Available online at www.sciencedirect.com
JOURNAL OF

ScienceDirect Approximation
Theory

ELSEVIER Journal of Approximation Theory 155 (2008) 75-96 _
www.elsevier.com/locate/jat

A de Montessus type convergence study of a
least-squares vector-valued rational
interpolation procedure

Avram Sidi

Computer Science Department, Technion - Israel Institute of Technology, Haifa 32000, Israel

Received 27 May 2007; received in revised form 4 April 2008; accepted 27 April 2008
Available online 1 November 2008

Communicated by Paul Nevai

Abstract

In a recent paper of the author [A. Sidi, A new approach to vector-valued rational interpolation, J.
Approx. Theory 130 (2004) 177-187], three new interpolation procedures for vector-valued functions F(z),
where F : C — CV, were proposed, and some of their algebraic properties were studied. One of these
procedures, denoted IMPE, was defined via the solution of a linear least-squares problem. In the present
work, we concentrate on IMPE, and study its convergence properties when it is applied to meromorphic
functions with simple poles and orthogonal vector residues. We prove de Montessus and Koenig type
theorems when the points of interpolation are chosen appropriately.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

In a recent work, Sidi [10], we presented three different kinds of vector-valued rational
interpolation procedures. These were modelled after some rational approximation procedures
from the Maclaurin series of vector-valued functions developed in Sidi [8], which in turn had their
origin in vector extrapolation methods. Vector extrapolation methods are used for accelerating
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the convergence of certain kinds of vector sequences, such as those produced by fixed-point
iterative methods on linear and nonlinear systems of algebraic equations.

Some of the algebraic properties of these interpolants were already mentioned in [10], and
their study was continued in another paper [11] by the author. In yet another recent work [12],
we continued to study one of the three interpolation procedures that was denoted IMMPE in [10].
In particular, we studied the convergence properties of IMMPE as it is being applied to vector-
valued meromorphic functions F'(z) that have simple poles. We provided (i) a de Montessus type
convergence theory for the approximants and (ii) Koenig type theory pertaining to convergence
of the poles of the approximants to the poles of F(z).

In the present work, we turn to the interpolation procedure that was denoted IMPE in [10].
This procedure is defined via the solution to a linear least-squares problem and is technically
more involved than IMMPE.

In the next section, we provide a brief description of IMPE. Following this, in Section 3,
we derive a closed-form expression for the error when the function F(z) being interpolated is
rational with simple poles and orthogonal vector residues. The main results of this section are
Theorems 3.6 and 3.8. In Section 4, we present the choice of the points of interpolation and its
consequences.

Starting with the developments of Sections 3 and 4, in Section 5, we present a detailed
convergence theory, concerning vector-valued rational functions F(z) (with simple poles and
orthogonal residues), for sequences of interpolants whose denominators are of a fixed degree
that may be much smaller than the number of poles of F(z), while the number of interpolation
conditions (hence the degree of the numerators) tends to infinity. This theory provides us with de
Montessus and Koenig type theorems for the sequence of interpolants being studied. The main
results of this section are Theorems 5.1 and 5.2 that concern the convergence of the poles of
the interpolants and Theorem 5.3 that concerns the convergence of the interpolants themselves.
Theorem 5.4 concerns the convergence of the residues of the interpolants. The results of Section 5
show that rational interpolation with a small number of poles can help approximate a function
F (z) that has a large number of poles very accurately in a large set of the complex plane. Finally,
Section 6 concerns the extension of the results of Section 5 to functions that are meromorphic in
the whole complex plane and that reside in infinite dimensional inner product spaces.

Our theory is in the spirit of that given by Saff [6] for the scalar rational interpolation problem
and by Graves-Morris and Saff [2—4] for vector-valued rational interpolants, in particular,
simultaneous Padé approximants and generalized inverse vector-valued Padé approximants.
Our proofs are completely different, however. They employ linear algebra techniques and are
analogous to those developed in Sidi, Ford, and Smith [13] and used in Sidi [7] in the study
of Padé approximants. In addition, the techniques we use here enable us to obtain optimally
refined results in the form of asymptotic expansions and asymptotic equalities. In particular, they
enable us to prove the surprising result that the convergence of the poles of the interpolants to
the poles of the functions F (z) considered in this work (namely, meromorphic with simple poles
and orthogonal residues) with IMPE is twice as fast as that with IMMPE.

2. Definition and algebraic properties of IMPE

We start with a brief description of the developments in [10,11] that concern IMPE. By this,
we shall also introduce some of the notation that we use in what follows.

Let z be a complex variable and let F(z) be a vector-valued function such that F : C — CN.
Assume that F(z) is defined on a bounded open set 2 C C and consider the problem of
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interpolating F (z) at the points &1, &, . . ., in this set. We do not assume that the §; are necessarily
distinct; thus we allow interpolation in the sense of Hermite. See [10,11].

Let n > m and G, ,(z) be the vector-valued polynomial (of degree at most n — m) that
interpolates F(z) at the points &, &,+1, ..., &, in the sense of Hermite. Thus, in Newtonian
form, this polynomial is given as in (see, e.g., Stoer and Bulirsch [14, Chapter 2] or Atkinson [,
Chapter 3])

Gm,n(Z) = F[&n] + Flén, §m+1](z —&,) + Fl&y, §m+1’ $m+2](z — &)z — Serl)

+ o FlEm g1, - 80l (@ = &) (@ — Epg1) - (2 — &) 2.1
Here, F[&, & 41, ..., & 4] is the divided difference of order s of F(z) over the set of points
{&,& 41, ..., &+s}. Obviously, F[&, 41, ..., 4] are all vectors in CN.

We define the scalar polynomials v, ,(z) via

Ymn@=[[c=&) nzm=1 Yppa@=1, m>1 22)

We also define the vectors D,, , via

Dm,n = F[Sma§m+lv-~w§n]7 n Em (23)

With this notation, we can rewrite (2.1) in the form

n
Gnn(@) =Y D ¥mi-1(2). (2.4)
i=m
The vector-valued rational interpolants to the function F(z) that we developed in [10] are all
of the general form

k

Y civ1,j(@) Gjgr,p(2)

Up,k(Z) _ Jj=0

Rpi(2) = = p : (2.5)
Vp,k(Z)
Y civn (@)
j=0
where co, c1, ..., cx are, for the time being, arbitrary complex scalars, and p is an arbitrary

integer. Obviously, U, 1 (z) is a vector-valued polynomial of degree at most p — 1 and V), x(z) is
a scalar polynomial of degree at most k. It is also clear from (2.5) thatk < p — 1.

It turns out, whether the §; are distinct or not, provided V, x(§;) # 0,i = 1,..., p, Ry 1 (2)
interpolates F(z) at the points &1, ...,&, in the sense of Hermite. See [10, Lemma 2.1 and
Lemma 2.3].

Of course, the quality of R, x(z) as an approximation to F'(z) depends very strongly on the
choice of the c;. Naturally, the ¢; must depend on F(z) and on the §;. Fixing the integers k and
p such that p > k + 1, we define the c¢; for IMPE to be the solution to the linear least-squares
problem

min
€05C15meeCh—1

;  subjecttocy = 1. (2.6)

k
Y ciDjtipt
=0

Here || - || is a vector />-norm that is induced by some inner product (- , -). That is, for any vector
x € CV, we have ||x|| = 4/(x, x). We also define this inner product such that, for arbitrary
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x,y € CV and @, B € C, there holds («x, By) = @B(x, y). The minimization problem in (2.6)
gives rise to the following set of normal equations for the c;:

k—1
Z”lﬁjc} =—ujx, i=1,....k cx=1; uj,j =(D,‘,p+1,D/‘+1,p+1). 2.7
j=0
Note that the c¢; are determined by the function values F'(§;),1 <i < p + 1, while R}, 1 (§;) =
F&),1<i<p.
It has been shown in [10] that, provided a unique solution to these equations exists, R x(z)
has a determinantal representation given as in

Y1,02) G1,p(2) ¥1,1@) G2,p(2) -+ VY14(2) Giky1,p(2)

U0 U1 Uik
u2,0 us 1 e us
P(z Uf,0 Ug,1 - Ug k
0() Y1,0@ Y11 - Y(2)
U0 o o ULk
u2,0 Uzl e U2k
Uk,0 g1 v Ukk

Here, the numerator determinant P(z) is vector-valued and is defined by its expansion with
respect to its first row. That is, if M; is the cofactor of the term ¥ ;(z) in the denominator
determinant Q(z), then

k

Y Mjy1,(2)Gjt1,p(2)

=0
Rpi(z) ="

) 2.9)

M;y,(2)
=0

J

Note that this determinantal representation has been used throughout [11] extensively. It seems
to offer a very effective tool for the study of R, x(z), as we will see later in this work as well.
Here is a summary of the results of [11] that concern IMPE:

1. A sufficient condition for the equations in (2.7) to have a unique solution is that (see [11,
Lemma 2.1 and Theorem 2.2]

uro U1 v ULk—1

U0 U1 o U2k—1
# 0; wi,j = (Di,p+1. Djt1,p+1) - (2.10)

Uk,0 Uk Ukk—1
This also guarantees the uniqueness of R x(z) provided V), x(§;) # 0,i = 1,..., p. For
(2.10) to be true, it is necessary and sufficient that the vectors D1 p41, D2 p41, ..., Di py1

be linearly independent. It is shown in [11, Sections 2 and 5] that this holds when F(z) is a



A. Sidi / Journal of Approximation Theory 155 (2008) 75-96 79

vector-valued rational function of the form

F(z)—u(z)+ZZ(Z_Z 7 @.11)

s=1 j=1

where u(z) is an arbitrary vector-valued polynomial, the vectors v,; € cN 1 <j<rg,1<
s < o, are linearly independent, z, . .., z, are distinct points in C, and k < Z?:l r¢ < N.

2. The denominator polynomial V), «(z) of the IMPE interpolant R, x(z) is a symmetric function
of all the & used to construct it, namely, of &,&>,...,&,41, while R, (z) itself is a
symmetric function of the points of interpolation, namely, of &1, &, ..., &,. Thatis, R (z)
is independent of the order of the interpolation points &1, ..., &,. See [11, Lemma 3.4 and
Theorem 3.5].

3. Let F(z) be a vector-valued rational function of the form F(z) = U (2)/ V(z), where U (2)
is a vector-valued polynomial of degree at most p — 1 and V(z) is a scalar polynomial of
degree exactly k. Provided (2.10) is satisfied and V), (&) # 0,i = 1, ..., p, holds, IMPE
reproduces F(z), that is, there holds R, x(z) = F(z). See [11, Theorem 4.1].

3. IMPE error formula for F(z) a vector-valued rational function with orthogonal residues

As in [11], we start our study of IMPE for the case in which the function F(z) is a vector-
valued rational function with simple poles, namely,

F(z) =u(z) + 3.1

>t
where u(z) is an arbitrary vector-valued polynomial, z1, ..., z, are distinct nonzero complex
numbers, and vy, ..., v, are linearly independent constant vectors in CN. Clearly, u < N.In

addition, we assume in this work that the residues of F(z) at its poles, namely, the vectors v;,
form an orthogonal set with respect to the inner product used in defining IMPE. Thus,

(vi,vj) =0 ifi # j. (3.2)
Example. Let A be an N x N diagonalizable matrix with eigenpairs (A;, w;),i =1,..., N, and
let b be an N-vector, and consider the solution to the linear system of equations (/ — zA)x = b.
Since wy, ..., wy span CN, there holds b = ZINZI a;w; for some scalars «;. Then, for z £ Ai_l,
i=1,..., N, thesolution to (I — zA)x = b has the representation

N

1 o Wi
x=F@)=U-zA)""b ; o
Thus, F(z) is precisely of the form described in (3.1). In case A is singular, u(z) = vy, where
vo is either an eigenvector of A corresponding to its zero eigenvalue or vy = 0; therefore, u(z)
is a constant polynomial. If A is nonsingular, u#(z) = 0. Whether A is singular or not, the z5 in
(3.1) are the reciprocals of some or all of the nonzero distinct A; (hence © < N), and, for each
s, Uy is a linear combination of the eigenvectors corresponding to the eigenvalue z; 1, hence is
itself an eigenvector of A, that is, Avy = z Yos, s = 1, ..., n. If A is a normal matrix, that is,
if A¥A = AA*, then A is diagonalizable and its eigenvectors are orthogonal in the sense that

wiw; = 0 fori # j. By this, we also have that the vy satisfy (3.2) with (x, y) = x*y.
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We now recall some technical tools that were used in [12], and will be used throughout this
work as well. The following lemma was stated and proved as Lemma A.1 in [13].

Lemma 3.1. Let iy, i1, ..., ix be positive integers, and assume that the scalars vj, ;, ... i, are odd
under an interchange of any two of the indices io, i1, ..., ir. Let t; j, i, j > 1, be scalars and let
oi, i > 1 be all scalars or vectors. Define

N N
N = Z Z Zato (1_[ tlp p) Vig,i1,....ix

i():] i1=1 lk 1

and
aio Uil O'l-k
lij,1 lip1 -0 Ligd
Jen = b 2 a2 vy
I<ig<ij<-<ix<N | : : :
livk ligk -0 ligk
Then

Iy v = Ji,N-

We note that Lemma 3.1 is used in conjunction with the multilinearity property of
determinants. The next lemma is Lemma 1.2 in [9].

Lemma 3.2. Let Q;(x) = Z;:O a,-jxj, with a;; # 0, i = 0,1...,n, and let x;, i =
0,1, ..., n, be arbitrary complex numbers. Then

Qo(xo) Qo(x1) --- Qolxn)
O1(x0) Qi(x1) --- Ql(xn) (”

Hal,> VX0, X1, - -+ X)), (3.3)

On(xo) Qn(x1) -+ Qn(xn)
where V(xg, X1, ..., Xy) = H0§i</’§n (xj — x;) is a Vandermonde determinant.

The next lemma is Lemma 3.3 in [12].

Lemma 3.3. Let w,(2) = (z — a)~L. Then, whether the & are distinct or not, wg[&n, ..., &),
the divided difference of w,(z) over the set of points {&y, . . ., &}, is given by
1 Vim—1(a)
@albm, - & = — =0 (34

Ym,n(a) Yin(a)

The following lemma is the same as Lemma 3.4 in [12], with the exception of (3.6), which
can be proved by invoking (3.2) and (3.5) in (D; », D ).

Lemma 3.4. Let F(z) be given as in (3.1). Let n —m > deg(u). Then, whether the &; are distinct
or not, the following are true:
(1) Dpp = Flém, ..., &l is given as in

EM WI m—1(2s)
m,n — E . 3.5
D, =1 w;n n(ZA l[fl n(Zs) 3
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Therefore, if (3.2) is satisfied, we also have

c Yi,m—1(2s) —
Dinvan = l‘S’—s i,s — s i— s)- 3.6
(Din: Din.n) s;a, e AN LR ZEICN (3.6)
(i) F(2) — Gmn(@) = Ymn(2)Flz, &m, - - -, Enl is given as in
= Yi1,m—1(2s) Ug
—Um,n = VYm,n s —_— s = Vi
Fz) — Gmn(2) = ¥m. (z);e ) raraaii ) — (3.7)

The next lemma, which is Lemma 3.5 in [12], gives the determinant representation of the error
function F(z) — R x(z), and we will be analyzing it in what follows.

Lemma 3.5. Let

Aj(2) =¥1,j(@[F@) = Gjp1,p@]. j=0.1,.... (3.9)
Then the error in R, i (z) has the determinantal representation
A(2)
F(@) = Rp () = ——, (3.9
! 0(2)
where Q(z) is the denominator determinant of R i (z) in (2.8) and
Ap(z) A1(@) - A(2)
u1,0 ui o oo Ulk
A(z) = | 420 w21 oo U2 | (3.10)
Uk,0 Uk, 1 t Uk k

We start with the analysis of Q(z), the denominator determinant of R x(z) in (2.8). The
following theorem gives a closed-form expression for Q(z) in simple terms, and is the analogue
of Theorem 3.6 in [12].

Theorem 3.6. Let F(z) be the vector-valued rational function in (3.1), and precisely as
described in the first paragraph of this section, with the notation therein. Let also

V)y(2) = ¥1,p+1(2). (3.11)
Then, with p > k + deg(u),

k -2
Q@) = Y Ty V@22 zs) [ GGs)| (3.12)
1<si<sp<-<sp<p i=1
where,

Ulsy Olsy - Ol g
o251 025 00 O k 5

Tyowe=| . . =T T s 12 ) Vs 2z -5 200, (3.13)
Ok,.sy Cksy - Ok

and V (xg, X1, ..., Xp) is the Vandermonde determinant defined in Lemma 3.2.
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Proof. Taking p > k + deg(u), and invoking (3.6) in (2.7), we first have

ui.j = (Dip+1. Djt1,p+1)

where o; 5 are as in (3.6). Thus, the determinant representation of Q(z) in (2.8) becomes

0() =

51

D
52

Y1,0(2)

Z“ Yr1,0(zs)
P, )P

¥1,0(zs,)

2 u'/p<zn>|2

Z Wl Y1.0@zs)
Ak, s,

| ¥y (2512

"

S
s=1

S0, )P

S1

>

52

S

Sk

wl,j(Zs)

Y1,1(2)

Z“ V1,1(2s;)
Y, ) 2

1/’1,1 (ZSQ)

W, (25,12

.wl,l (zs)

W, (2612

Y1k(2)
Zal Y1.x(2s)
= ()P

Zaz 1ﬂl,k(Zsz)
5 1Y) P

Since determinants are multilinear in their rows (and columns), we can take the summations
outside. Following that, we take out the common factors from each row of the remaining
determinant. We obtain

k k -2

Q(z)zZZ---Z(Hai,si) X (2. 25y2 2y -+ T

N ) Sk i=1 i=1
where

Y1,0000)  ¥1,1(00) Y1,k (o)
Y000 ¥1,1001) Y1.6(y1)

X(Y0, Y1, Y25+ Yn) = : : : . (3.15)
Y,00k)  ¥1,1(k) Y16 (k)

Now, since V1 (z) is a monic polynomial in z of degree r, Lemma 3.2 applies, and we also have

XG0 Y1y = V0o v oo = [ i = (3.16)

O<i<j<n

is the Vandermonde determinant. Since the product

k
1_[ Wp(zs,')
i=1

is odd under an interchange of any two of the indices s, ...,
obtain the resultin (3.12). N

-2

X(Z7 ZSI»Z_sz -"1ZS]()

sk, Lemma 3.1 applies, and we

It is worth noting that, even though the functions v, ,(z) that define X (yo, y1, ..., yn) in
(3.15) depend on the &, X (yo, y1, - .-, Yn) itself is independent of the &;. As a result, Q(z)
depends on the &; only via the products ]_[le ¥ (zs;). This has important implications in the
asymptotic behavior of Q(z) and hence of R, ;(z) as p — o0, as we shall see later in this work.

We next turn to A(z), the numerator determinant of F'(z) — R, x(z) in Lemma 3.5.
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Theorem 3.7. Let F(z) be the vector-valued rational function in (3.1), and precisely as
described in the first paragraph of this section, with the notation therein. With «; s, e5(z), and
Yp(2) as in (3.6), (3.7) and (3.11), respectively, define

(zs — Ep-i—l) g/p(zs)

&7(2) = () Up (29 (25 — Epi1) = o g (3.17)
— 2z
and
W@ W - ale
a1,50 a1,s; o1, s
TP L@ =% o2 g, (3.18)
Uk, 5o Ok, sq Ok sy
Then, with p > k + deg(u), we have
X -2
AD =V, Y T @ V@) |[[ G| - (3.19)
1<sp<s|<-<sp<p i=0
Proof. Taking p > k + deg(u), and invoking (3.7) of Lemma 3.4 in (3.8), we first have
Aj(z) = ¥, p(Z)F[Z Eiv1, .., €pl
Y1, (zs)
=Y1p@) ) es()———
P Z ’ ¥, p(Zs)
Y1, (2s)
= ¥1.,(2) Zaﬁ”)(z)’—vz. (3.20)
s=1 | Wp(Zs)|
Substituting (3.20) and (3.14) in (3.10), and factoring out ¥1,,,(z) from the first row, we have
Az) = ¥1,p(W(2), (3.21)
where
ZA([J) 1lll,O(ZS()) Z,{p) 1//1,1(150) ZA([)) wlﬁk(zso)
Il 2 el Tl
ZO!] N 1,0(Zs; ZD!] . 1,1(Zsy ZO!] N 1,k(Zsq
S1 }Wp(l(sl t s |g’p(Z(sl)L S1 ‘g’p(z(vl)L
W(z) = s Y1,0025,) s 1(Zs, s YiklZsy) (3‘22)
2 Wzml 2 Zl%mm 2 \%(zspl
lm,o(Zsk) ‘//l,l(lsk) Wl,k(Zxk)
Uy~ > U~ Uy~ >
Zk NN Zk NEAENIE ZA o

Proceeding as in the proof of Theorem 3.6, we first take the summations outside. Following that,

we take out the common factors from each row of the remaining determinant. We obtain

W=y ) - Zebo)@

S0 S1

)11

X(Z‘Yoa ZS] LR
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with X (yo, y1, ¥2, ..., ¥n) as given in (3.15). Since the product

X -2
l—[ kDp (Zs,') X(ZS()a Lspsoves ZSk)
i=0
is odd under an interchange of any two of the indices s, sy, . .., sk, Lemma 3.1 applies. Invoking

also (3.16), we obtain the resultin (3.19). N

Finally, combining (3.12) and (3.19) in (3.9), we obtain a simple and elegant expression for
F(2)— R 1 (z) when F(z) is a vector-valued rational function. This is the subject of the following
theorem.

Theorem 3.8. For the errorin R, i (z), with p > k-+deg(u), we have the closed-form expression

F(z) = Rp k(2) = ¥r1,p(2)

-2
k
7(p)
)y T8t st @ V s 2oy 0 29) | T] ¥ (2s)
1<sp<s)<--<sp<p i=0
- —. (3.23)
Z Tsl,sz,..i,sk Vi(z, Ls1sZspseees Zsk) ]_[ Wp (Zx,')
1<si<sp<---<sg<p i=1

Remark. When k = p in Theorem 3.8, the summation in the numerator on the right-hand side
of (3.23) is empty. Thus, this theorem provides an independent proof of the reproducing property
of IMPE.

4. Preliminaries to convergence theory

Let E be a closed and bounded set in the z-plane, whose complement K, including the point
at infinity, is connected and has a classical Green function g(z) with a pole at infinity, which
is continuous on JE, the boundary of E, and is zero on dE. For each o, let I, be the locus
g(z) = logo, and let E, denote the interior of I;. Then, E; is the interior of E and, for
1 <o <o/, thereholds E C E, C E,.

Foreach p € {1,2,...}, let

z, :[ fl’),gz(l’),...,g;'jl} (4.1)

be the set of interpolation points used in constructing the IMPE interpolant R, ¢ (z). Assume that

the sets =, are such that Ei(p ) have no limit points in K and

1/p
=k P(2); k = cap (E), P(z) = explg(2)], 4.2)

p+l

H (Z _ ;_(p))

i=1

lim
p—>00

uniformly in z on every compact subset of K, where cap(E) is the logarithmic capacity of E
defined by

1/n
cap(E) = nll)rrgo <min max |r(z)|) ; P, ={r(z) : r € I, and monic} .

reP, zeE
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Such sequences {f;‘l(p), 52([7), el gl(jfl} ,p=1,2,..., exist, see Walsh [15, p. 74]. Note that, in

terms of ®(z), the locus I, is defined by @#(z) = o for ¢ > 1, while dE = I is simply the
locus @(z) = 1.

Recalling that ]_[fill (z - éi(p)> = V¥, (2) [see (3.11)], we can write (4.2) also as in

pan&!Wp(z)wp =k 9(2), 4.3)

uniformly in z on every compact subset of K.
Itis clear thatif 7/ € [,y and 7" € I'y» and 1 < o’ < o”, then (') < Y(7").
The following lemmas that we use in our convergence study later were proved in [12].

Lemma 4.1. Let K’ be some compact subset of K. Then, for every € > 0, there is an integer py
depending only on €, such that

[(1 — kD)) < |¥,(2)| < [(1 + )k D],
forall z € K’ and for all p > py. 4.4)

Lemma 4.2. For every € > 0, there is an integer po depending only on €, such that
|, ()| < [(1+e)x]?, forallz € E and for all p > po. 4.5)

As a result, we also have that

limsup | ¥, (2)|'/? <« forallz € E. (4.6)
p—00

Lemma 4.3. Let () 7/, 7" € K and $(Z') < &), or (i1) 7' € E and 7’ € K. Then

v, @) [P B, .
p_)oo' 7, = 3, <1, case (i). 4.7
. v, |7 1 y
lim su P < <1, ii). 4.8
p_)oop 7, =%, case (i) (4.8)

In both cases,
W }/
p(Z) _ (4.9

im =
p—00 W,(z")
The result of Lemma 4.1 suggests that ¥,(z) behaves practically like [« ¢(z)]” as p — oo.
5. Convergence theory for rational F(z)

In this section, we provide a convergence theory for the sequences {R . k(z)};"=1 with k < p
and fixed, in case F'(z) is a vector-valued rational function with simple poles as in (3.1) and with
orthogonal residues as in (3.2). The theorems that we state in what follows can be proved as
those given in [12, Section 5]. Therefore, also to keep this work short, we only sketch some of
the proofs. In what follows, we continue to use the notation of the preceding sections.
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Note that, by the reproducing property mentioned in Section 1, for k = u, Ry x(z) = F(z)
for all p > pg, where po — 1 is the degree of the numerator of F'(z). Also, as we will let p — oo
in our analysis, the condition that p > k + deg(u) is satisfied for all large p. Recall that it is this
condition that makes the results of Section 3 possible.

We now turn to F(z) in (3.1). We assume that F'(z) is analytic in E. This implies that its poles
21, ...,2y are all in K. We order the poles of F(z) such that

P(z1) = P(z2) = -+ = D(zp). (5.1

By Lemma 4.3, if 7’ and z” are two different poles of F(z), and @(z') < @(z”), then 7/ and z”
lie on two different loci I';» and I',~. In addition, 6’ < o”, that is, the set E,- is in the interior
of E .

5.1. Convergence analysis for Vp, 1 (2)

We now state a Koenig type convergence theorem for V), x(z) and another theorem concerning
its zeros [equivalently, poles of R x(z)], assuming that ®(zx) < P(zx41). These results
are analogous to, and in the spirit of, the ones given in Sidi [7] for denominators of Padé
approximants. They are also similar to the corresponding results pertaining to IMMPE given
in [12], but show twice as good performance for IMPE as that for IMMPE. We will remark on
this further at the end of this subsection.

Theorem 5.1. Assume

P(zk) < P(zit1) =+ = P(h4r) < P(Ziqr+1), (5.2)
in addition to (5.1). In case k +r = u, we define Y(2j4+r+1) = 00. Then, there holds

k -2 2
V) (2k)
Q@) =T V@ z.....w |[[ @) [1+0]|]|2
i=l1 Ppk
as p — 0o, 5.3)
uniformly in every compact subset of C\ {z1, z2, ..., 2k}, where
| Zp| = min [ Giee))]- (54)
Thus, with the normalization that ¢ = 1, and letting
k
S@) =[G -z (5.5)
i=1
there holds
70|
z
Vou(2) — S =0 | |22 as p — oo, (5.6)
p.k

from which we also have

limsup |V, (z)—S(z)|1/p<[ (k) T<l (5.7
s | = o] = '
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Proof. By (5.1), (5.2), Lemma 4.3, and the fact that

k
Ti . k= (H ||vi||2> Vi, ... 20 #0, (5.8)
i=1

which follows from (3.13), asymptotically as p — oo, the largest term in (3.12) is that with
the indices (si,...,sx) = (1,...,k). The next largest terms are those with (si,...,sx) =
(I,....k—=1,k+j), 1 < j < r. Obviously, we have lim;, . [Wp(zk)/ Wp,k] = 0. This
completes the proof of (5.3). The proof of (5.6) can be achieved by noting that

k
V2t = D Ve [Je— ). (5.9)
i=1

The proof of (5.7) follows from (5.6) and (4.3). N

Theorem 5.1 implies that, for all large p, V), 1 (z) has precisely k zeros that tend to those of
S(z). In the next theorem, we provide the rate of convergence of each of these zeros.

Theorem 5.2. Under the conditions of Theorem 5.1, V), x(z) is of degree exactly k. Let us denote

its zeros zﬁp), el z,((p). Then limp_, z,(,f) =2zm, m = 1,..., k. In addition, we have the refined
result
r 2
(p) my | Yp@m)
Im — Zm ™~ CV|l———| +--- asp— oo (5.10)
m m j; J Wp(zk—‘rj)

where C;.m) are scalars independent of p given by

2
2 k
Vs : Zewi — Zi
C;m) _ Il k+/! 1—[ k+j i Grrj—2m)s J=1i.oir, (5.11)
||Um|| i=1 im — Zi
i#m
from which
V) |
P =22 as p — oo, (5.12)
Yp .k

with A&T;p,k as in (5.4). From this, it follows that

1/ 7 2
lim sup |z % —zm‘ "< [ (@m) ] <1. (5.13)
p—>00 D(zk+1)

Remark. The summation in (5.10) is the first term in the asymptotic expansion of zf,{’ ) _ Zm, and

“...” stands for the rest of the terms in this expansion that are of higher order.
Proof. We start with the following asymptotic equality that is given in [12]:

» Vpk(zm)
MG ~ _ YpkZm)

—Z as p — o0. 5.14
m V) p (5.14)
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Since Q(z) in (2.8) is a constant multiple of V), x(z), this asymptotic equality can be rewritten as
in

»_ . Qm)

o T O 2

Differentiating both sides of (3.12), and letting z = z,,,, we have

as p — oo. (5.15)

)
k
Q' (zm) = Yo Tyowa™ A %G| (5.16)
1<si<sp<-<sp<u i=1

where

aimz ..... s = V(@220 2y)

dZ 2=Zm
d X
k
= (_1) V(ZS]?Z_S‘Z?..-,Z_;‘]() |:d_z U(Z_Zs,-):| (517)
i=1 Z=Zm
Proceeding as in the proof of Theorem 5.1, we see that, because
k
a%')',’.)”k =V, 2) H(Zi —zm) #0,
im
the dominant term as p — oo in the summation of (5.16) is that with (s1, ..., sx) = (1, ..., k),
the rest of the terms being negligible. Therefore, Q'(z,,) satisfies the asymptotic equality
r -2
Q'(em) ~ Thoka™ [ ¥oe)|  asp— 0. (5.18)
i=1

Setting z = z,, in (3.12), and recalling that V (yo, y1, ..., yx) vanishes when any two of the y;
are equal, we have

‘ -2
QGm) = Y. TV G@me s 2y -2 250 || | Zplasy) (5.19)
ek =l
The dominant terms in this summation are those with
$1yeess)=0,...om=1,m+1,... . k,k+j), 1=<j<r,
the rest of the terms being negligible. Thus,
g NEASOE:
Q(zm) ~ ;Agm) 11 ¥, (zi) ‘m +--- as p — 00, (5.20)
where
Aﬁm) =T1,om—tm1,kkt V @ms 215 - oy Zm—1s Tmt1s - -5 Zhs Tkt j)

j=1...r (5.21)
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Combining (5.18) and (5.20) in (5.15), we obtain

- A;'m) wp (Zm) 2

L) ‘
m
-1 11 kagf’?.),,k !pp(Zk+j)

as p — oo, (5.22)

—Zm ™~ —

yeues

which is legitimate because (5.18) is an asymptotic equality. After some tedious manipulations,
it can be shown that

(m)
_L —c'm.
T, kaifr_l.)_,k !

From this and from (5.22), the result in (5.13) now follows. (5.12) follows directly from (5.10),
while (5.13) follows from (5.12) and (4.3). N

Remark. If we replace IMPE by IMMPE, from [12, Theorems 5.1 and 5.2], we have that

. 1/p D(zx)
limsup |V, x(z) — S(2) <
p—o0 Ve | D(zk+1)
and
1/ ®
lim sup z,(,f’)—zm’ pf &) , m=1,...,k.
P00 D(zp+1)

Comparing these results for IMMPE with (5.7) in Theorem 5.1 and with (5.13) in Theorem 5.2
of the present work, we realize that, in the presence of orthogonal residues, V), x(z) and zfrf’ ),

m =1, ..., k, converge with IMPE twice as fast as they do with IMMPE.
5.2. Convergence analysis for R i (z)

We now continue with the analysis of F'(z) — R x(z), as p — oo. Throughout the rest of this
work, ||Y || denotes the vector norm of Y € CV.

Theorem 5.3. Under the conditions of Theorem 5.1, R, 1 (z) exists and is unique for all large p
and satisfies

r k * — . .
F(2) = Rpi() ~ Y (]—[ Lt Z’) Uri V1@ s e (5.23)

S\l TTE ) T e Y1, p(Tk+j)
and hence
!pp (2)
F()=Rpi(z2) =0 | —= as p — 0o, (5.24)
Yy k
uniformly on every compact subset of C\ {z1, ..., z,}, with ’y:/p,k as defined in (5.4). From this,
it also follows that
. D(z ~
lim sup “F(z)—Rp,k(z)”l/p L 2@ eK=K\{z1,...,2u}s (5.25)
p—>00

= D(zkt1)



90 A. Sidi / Journal of Approximation Theory 155 (2008) 75-96

uniformly on each compact subset of K, and

. 1/p 1
limsup || F(z) — Ry x(2) <——, z€EL, (5.26)
p—>oop ” Pk ” D(Zk+1)

uniformly on E. Thus, uniform convergence takes place for z in any compact subset of the set
K, where

Ki=1{z: @) < S\ {21, - 1)

Proof. We have already analyzed Q(z) in Theorem 5.1 and obtained the result in (5.3), from
which we also have the asymptotic equality

k
[1#Gn
i=1

that holds uniformly in every compact subset of C\ {z1, 22, - . . , 2k }. This shows that, for all large

P, Vp k(z) is such that Vp,k(éi(p)) # 0,fori = 1,..., p, and large p, and that the condition in
(2.10) is satisfied because

-2

Q@) ~T..xkV(z 21, 20) as p — oo, (5.27)

ui,o Uil o UlLk-1

uzo0 Uu21 e U k-1
. . = (=D QW (0)/k!,

Uk,0 Uk - Ukk—1
and that, by (5.27),
-2
0 ) ~ (=D'KiTy

..... V(... 2k) #0 asp— oo.

k
[]%G)
i=1

Under these, R, 1 (z) exists and is unique for all large p, as mentioned in Section 2.
To complete the proof, we need to analyze the asymptotic behavior of A(z). From (3.19)

in Theorem 3.7, we realize that it is necessary to analyze the asymptotic behavior of the

T}E)p ‘31,___“;,( (z) as p — oo first. Expanding the determinant representation of /T\g(op 31,,_4,3,( (z) given

in (3.18) with respect to its first row, we have

k
T @ = > wi e @1 wi= (=D Ty syt
=0

By (3.13), the cofactors w; are independent of z and p. By (3.17), since so < 51 < --- < s and
due to Lemma 4.3, and (5.1), there holds

Ty = O (¥y(z5))  as p— o0,
In case P(z5,) > P(z5,_,), again by Lemma 4.3, we actually have the asymptotic equality

T @ ~wied @) asp— oo

P\NT 77y
(zg — & 1)!pp(zs,)
~ (=D s - zp+z k vy, as p — 0o. (5.28)
— z4
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Turning now to A(z), arguing as before, we have that, by (5.2), the dominant terms in the
summation in (3.19) as p — oo are those having indices

(50,815 .--,8t)=(,....k,k+j), 1=<j<r
The rest of the terms are negligible by Lemma 4.3. Thus, uniformly in every compact subset of

the set C\ {z1, ..., z,},

A(z) N ~(p) V(@ly e ks Tht))
m ~ 2 1,.‘.,k’k+j(Z) -
j= ‘ Yp(Zktj) | |1 W, (zi)

1=

5+ asp— oo, (5.29)

which, by (5.28) and (3.11), becomes

k
V(zi, .oz [ @kt — zi)
AR) (—1)k2r:T1 . L T
Y1,p(2) = k 2z — k4
Wl,p(Zk+j) H wp(zi)
i=1
as p — oo. (5.30)

Combining (5.27) and (5.30) in (3.9), and invoking (5.9), we obtain (5.23). (5.24) follows directly
from (5.23), while (5.25) follows from (5.24). This completes the proof. W

5.3. Approximation of residues

With Theorems 5.1 and 5.3 available, we now show that the residues of R (z) converge to
corresponding residues of F(z).

Theorem 5.4. Assume the conditions of Theorems 5.3 and 5.2. Form =1, ...k, let

v,(,lp) = Res RP'k(Z)‘z:zﬁnp)'

Then, limp_, oo v,(,f ) = V. In fact, we have

(]
timsup | — v /7 < —2Zm)_

=< < (5.31)
P00 D(2k+1)

Proof. Let € > 0 be such that the set D,,,(¢) = {z : |z — z| < €} does not contain any of the

poles z;, i # m.By Theorem 5.2, for all large p, D,,(¢) contains z,(,{’) but not zfp), i # m. Then,
by Cauchy’s theorem,

(p) 1
— = — R - F dz.
o o 27 3D,,,(e)[ Pk @ (Z)] :

Here, the path dD,,(¢) is traversed in the counterclockwise direction. By the fact that (see,
Ortega [5, pp. 142-143])

‘f H(z)dz
0Dy (€)

sf IH 1z,
0Dy, (€)
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we have
1
0P —pll < — [Rp.x(z) — F(2)|l |dz]
27 J 9De)
<e max [Ryx(2) — F@)|.
20Dy, (€)
Thus,

Vr ¢ NG
limsup [[vs” — vy |'/? < lim sup < max |[Rpx(z) — F(Z)") < 2m +06))
p—>00 p—oo \Z€IDp(€) ¢(Zk+1)

for some §(¢€), |6(¢)| < €. Clearly, (z,, + 6(€)) > D(z,,). By Theorem 5.3 and the fact that €
can be taken to be arbitrarily close to zero, the result in (5.31) follows. W

Another result that concerns the approximation of H(z,,), where H(z) is a scalar-valued or
vector-valued function analytic at z = z,,, is given in the next theorem.

Theorem 5.5. Let H(z) be a scalar-valued or vector-valued function analytic at z = 2z,
m e {l,...,k}. Then H(z;,) can be approximated by H (z(p ) ) as follows:

HE) = Hzm) ~ H ()@ — zm)  as p — o0, (5.32)
hence
2
lim sup |H (z\7) — H(zm)|"/? <[ lzm) ] (5.33)
P00 D(zk+1)

Proof. The assertion in (5.32) follows from
H@l) = Hzm) + H' @)@ — zm) + 0z — znl?) s p — o0,

and from the fact that lim,_, z,(,f’ ) — Zm- The assertion in (5.33) follows from (5.32) and from
Theorem 5.2. M

6. Extension to infinite dimensional spaces

In this section, we extend the results of the previous sections to functions F(z) that are
meromorphic in the whole complex plane and that belong to an infinite dimensional inner product
space X. Thus, we are interested in functions F : C — X that are of the form

F@2) = Zu,z +Z

where u; and v are vectors in X, u; being arbitrary while vy satisfy
(vi,v;)) =0 ifi # j. (6.2)

Here, (-, -) is the inner product on X. The scalars z; are distinct and satisfy lim;_, o |z5] = 00.
Consequently, there can be only a finite number of them having the same modulus. Of course,
the infinite series in (6.1) converges in the complex plane with the poles z; excluded.

Such functions arise, for example, when X is a Hilbert space, and F(z) is the solution to the
operator equation (I — zA)x = b, where A is a compact self-adjoint operator on X. It is known

6.1)
Z— Zs
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that A has eigenpairs (A;, w;) (i.e., Aw; = Ajw;),i = 1,2,...,suchthatA; # 0,1im; o A; =0,
(wi, wj) = &j, and {wy, wy, ...} is a basis for X. Then, letting b = Z;’il o; w;, we obtain,

o0

Fy=U—-z4""b=)"

i=1

o
1- Z)\.i

w;j.

It is clear that this F(z) is of the form given in (6.1) and (6.2), with the z; being some or all
of the Ai_l; cf. the example in Section 3.

An important example of such F(z) arises in the Hilbert—Schmidt theory of Fredholm integral
equations of the second kind, namely,

b
u(x) — Z/ Kx,Hu@®)dt = f(x), a<x <b, (6.3)

where K (x, t) is real and continuous for (x, t) € [a, b] X [a, b] and satisfies K (t, x) = K (x, 1).
The space X in this case is Ls[a, b], the space of square-integrable functions on [a, b], with
the inner product (g, h) = fab g(x)h(x) dx. Also, there exist functions u;(x) € L»[a, b], and
real scalars z;, i = 1,2,..., of finite multiplicity, such that z; fab K(x,Hu;(t)dt = u;(x),

lim; _ o0 7; = 00, and fab u;j(x)uj(x)dx = §; ;. In addition, these functions span L>[a, b]. Thus,
u(x), the solution to (6.3), is given by

wy =3 L)y 2D 2 ), (6.4)

—1-z/z = z-—z

The analysis of the previous sections concerning rational F'(z) catries over to the cases of this
section without any changes once we replace the integer w in the previous sections by oo. In
what follows, we sketch the justification of this claim.

As before, we assume that the points of interpolation are as in Section 4 and that the poles z
of F(z) are ordered such that

P(z1) = P(z2) =--- . (6.5)

By the fact that lim,_, o0 |z5| = 00, we have that lims_, 5o ®(z5) = o0 as well.
We first choose integers k and w such that

k<p, B0 < B, B < Pzurn) = p. (6.6)

[That there are infinitely many integers k and u for which (6.5) holds follows from the fact that
there can be only a finite number of the z; having the same modulus.] Next, we rewrite (6.1) as
in

F(z) = Fo(z) + O(2), 6.7)
where
v . M Ve o Ve
Fo(z) = Zuiz’ + Z - and O(z) = Z —. (6.8)
i—0 s=1 Z— ZS S:[L+l Z— Zs
Clearly, Fy(z) is a rational function with simple poles zi, ..., z, all in the set E, and O(2) is

an analytic function in E,, where E, = {z : #(z) < p = P(z,41)}. Concerning the function
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O(z), we know that (see [12, Lemma 6.1])

1/p 1 1
lim su H@ (p),.. () H < —=—, 6.9
p—>oop éJ—H EP—H Tk D(zpt1) Kp (©9)
and
1/p 1 1
lim su; H@ <p),..., (P) H <=
p—>oop @8 b kP(zus1) kP
uniformly in every compact subset of E,,. (6.10)
Now,
Dm,n = F[Ema s En] = FO[EWM s Sn] + Q[Ema ceey Sn]a (611)
where, by (3.5),
1/fl m—1(2s)
Folém, ..., &1 =— ., n—m>v, (6.12)
" ! Z WI n(2s)
Ole, ... En] = Z yy Pm=1(s). (6.13)
s=pi+1 I»[/1 n(zs)

and the infinite series in (6.13) converges because that in (6.1) does. Consequently, by (6.2),

(Folém, ..., &1, OlEw, ..., Ex]D) =0, n—m > v. (6.14)
Asaresult, withn —m >vandn' —m’' > v,
(Dm,nv Dm/,n/) = (FO[“;:mv R Sn]v FO[";:m/v R} Sn/])
+ (Q[SYI’I?’EVLL @[Sm’,-nvén’])- (615)
With (6.12) and (3.6), and recalling (2.7), u; j = (Dj p+1, Dj+1,p+1) becomes
"
I/fl, i(zs)
ujj = Zai,sj—z + (O, ... Eptr1], OlEjt1, ..., Ept1]),
=1 |Wp(zs)|
for all large p, (6.16)

where «;  are as in (3.6). Now, by the Cauchy—Schwarz inequality,

|(Ol&i, ... Eps1], OLEjs1, ... Epr])| < | Ol ... Epa]| | OLEj41. - Epsal] -

From this and (6.9), we therefore have

1/p 1 1
li ﬂp) (») e — )
1;11)501? ‘(9[51 €p+1 9[§j+1’ ’ é:p+1])} = [ @(Z/H_l)]z (kp)?

In other words, the term contributed to u; ; by ©(z) is asymptotically of the order of
1/1¥p(zps1) |2 and hence is dominated by the uth term of the summation in (6.16). Substituting
(6.16) in the determinant Q(z) in (2.8) and (3.9), and going through the steps of the proofs of
Theorems 3.6 and 5.1, we can show that the dominant term in the expansion of Q(z) is that given
in Theorem 5.1, despite the presence of @ (z) as part of F(2).
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Similarly, A;(z) in (3.8) becomes, for all large p,
A](Z) = l/fl,p(Z) (FO[Z’ éj+]’ cee Ep] + 6[27 Ej+17 e §p+1])

- I»lfl,j(zs)
=1, [ D es@ "2+ Oz, Ej41, . Epy]
s—1 wl,p(zs)
"
V1, (2s)
= V1, [ Yo @=L 4 Oz b Epa] (6.17)
ra W) (2s)]
s =(p) : T : R ()
with ‘es”'(z) as in (3.17). From (6.10), it is clear that, with & = §’, the term
Olz, E;i)l, R S;’f]] in (6.17) is asymptotically of the order of 1/ ¥, (z,+1) uniformly in every

compact subset of £, and hence is dominated by the uth term of the summation in (6.17).
Substituting (6.17) and (6.16)in the determinant A(z) in (3.9) and (3.10), and going through the
steps of the proofs of Theorems 3.7 and 5.3, we can show that the dominant term in the expansion
of A(z) is that given in the proof of Theorem 5.3, despite the presence of ©(z) as part of F(z).
The rest of the results now follow easily.
Finally, we would like to remark that if the polynomial ) _}_, u;z' in (6.1) is replaced by a
vector-valued entire function H (z), so that

Vg

FQ) =H@+)
s=1

b
— Z_Zs

the results of Section 5 continue to remain unchanged. The reason for this is that the divided
differences of H(z) now satisfy, for every p > 1,

1/p 1
lims HH 1 H < —
11)4)ol<ljp [él ser]] — Kp
and
: (p) ®|r_ 1 . :
lim sup H Hlz, &, ..., §P+1]H < E, uniformly in every compact subset of C.
pA)OO

This is so by [12, Lemma 6.1], because H(z) is analytic in every set E,, where p can be
arbitrarily large. In other words, even though none of the divided differences of H(z) of high

order vanishes, H[z, Ei(p)7 R 5,(7121] tends to zero as p — o0, uniformly in every compact subset

of C, faster than 1/ ¥, (z,) for every s; thus, H|z, Ei(p), e, 51(;'4’_)1] = 0O YP)as p — oo, for
every y > 0. As aresult, the contribution of H(z) to u; ; and A;(z) can be safely ignored in the
asymptotic analyses of Q(z) and A(z). We can now continue as above with

F(z) = Fo(z) + O(2) + H(2),

where
) >0 v
Fo(z) = g and 6O(z) = B
@ =2 @=2,
s=1 s=p+1
but

FIED, e~ RIE”, . e 1+ 61", &1 asp — oo,
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that is, as if F'(z) were given as in (6.1), and again produce the results of Section 5 without any
changes.
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