 Ajynsive,
=0

from Wthh

(4.10) Y= W)v““) + DA =01,

where we have defined 'y 1 = 'y,(f 21 41 = 0. The result in (&S] now follows from
(ET0). O

A7

We next state a result on the behavior of and u(j ) as J — oo.

Lemma 4.2. (i) If {Ax} is as in (1)), then

(4.11) A~ L and p) ~ ~ L as j — oo, n >0,
Tn Tn

with g as in part (i) of Theorem [ZZ or Theorem

(i) If {Ar} is as in (L2), then

. . 1
(4.12) AW Ng—fl and p N—Cj as j — o0, n=>0.
(i11) If {Ar} is as in (3), then
(4.13) A =o(1) and pP) ~1 asj— oo, n>0.

The proof of this lemma can be achieved by employing the results of Theorems
and We leave its details to the reader.
The main stability results are given in the next theorem.
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Theorem 4.3. (i) If {Ax} is as in (1)), then
—1

n—1 -1
4.14) PY)(z) ~ Vi 1—2)"" and TV ~ 25)" as j — oo.
n n
k=0

n—1
H Yk
k=0

(i1) If {Ar} is as in (2), then

@15  PD(z)~ <§:i>n and T ~ (:g'_*lll)n as j — oo.

(Of course, when ¢ = —1, I ~1asj— 00.)

(iii) If {Ar} is as in ([L3), then
(4.16) PO (z) ~ 2" and TV ~1 asj— oco.

Proof. The proofs of all three parts can be carried out by combining Lemma F1]
and Lemma[£:2]and by using induction on n. We leave the details to the reader. O

We can conclude from part (i) of Theorem that neither the iterated W-
transformation nor the f-algorithm is stable when applied to the logarithmic se-
quences in ([[LI). They may achieve quite high numerical accuracy when |Sv| is

n—1 -1
Hk:o 'Yk‘
small, even though sup, I‘Slj ) = 0. This conclusion is the same as that reached in

Sidi [14] for the Richardson extrapolation process.

From part (ii) of Theorem F3] we conclude that both methods are stable when
()
n

large, as in this case the factor becomes small causing ngj ) to be

applied to the linear sequences in (I2)). When ( is close to 1, however, I';;’ may be
very large even though sup; Fgf ) < 0. In order to stabilize the approximations Q%] )
we propose to apply the methods to the subsequences {Ask};‘;o for some positive
integer s > 2 such that ¢* # 1 and is farther from 1 than ¢ is. For {Ag},., we
will have in this case

o0
(4.17) Agn ~ A+ ()" Z ™t asn — 0o, af = aps? # 0.

i=0
An analogous strategy was already proposed in Sidi [I2] in the application of the
Levin-Sidi [6] d-transformation to power series and Fourier series and their gener-
alizations.

Part (iii) of Theorem 3] implies that, when applied to the factorial sequences

in (L3)), the methods are stable.

5. COMPARISON WITH THE LEVIN 4-TRANSFORMATION

The results we have obtained for the iterated W-transformation and the 6-
algorithm are similar to those pertaining to the Levin u-transformation that is
defined in (LI8). We provide the latter here for comparison and completeness.
Before we do that we also note that

i i An—2
G _ EDTR)G )"/ AA

n
) () "
=0

i=0,1,...,n.
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Theorem 5.1. (i) Let {A} be as in (L), and let Bnyp (v > 0) be the first
nonzero 3; with i > n in (LII). Then

(5.2)
o0
; i ) +1
ugf)—ANZwiﬂ K™% as j — 005 wo = (—1)" Ocoﬂnﬂﬂ(ﬁ(tT)#O,
1=0 n

P9 (2) ~ (_‘7—7)(z —1)" and TY ~ % as j — 00.
n n

(ii) Let {A} be as in [L2), and let Bn_14, (> 0) be the first nonzero (3; with
i>n—11in (1.12). Then

(5.3)
. . © y "
ud) — A~ Zwij7—2n+l—u—z as j — 0o0; wp = aoﬁn_HuW #0,
i=0
, —2\" , \"

(ii1) Let {Ag} be as in (L3), and let Bn_11, (1 > 0) be the first nonzero B; with
1>n—1in (LI3). Then

(5.4) uld) — A~ (AAjin) iézj—"—r—i as j — oo;
(;ozo - (=r—=1), #0, n<r+1,
uld) — A~ (AAjin) i j AR s G — o0y
=0
do=(=1)"Bn-14u(pp +1)n #0,n >7 +1,

P9 (z) ~z" and TY) ~1 asj — oco.

As can be seen from this theorem, the u-transformation accelerates the conver-
gence of {A} in all cases.

Since the approximation u(]) is determined from Ay, j < k < j+n+1, and
the approximation ng) (B,(f) or Géjn)) is determined from Ag, j < k < j+ 3n, we
should compare the sequences {ugjn)fl ;‘io and {ng)};‘;o. From previous results
we have, for j — oo,

QY — A=o0(7") and  uf) | — A= O (for (II),
QY —A=0(Zj77)  and  wf) , —A= 0@ (for (2)),

ngj) —A=0 <(f)r3 (3”'2)”) and

J
uéyn) L —A=0 ((;ij—(3r+2)n—(4n—’“—3)> , n>r+1 (for (T3)).
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