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A de Montessus Type Convergence Study
of a Least-Squares Vector-Valued
Rational Interpolation Procedure 11
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Abstract. We continue our study of convergence of IMPE, one of the vector-
valued rational interpolation procedures proposed by the author in a recent
paper, in the context of vector-valued meromorphic functions with simple
poles. So far, this study has been carried out in the presence of corresponding
residues that are mutually orthogonal. In the present work, we continue to
study IMPE in the same context, but in the presence of corresponding residues
that are not necessarily orthogonal. Choosing the interpolation points appro-
priately, we derive de Montessus type convergence results for the interpolants
and Konig type results for the poles and residues.
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1. Introduction

In a recent work [I5], we presented three different kinds of vector-valued rational
interpolation procedures. These were modeled after some rational approximation
procedures from the MacLaurin series of vector-valued functions developed in
Sidi [13], which in turn had their origin in vector extrapolation methods. Vector
extrapolation methods are used for accelerating the convergence of certain kinds
of vector sequences, such as those produced by fixed-point iterative methods
on linear and non-linear systems of algebraic equations. Some of the algebraic
properties of these interpolants were already mentioned in [15], and their study
was continued in another paper [16] by the author.
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All three methods produce two-dimensional arrays of rational functions

Upi(2)
Rp,k(z) - V;),k;(z) )
where U, x(2) is a vector-valued polynomial of degree at most p — 1, while V, ;(2)
is a scalar-valued polynomial of degree k. In all three methods, the R, ; (%) inter-
polate F'(z) at p points counting multiplicities. The methods differ only in the
way their denominators V), ;(z) are determined. We can order the approximations
such that the sequence { R, (2)}52, form the kth row in the table.

Two of these procedures, namely, those denoted IMMPE and IMPE, were studied
in the context of meromorphic vector-valued functions by the author recently:
IMMPE was studied in [17] for functions having simple poles. IMPE was studied
in [I8] for functions having simple poles and mutually orthogonal residues, and
the orthogonality of the residues enabled the author to employ the techniques
of [I7] successfully with minor changes.

In the present work, we continue to study IMPE. As in [18], we assume that the
functions being interpolated are meromorphic with simple poles, but we do not
assume that the corresponding residues are mutually orthogonal. The techniques
we use to tackle this more general situation are based on those we used in [17]
and [18], but are considerably more involved.

As the definition, construction, and algebraic properties of IMPE have been
reviewed in [I8], we do not go into the details of these topics. We give a very
brief summary of them in the next section, and refer the reader to [15] [16, 18]
for details. We also use the next section to set part of the notation that we use
throughout.

We first consider the application of IMPE to vector-valued rational functions F'(z).
In Section [3| we derive a closed-form expression for the error when the function
F(z) being interpolated is rational with simple poles. The main results of this
section are Theorems [3.2H3.4] which form the starting point of the convergence
analysis in the subsequent sections. In Section {4 we present the choice of the
points of interpolation and its consequences. Starting with the developments of
Sections [3] and [4, in Section [5] we present a detailed convergence theory, con-
cerning vector-valued rational functions F'(z) with simple poles, for sequences
of interpolants R, ;(z) whose denominators are of a fixed degree that may be
much smaller than the number of poles of F(z), while the number of interpo-
lation conditions (hence the degree of the numerators) tends to infinity. This
theory provides us with a de Montessus [10] type theorem (Theorem con-
cerning the convergence of R, ;(z) as p — oo, and Konig [9] type theorems (The-
orems and [5.3) concerning the denominator polynomials V, (z) and their
zeros as p — ool The results of Section |5 show that rational interpolation with

! Actually, Konig’s Theorem concerns only the [n/1] Padé approximants as n — oco. The
generalization of Konig’s theorem concerning the convergence of the denominator polynomials
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a small and fixed number of poles can help approximate a rational function F'(z)
that has a large number of poles very accurately in the largest possible region
depending on the location of the poles of F(z) and the number of poles of the
interpolants being considered.

Finally, Section [0] is concerned with the extension of the results of Section [3] to
functions that are meromorphic in some domain of the complex plane but are
not necessarily rational.

The following conclusions are drawn from the results of [17, [I8] and the present
work, as IMMPE and IMPE are being applied to meromorphic vector-valued
functions F'(z):

(i) IMPE and IMMPE provide the same rates of convergence for the inter-
polants.

(ii)) When the residues of F'(z) are not mutually orthogonal, IMPE and IMMPE
provide the same rates of convergence for the denominator polynomials and
poles of the interpolants as well.

(iii) When the residues of F'(z) are mutually orthogonal, IMPE produces twice
as fast convergence for the denominator polynomials and poles as IMMPE.

(iv) The error formula for IMPE obtained in the present work is valid in the
presence of both orthogonal and non-orthogonal residues, and it reduces
precisely to that of [I§] when the residues of F'(z) are mutually orthogonal.
This is not true for the error formula pertaining to poles, however; poles
related to orthogonal residues seem to have a special and more favorable
convergence property.

Our results are in the spirit of those given by Saff [11] for the scalar rational in-
terpolation problem and by Graves-Morris and Saff [4, [5] [6], [7] for vector-valued
rational interpolants and vector-valued Padé approximants: the conditions im-
posed on the points of interpolation in our case are exactly those of [11, [4] [6],
and, when expressed as a pth root asymptotic result, our de Montessus type
convergence result for R, ;(z) as p — oo is analogous to those of [11, 4, [6]. We
are also aware of a Konig type result [concerning the denominator of R, ;(z)] in
[, Eq. (2.10)]. Our method of interpolation (that is, IMPE) is different from
those in [4, [6]. So are our proofs; they employ linear algebra techniques that are
analogous to those developed in Sidi, Ford, and Smith [19] and used in Sidi [12] in
the study of Padé approximants. In addition, the techniques we use here enable
us to obtain optimally refined results in the form of asymptotic expansions and
asymptotic equalities.

of the [n/k] Padé approximants with arbitrary k is already contained in the arguments given
in [I0]. For different treatments concerning this generalization, see Golomb [2], Gragg and
Householder [3], Householder [§], and Sidi [I2], for example. In addition, rates of convergence
of the poles of the [n/k] Padé approximants as n — oo are provided in [I2]. For a summary of
this subject, see Sidi [14, Cha. 17, Sect. 17.8].
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2. Review of algebraic structure of IMPE

Let F'(z) be a vector-valued function such that F': C — CV. Assume that F(z) is
defined on a bounded open set {2 C C and consider the problem of interpolating
F(z) at the points &;,&, ..., in this set. We do not assume that the &; are
necessarily distinct; thus we allow interpolation in the sense of Hermite. See [15]
and [16].

First, we define the scalar polynomials ., ,(2) via

n

21)  Caa(x)=][E=&), n=2m>1  Ypma(z)=1, m>1.

r=m

Next, we define the vectors D,,, via

(2.2) Do = Flém, Emsty - -5 Enl, n>m,

where F[§] = F (&) and F[&, &1, - - -, &1s) 1s the divided difference of order s of
F(z) over the set of points {&,& 11, ...,&+s}. With these, G, ,(2), the vector-
valued polynomial (of degree at most n—m) that interpolates F'(z) at the points

Ems Emats - - -, &n in the sense of Hermite, has the Newtonian form
(2.3) Gnn(2) =Y Dy i1 (2).

For divided differences and the Newton interpolation formula, see, for example,
Atkinson [I] and Stoer and Bulirsch [20].

The vector-valued rational interpolants to the function F(z) developed in [15]
are all of the general form

k
Upi(2) ijo ¢; ¥1,j(2) Gjt1p(2)
Voi(2) >0 € 1(2)

where p and k are arbitrary positive integers, and cg,cq,...,c; are complex

scalars. For IMPE, the ¢; are defined as the solution to the linear least-squares
problem

(24) Rp,k(Z) =

)

k
(2.5) min Z ¢;iDji1p41]|, subject to ¢, = 1.

€05C1 5+, Ch—1 0
Here ||-|| is a vector ly-norm that is induced by some inner product (- ,-). That is,

for any vector z € C, we have ||z|| = \/(z, z). We also define this inner product
such that, for arbitrary z,y € CY and a, 3 € C, we have (ax, 8y) = af(z,y).
Note that the ¢; are determined by the function values F(;), 1 < i < p + 1,
while R, (&) = F(&), 1 <i <p.

The denominator polynomial V,;(2) of R,x(z) is a symmetric function of &,

i=1,...,p+ 1, and R,x(z) itself is a symmetric function of &, i = 1,...,p,
provided V, x(&) #0,i=1,....,p.
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Provided a unique solution to these equations exists, R, x(z) has a determinantal
representation given as in

V10(2) Gip(2) ¥1,1(2) Gop(2) - Y1x(2) Grprp(2)
U1,0 Ui e Ui,k
U2.0 U211 T U2 k
P(z) Uk,0 U1 Uk, k
(2.6) Rpu(2) = = : ’ : :
P Q(Z) @Dl,o(z) ¢1,1(Z) ¢1,k(2)
U1,0 Uyl - Uk
U2,0 U1 - Uk
Uk,0 Uk - Ukk
where
(2.7) uij = (Dipi1, Djy1pr1)-

Here, the numerator determinant P(z) is vector-valued and is defined by its
expansion with respect to its first row. That is, if M; is the cofactor of the term
Y1,j(2) in the denominator determinant ((z), then

k
2o Mt (2) Gigap(2)
= b ,
> im0 Mj (=)
A unique solution for the c; exists provided M}, # 0. This also guarantees the
uniqueness of R, ;(z) provided V, (&) # 0, ¢ = 1,...,p. For M, # 0 to be
true, it is necessary and sufficient that the vectors D 11, Dapi1, ..., Dipy1 be

linearly independent. It is shown in [16, Sec. 2 & 5] that this holds when F(z)
is a vector-valued rational function of the form

(2.9) F(z)=u(z)+ Y Z (Zf—fz)]

s=1 j=1

(2.8) R, x(2)

where u(z) is an arbitrary vector-valued polynomial, the vectors vy; € CV,
1 <7 <r, 1< s <o, are linearly independent, zy,..., 2, are distinct points in

Cand k<> 7  ry <N.

The denominator polynomial V, x(2) of the IMPE interpolant R, (2) is a sym-
metric function of all the & used to construct it, namely, of &, &, ..., &+1, while
R, () itself is a symmetric function of the points of interpolation, namely, of
1,62, ...,&. That is, R,x(z) is independent of the order of the interpolation
points &, ..., &,. See [16, Lem. 3.4 and Thm. 3.5].

Let F(2) be a vector-valued rational function of the form F(z) = ~(z)~/‘~/(z),
where U(z) is a vector-valued polynomial of degree at most p — 1 and V'(z) is
a scalar polynomial of degree exactly k. Provided the cofactor M in (2.8)) is
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non-zero and V,x(&) # 0, @ = 1,...,p, holds, IMPE reproduces F(z), that is
R, 1(2) = F(z). See [16, Thm. 4.1].

Finally, the error in R, ;(z) has the determinantal representation
A(2)

Q(z)’

where Q)(z) is the denominator determinant of R, x(z) in and

(2.10) F(z) = Ryx(z) =

Ag(z) Ay(2) -+ Ag(2)
Uio U1 - Ulk

(211) A(z) =] Uzo U2ttt Uk | Ag(2) = (2) [F(2) = Gynp(2)],
Uko Uk1 - Ukk

3. IMPE error formula for F(z) a vector-valued rational
function

As in [17] and [I8], we start our study of IMPE for the case in which the function
F(z) is a vector-valued rational function with simple poles, namely,

o
v

3.1 F(z) =u(z ®

(31) () =ulz) + 30
s=1

where

(i) u(z) is an arbitrary vector-valued polynomial, 2y, ..., 2, are distinct com-

plex numbers, and
(ii) the corresponding residues, namely, vy, ...,v,, are constant vectors in CV,

which we assume to be linearly independent, and
(iii) the v; are not assumed to be mutually orthogonal with respect to the inner
product used in defining IMPE.

Clearly, u < N.
Example. Let A be an N x N diagonalizable matrix with eigenpairs (\;, w;),

1=1,...,N, and let b be an N-vector, and consider the solution to the linear
system of equations (I — zA)x = b. Because wy,...,wy span CV, we have
b= Zf\il a;w; for some scalars a;. Then, for z # A7 i =1,..., N, the solution

to (I — zA)x = b has the representation

oWy

r=Fz)=(—-2A)"0=>)_

i=1
Thus, F(z) is precisely of the form described in (3.1). In case A is singular,
u(z) = wo, where vy is either an eigenvector of A corresponding to its zero
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eigenvalue or vy = 0; therefore, u(z) is a constant polynomial. If A is non-
singular, u(z) = 0. Whether A is singular or not, the z, in are the reciprocals
of some or all of the distinct non-zero A; (hence u < N), and, for each s, v, is a
linear combination of the eigenvectors corresponding to the eigenvalue z; !, hence
is itself an eigenvector of A, that is, Av, = z; v, s =1,..., u.

We now recall some technical tools that were used in [I7] and will be used
throughout this work as well. The following lemma is the same as Lemma 3.4
in [17], with the exception of (3.4), which can be proved by invoking in
(D wy Dinv). Both parts of this lemma can be proved with the help of the
result

_ 1 ¢1 m—l(a)
3.2 Wal?z) =12 —a ! = waémw"aén:_ = - - )
32wl =) | I @ T )
and by recalling that g[xg, x1,. .., 2, = 0 whenever g(z) is a polynomial in = of

degree less than q.

Lemma 3.1. Let F(z) be given as in (3.1). Let n—m > deg(u). Then, whether
the & are distinct or not, the following are true:

(1) Dy = Flém, ..., &) is given as in

(3:3) D = _Z %men Zs) Z wtl/:n 1258 '

Therefore, we also have

Boop 7
wlm’ 1 Zr) zﬂlm l(zs)
3.4 Dm’n’aDmn r,s T y rs — \Ur, Us).
(34) (D, Z;Z;a ) e ars = (vy,0,)

(i) F(2) = Gmn(2) = F2,&m, - - ., &almn(2) is given as in

(35)  F(2) = Gon(2) = (2 Zes yrmorlz)

wl n(Zs) ’ Z — Zs.

We start with the analysis of ()(z), the denominator determinant of F'(2)— R, 1 (2)
and of R, (z) in equations and (2.6)), respectively. The following theorem
gives a closed form expression for ()(z) in simple terms, and is the analogue of
[17, Thm. 3.6].

Theorem 3.2. Let F(z) be the vector-valued rational function in (3.1)), and
precisely as described in the first paragraph of this section, with the notation
therein. Let also

(3.6) Uy(2) = P1p41(2).
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Then, with p > k + deg(u), the denominator determinant Q(z) in (2.6) and
(2.10) has the expansion

& 41
(3.7) Qz) = > V(2,2 2n) | [ ¥(2n)
1<ri<ro<--<rp<u i=1 J
o -1
X Z ot V2, Zeys Zogs oo Zsy) H U,(zs) |
1<s1<s2< <5 <p | i=1
where
Qri,sy QXrysg "7t Qrysy
(38) ;"1177.'_'.'77;’: _ Oér?,sl Oér?752 O(rg:,sk ’ s = (’UT’US),
Qry,s1 Aryysg "0 Qs

and V(xg,x1,...,x,) is the Vandermonde determinant defined by

1wg a2 -+ a
1oy a2 - 2l
(3.9) Vo, @1, ... Tn) = = [ (zj—a)
1z, 22 --- 2" Ostersn
n “n n

Proof. Taking p > k + deg(u), and invoking ({3.4)) in the determinant represen-
tation of Q(z) in (12.6)), we obtain

Q(z) =
Y1.0(2) Y1,1(2) V1,k(2)
¥1,0(2ry) ¥1,0(2s1) Y1,0(2r1) ¥1,1(2s7) Y1,0(2r) ¥1,k(2sq)
rgl Qrq,sq Wy (2ry) Wp(2sq) 7‘%1 Qry sy Uy (2ry) e 7-21 Qrq sy Ty (2rq) Tp(2sp)

Z a ¥1,1(2ry) ¥1,0(2s5)
72,52 \I’p(zr2) \Ilp(z,w)

Y1 k—1(2r,) ¥1,0(25;)

D Qs

4
Uplory)  TrCoy)

2,82

Do Qrgsy

TksSk

(679
5 ra s 2

P1,1(2ry) ¥1,1(2s5)

‘I’p(zsg)

wl,k—l(zrk) 1//’1,1(zsk) .
‘I'p(zsk)

Prlery,) TSk

o . TG
5 . g

D sy

¥1,1(2ry) V1,6(2s5)
\pr(z52)

V1 k—1(2r,) Y1,k (2s;)
7 o S L E

Because determinants are multilinear in their rows (and columns), we can take
the summations outside. Following that, we take out the common factors from
each row of the remaining determinant. We obtain

@bz— 1i-1(2r)
-5y (I ) 12

T1,51 72,52 TkySk 1=1

E —1
H \IJP<ZSi)
=1

(3.10)

X<Z72517Z527 <o ’Zsk)7
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where

V10(Yo) Y1a(Yo) - Y1x(yo)
Vo) Yra(yr) - Yie(yn)

(311) X(y07y17y27"'7yn) =
Vo) Yia(ye) - Yie(yw)

Now, since ¢ ,(2) is a monic polynomial in z of degree r, [I7, Lem. 3.2] applies,
and we also have

(3.12) XWooyts ) =V@o.yn,- ) = [ wi—w)

0<i<j<n

is the Vandermonde determinant. Consequently,

(3.13) X (2, 2Zsys Zsgs - o3 Zs,) = V(2, Zsyy Zsgy + -+ 3 Zsp,)-
Since, by (3.11)), the product
. -1
H\ij(zsi) X(Z,Zsl,232,...725k)
i=1
is odd under an interchange of any two of the indices sy, ..., sx, [I7, Lem. 3.1]
(originally, given in [I9]) applies to the summation > >  ---> _ , and we
obtain
i1 ()
1,i—1(2r;
1 Yolan)
T1 T2 Tk 1=
. -1
% Z T;{,..'.'.;":V(z, Zsrs Zsgy - vy Zsy) H U,,(zs,)
1<s1<89< <8 < =1

Let us rewrite this in the form

-1

(3.15) Q(z) = Z V(2 Zsys Zsgs - - - Zsy,)

1<s1<82< <5<

E E E T1yeeey Tk
X T51 ,,,,, Sk

T1 T2 Tk

Observing, by (3.8)), that the product

H Uy (2r,)
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is odd under an interchange of any two of the indices ry,..., 7, this time, we
apply [I7, Lem. 3.1] to the summation > > --->_ ., to obtain

-1

k
(3.16) Q(z) = > V(2,200 2000 20) [ ] ¥a(2s)
1<s1<89< <5< =1
k -1
X > T T (z) | X (oo 20).
1<ri<ro<-<rp<p i=1

Invoking (3.12)) in (3.16)), we obtain the result in (3.7]). [

Note that, even though the functions t,,,(z) that define X (vo,v1,...,¥y,) in
depend on the &, X(vo,y1,...,yn) itself is independent of the ;. As
a result, as is clear from (3.7)), Q(z) depends on the & only via the products
[T, ¥,(z,) and []F_, ¥,(z,). This has important implications in the asymp-
totic behavior of )(z) and hence of R, x(z) as p — 00, as we shall soon see.

We next turn to A(z), the numerator determinant of F'(2) — R, x(2) in (2.10).

Theorem 3.3. Let F(z) be the vector-valued rational function in (3.1)), and
precisely as described in the first paragraph of this section, with the notation

therein. With a5, es(2), and ¥,(2) as in (3.4), (3.5), and (3.6), respectively,
define

(3.17) e?)(2) = es(2) (25 — &pia)
and
W) e (z) - @ (2)
R Qrisg Arysy 00 Qrpsy
(3.18) T;i’sl:rk,sk(z,p) = | Qrasp Qrgysy "0 Qrgsy
Orypso Crgsp "7 sy

Then, with p > k + deg(u), we have

k

H \IJP(ZM)

=1

(319) A(z) — Z V<ZT’1 ’ Z’V’Q? R z’f’k)

wlyp(z> 1<ri<ro<---<rp<p

x> T () V(Zagy Zers 0 2e)

1<sp<81 < <8 <
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Proof. Taking p > k + deg(u), and invoking (3.5)) in (2.11]), we first have

(3:20) M) = 11402 [ byn() Y e 2202

nw
= 1 ( gp) ¢1,J (2s) '
5P S Zs)

Substituting ) and ( in the determinant A(z) of ( , and factoring

out ¥y ,(2) from the ﬁrst row, we have

(3.21) A(z) = ¥1p(2)W(2),
where
W(z) =
ZA(?)( )wq};o((zzszo)) EA(P)( )w\;:((zzs.;o)) . ZA(p)( )%:(ZZO))
TlZ,SI arl,gl%% Tgilan,ﬁ%% legl arl,el%%
7‘222 Qry,so %% TZZS2 Qlro, 59 w\; 1(227;2)) %:22)) . ng Qg 5o w\; 1<<::2)) %Z:f))

P1k—1(2r,) ¥1 0<Zs‘k) Y1k—1(rg) ¥11(Zs,) Y1,k—1(2r,) ¥1,k(2sy,)
Z Qryesi, Up(2ry,) Up(zsy,) Z Qry,sy, Up(2ry) Up(zsy,) Z Qrge,si Up(2ry,) Vp(2sy,)

Tk>Sk TkySk TkySk
Proceeding as in the proof of Theorem [3.2] we first take the summations outside.
Following that, we take out the common factors from each row of the remaining

determinant. We obtain

k k —————~
7?1,1'71(%1)
322) W) =33 ) [Tons | [T
=1 1 Up(2r)
S0 T1,51 Tk,Sk 1= 1= i
k 71
X H\PP(Z&) X('Zsoazsp"'azsk)y

1=0

with X (yo,y1, Y2, .-, Yn) as given in (3.11)). Since the product
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is odd under an interchange of any two of the indices s, s1, .. ., Sg, [I7, Lem. 3.1]
applies to the summation » 281 +++ D, Invoking also (3.12), we obtain

oz Wi - XX |15

rT T2

k —1
X Z Tsrolfsl: K (2 D)V (2505 2515 - - -5 25) H Wy (2s,)
1<sp<s1 < <5 < =0

Let us rewrite this in the form

(324) W(Z) = Z V(Zsm 2517 ety zsk)

1<sp<s1<-- <5< i=0
k -1y
Tl: T .
X2 Z v i) | TT G0 (TG
roor2 =1 i=1

Observing, by -, that now the product

H‘I/ Zr.)

is odd under an interchange of any two of the indices r4,...,r,, we apply [I7
Lem. 3.1] to the summation », >° ---> . to obtain

Tl» )
T307517 S Z p

-1

k
(3.25)  W(z) = > V(Zas Zors -5 250) | ] ¥ol2s)
1<sp<s1< <85, < =0
k —1
X Z T;()l,’s“l',’.?il.c,sk (z;p) H \IJP(ZT) X(zry,- - s Zry)-
1<ri<ro<--<rp<p i=1

Invoking (3.12)) in ([3.25]), we obtain the result in (3.19)). n

Finally, combining (3.7) and (3.19)) in (2.10)), we obtain a simple and elegant
expression for F'(z) — R, ;(z) when F'(z) is a vector-valued rational function with
simple poles. This is the subject of the following theorem.

Theorem 3.4. For the error in R, (%), with p > k+deg(u), we have the closed-
form expression

(3.26) F(z) — Bypp(2) = th1p(2)
V(Zr17--~7zrk) Tr1 > (290,231 ,~~~:Zsk)
—_— s 78 7 p —
% 1§7"1<~z~:<7“k§u H;tl Up(zr;) lgso<s1z<:-~~<sk<uo7 Lreeo® ( ) Hz:O Wp(2s;)

Z V(2ryyees2ry,) Z Trl, o V(2,281 5e02s),)

k S15--+5Sk
P4 e R4
1<ri<ro<-<rp<p Hlfl p(z’"l) 1<s1 < <5< H’ 1 p(zs )
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Remarks.

e When k£ = g in Theorem [3.4] the summation on sg, s1,..., s in the nu-
merator on the right-hand side of is empty, and this implies that
R, ;(2) = F(z). Thus, this theorem provides an independent proof of the
reproducing property of IMPE.

e The error formula for IMPE obtained in the present work is valid in
the presence of both orthogonal and non-orthogonal residues, and it reduces
precisely to that of [I8] when the residues of F(z) are mutually orthogonal,
as it should.

4. Preliminaries to convergence theory

Let E be a closed and bounded set in the z-plane, whose complement K, in-
cluding the point at infinity, is connected and has a classical Green’s function
g(z) with a pole at infinity, which is continuous on OF, the boundary of F, and
is zero on OF. For each o, let I', be the locus g(z) = logo, and let E, denote
the interior of I',. Then, FE; is the interior of E and, for 1 < o < ¢/, we have
ECE,CE,.

For each p € {1,2,...}, let

(4.1) =, ={eP.e,...e0}
be the set of interpolation points used in constructing the IMPE interpolant

R, ;(2). Assume that the sets =, are such that §Z-(p ) have no limit points in K
and
1/p

=r®(z), K =cap(E), ®(z) = explg(2)],

p+1

[1(:-¢")

=1

(42)  lim

p—00

uniformly in z on every compact subset of K, where cap(F) is the logarithmic
capacity of F defined by

1/n
cap(E) = lim (min max |r(z)]> : P, = {r(z): r € II,, and monic}.

n—oo \reéP, zeK

Such sequences {ép),f‘ép),..., z(vi)l}’ p = 1,2,..., exist, see Walsh [21, p. 74].
Note that, in terms of ®(z), the locus I', is defined by ®(z) = o for o > 1, while
OF =T is simply the locus ®(z) = 1.

Recalling that [ (2 — 5.(p)) = W,(2) (see (3.6))), we can write (4.2)) also as in

(2

(4.3) lim ¥, (2)]"? = k®(z),
P—00

uniformly in z on every compact subset of K.
It is clear that if 2’ € 'y and 2” € T, and 1 < ¢’ < 0", then ®(2') < ®(2").
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The following lemma that we use in our convergence study later gathers the
results of [17, Lem. 4.1-4.3].

Lemma 4.1.

(i) Let K' be some compact subset of K. Then, for every e > 0, there is an
integer py depending only on €, such that

(4.4) [(1—=er®(2)] <|¥,(2)| < [(1+€)r®(2)]" forall z€ K' and p > po.

(ii) For every e > 0, there is an integer py depending only on €, such that

(4.5) |V, (2)] < [(1+4 e)r])’ for all z € E and p > po.
As a result, we also have that
(4.6) limsup [U,(2)|"? <k forall z € E.
p—o0
(iii) Let (a) 2/,2" € K and ®(2') < ®(2"), or (b) 2’ € E and 2" € K. Then
. U (z/) 1/p @(ZI) .
(4.7) I}LI?(J‘\I/:(Z”) = (") <1 in case (a),
‘ U (Z/) 1/p 1 -
4.8 1 2 < <1 b).
(4.8) 12112p T, () < 307 in case (b)
In both cases,
/
(4.9) lim ()

The result of (4.4) in part (i) of Lemma [4.1| suggests that U, (z) behaves practi-
cally like [k®(2)]P as p — oc.

5. Convergence theory for rational F(z)

In this section, we provide a convergence theory for the sequences {R,(2)}52,
with £ < p and fixed, in case F'(z) is a vector-valued rational function with
simple poles as in . The theorems that follow can be proved as those given
in [I7, Sec. 5]. Therefore, also to keep this work short, we only sketch some of
the proofs. In what follows, we continue to use the notation of the preceding
sections.

Note that, by the reproducing property mentioned at the end of Section [3] for
k= p, Ryx(2) = F(z) for all p > po, where py — 1 is the degree of the numerator
of F(z), namely, po — 1 = p+ deg(u). Also, as we will let p — oo in our analysis,
the condition that p > k + deg(u) is satisfied for all large p. Recall that it is this
condition that makes the results of Section |3| possible.
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We now turn to F(z) in (3.1). We assume that F(z) is analytic in E. This
implies that its poles 2, ..., z, are all in K. We order the poles of F(z) such
that

(5.1) B(z1) < D(z) < ... < B(z).

By (4.7) in part (i) of Lemmal[d.1] if 2’ and 2" are two different poles of F'(z), and
O(2') < P(2”), then 2’ and 2" lie on two different loci I'ys and T'yr. In addition,
o' < ¢”, that is, the set E,. is in the interior of E,».

Lemma below plays an important role in the proofs of the results that follow.

Lemma 5.1. Under the condition that the vectors v, in (3.1)) are linearly inde-
pendent, with T{17k as in (3.8)), we have

Sk

(5.2) Tk > 0.

Proof. By (3.§)),

(Ula Ul) (Ula U?) e (U17 Uk)
53 g = | () e ()

(Uka Ul) (’Uk, UQ) e (Uku Uk)
In words, Tlllf is the Gram determinant of the vectors wvy,..., v, hence is
positive by the linear independence of these vectors. [ |

5.1. Convergence analysis for V,;(z). We now state a Konig-type conver-
gence theorem for V,, ;(2), the denominator (monic) polynomial of R, x(z) in ([2.4)
and another theorem concerning its zeros (equivalently, poles of R, x(z)), assum-
ing that ®(z) < ®(2x4+1). These results are analogous to, and in the spirit of,
the ones given in [I2] for denominators of Padé approximants. They are also
similar to the corresponding results pertaining to IMMPE given in [17].

Theorem 5.2. Assume

(54) (I)(Zk) < (I)(Zk:-i—l) =...= @(zHr) < (I)(zk+r+l)7

in addition to (5.1). In case k +r = p, we define ®(zpyr11) = 00. Then,
2

V(Zl, c. ,Zk)
Hf:l Uy (2:)

S(z)+0(w)] as p — 0o,

(5.5) Q(z) = (~1)FT ¢

X
p,k
uniformly in every compact subset of C\ {z1, 22, ..., 21}, where
(5.6) U] = min [0, (20
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and

k
(5.7) S(z) = H(z — %)-

i=1
Consequently,

v
(5.8) Vor(z) = S(z) = (’)( \%(Zk)> as p — 0o,

p,k
from which we also have
)
(5.9) limsup |V, x(2) — S(2)|"" < (o) g
P00 D(2p41)

Proof. By (5.1)), (5.4), part (i) of Lemma , and Lemma , the largest term

in (3.7 is that with the indices
(ri,...,re) = (81, .-, 86) = (1,..., k).
The next largest terms are those with
(riy..oyme) = (1,...,k) and (s1,...,s¢) = (1,...,k— 1,k +7)
and with
(ri,...,me)=(1,...;k=1,k+j) and (s1,...,8:) = (1,..., k),
1 <45 <r. Obviously, we have

lim (%) _ g
p—00 ‘I’p,k
In addition,
k
(5.10) V(z,z1,m) = (D (2, z) [[(2 - 20)-
=1

This completes the proof of (5.5). The result in (5.8) follows from ([5.5), and
that in ([5.9)) follows from ((5.8) and (4.3)). [

Theorem implies that, for all large p, V, x(2) has precisely k zeros that tend
to those of S(z). In the next theorem, we provide the rate of convergence of each
of these zeros.

Theorem 5.3. Under the conditions of Theorem Vo k(2) is of degree exactly

k. Let us denote its zeros z%p), .. .,z,(f). Then lim,,_, o AP = Zm, m=1,... k.

In addition, we have the refined result

- U, (2)
5.11 PAL AN E colm _Zpiml asp — 00,
(5:11) = T Uy(2keg)
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where ngm) are scalars independent of p given by

Lok S(zs)
m) k—m " 1l..om—1m+1,... kk+j k+j .
(5.12) ™ = (~1) e . =17
’ T 5'(zm)
from which, forr > 2,
Uy, (2
(5.13) 2Py =0 ?V(Z ) as p — oo,
Vo k

with Elp,k as in (5.6). From this, it follows that

(2
(5.14) lim sup |z£f) - zm‘l/p < 2lem)

< <1
p—00 D(zp41)

In case r =1 in (5.4), and provided C’fm) # 0, we have the asymptotic equality

Wy (2m
(5.15) P N Cfm)ﬂ as p — oo,
Uy (2+1)
hence
(2
(5.16) lim |20 — z,|"" = Plnm) g
P00 D(2k41)

Proof. We start with the following asymptotic equality that is given in [17]:

_‘/;?Jf(zm) _ Q(2m)
‘/;,k(zm) Q' (2m)

First, it is not difficult to see that Q)'(z,,) satisfies the asymptotic equality

(5.17) 2P~

m

as p — 00.

2

V(z1y - 2k)
Hf:l Wy (zi)

that is obtained simply by differentiating that in formally. The validity
of this can be shown by actually differentiating the expansion of Q(z) given in
Theorem [3.2], letting z = 2, in the resulting expansion, and noting that the
dominant term in this expansion as p — oo is that given on the right-hand side

of (5.18)) and is non-zero.

Next, setting z = z,, in (3.7), and recalling that V (yo, y1, . - ., yx) vanishes when
any two of the y; are equal, we have that the summation on sy,...,s; there
does not contain the terms for which s;, = m, i = 1,..., k. Given this fact, the
largest terms in the expansion of Q(z,,) are those with (rq,...,rx) = (1,...,k)

(5.18) Q' (2m) ~ (—1)ka;~_~;;,§ S"(Zm) as p — 00,
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and (s1,...,8:) = (1,....m—=1m+1,....kk+j),j=1,...,r. Consequently,
as p — 00, Q(z,) is as in

V(Zl, ey Zk)

(5.19) Qzy) ~ ———F—

Hf:1 Uy (2:)

j=1
" V(Zms 215 -y Zme1s Zmt1y - - - s Zhy Zhtj)
Hf:l Uy (2s;)
U (2m
g \Pp?(mj)
Now, by and ,
(5.20) V(Zms 215« s Zm—1s Zmt1s - - - s Zhs Zhtj)

= (_1)m—1v(217 sy Rk Zk-l-j)
= (—1)m71V(21, RN 7Zk)S(Zk+j>.

Combining (5.18), (5.19), and (5.20) in (5.17]), we obtain (5.11)) with (5.12)).
613

5.13]) and
4.3)). n

follow directly from (5.11]), while ((5.14)) follows from ({5.13)) and

Remarks.

hand side of (5.18). We would like to emphasize that this operation is
made possible strictly on account of the asymptotic equality for Q'(z,)
given in .

Being a limit result, concerning r = 1 is stronger than the limsup
result in for r > 2. The result in for r > 2 is the best that can
be obtained unless we have more information about ¥, (z), hence about the
¢ than that given in [@.3).

The results of Theorems [(£.2] and B.3] are the best that can be obtained
when the residues vs are not mutually orthogonal. This shows that the
corresponding results of [18] pertaining to orthogonal residues (that show
twice as fast convergence as those of Theorems and are indeed quite
special.

e In proving (5.11)), we divided the right-hand side of (5.19) by the right-

5.2. Convergence analysis for R,;(z). We now continue to the analysis of
F(z) — Ryk(2), as p — oo. Throughout the rest of this work, ||Y|| denotes the
vector norm of Y € CV.
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Theorem 5.4. Under the conditions of Theorem R, k(%) exists and is unique
for all large p and satisfies

(5:21)  F(2) = Ryp(2) ~ (=1)F Y =

..... k
= T 9%
Y1,p(2)
’ + - as p — 00,
Uy (2k+5)
and hence
v
(5.22) F(z) = Ryp(2) =0 f(z) as p — 00,
Wy k
uniformly on every compact subset of C\ {z,...,2,}, with \AI}p,k as defined in
(5.6). From this, it also follows that
R ~
(5.23) limsup ||F(z) — Ryx(2)||V? < (2) , ze K=K\{z1,...,2,},
p—oo D(2411)

uniformly on each compact subset of I?, and

1
(5.24) limsup || F(z) — Ry (2)]]"" <

< ) ze b,
p—oc P (2p41)

uniformly on E. Thus, uniform convergence takes place for z in any compact
subset of the set Ky, where

K ={z: ®(2) < ®(ze3)} \ {21, -, 2 }-

Proof. We have already analyzed Q(z) in Theorem and obtained the result
in (5.5)), from which we also have the asymptotic equality

2
V(Zl, Ce 7Zk)

(5.25) Q(z) ~ (—1)’“T11,f —=| S(2) as p — 0o,
Hf:l Uy (2;)

that holds uniformly in every compact subset of C\ {21, 22, ..., 2 }. This shows

that, for all large p, V,(2) is such that V;,,k(@(p)) #£0, fori =1,...,p, since the

Sfp ) have no limit points in the set K, the complement of E, whereas the zeros
of V,x(2) are all in the set K. In addition, M}, the cofactor of 1y x(2) in the
determinant Q(z) of (2.6)), is non-zero because

U0 Ur,1 * Ul k-1
U U2, *+* Uz k1 Q™ (0)
. N . - k! )

My = (-1)F

Uk,o Uk, - Uk k—1
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and, by (5.25),

QUW(0) ~ (~1)HT}

-----

#0 as p — 0o.

Under these, R, x(#) exists and is unique for all large p, as mentioned in Section ,
following ([2.8)).

To complete the proof we need to analyze the asymptotic behavior of A(z)

in (2.11). From in Theorem [3.3] we realize that it is necessary to first

analyze the asymptotlc behavior of the Tslo";{ 77777 . (z:p) as p — oo. Expanding
the determinant representation of 7T’ 310";{ ..... .(z;p) given in (3.18) with respect to
its first row, we have
k
A1,k . _ _ i,k
TSO,Sl ,,,,, Sk (Z’p) - Zwi ’ég')(z), Wi = <_1)1T507~~~,5i7175i+1 ----- e
i=0

By (3.8)), the cofactors w; are independent of z and p. By (3.17)), and by the fact
that the fi(p ). and hence éf)( ), are all bounded in p, we get

Tleok  (zp)=0(1)  asp— oo

Turning now to A(z), arguing as before, we have that, by (5.4)), the dominant
terms in the summation in (3.19)) as p — oo are those having indices

(ri,...,mx) = (1,...,k) and (so,s1,...,8k) = (1,..., k,k+7), 1<j<r

The rest of the terms are negligible by Lemma 4.1l Thus, uniformly in every
compact subset of the set C\ {z1,...,2,},

MG VG
U VRS
~ V(z1, ..o, 2k Ztj)
1,....k 1, s “ky ~k+j
X 1, kk -(z;p) + - as p — 00,
; ﬂ Uy (2+5) H§:1 Up(zi)
which, by (5.10)), becomes

(5.26)

2
(5.27) A(z) N V(il, )
U1p(2) Hz 1 Up(2i)
S(2k+5)
X T """ K (z;p)——— 2 + - - as p — 00.
Z ~~~~~ e !

Combining (/5.25)) and (|5.27|) in (2.10), we obtain (5.21)). (5.22)) follows directly
from (5.21), while (5.23) and (5.24) follow from (5.22). This completes the

proof. [ |
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5.3. Approximation of residues. With Theorems and available, we
can prove that the residues of R, (z) converge to corresponding residues of F'(z),
their rates of convergence being the same as those of the corresponding poles.

Theorem 5.5. Assume that the conditions of Theorems[5.4] and[5.3 are fulfilled.
Form=1,...,k, let

v® = Res R, x(2) s

Then, lim,_, vﬁ,f) = Unm. In fact, we have
P(zm
(5.28) limsup [[0®) — v, [|'/? < Gm) 4
p—00 P(zp11)

Another result that concerns the approximation of H(z,,), where H(z) is a scalar-
valued or vector-valued function analytic at z = z,,, is given in the next theorem.

Theorem 5.6. Let H(z) be a scalar-valued or vector-valued function analytic at
z=12zm,me{l,....,k}. Then H(z,) can be approzimated by H(Z,(ff)) as follows:

(5.29) H(zﬁ,’l’)) — H(zpm) ~ H'(zm)(zg;) — Zm) as p — oo,
hence
D (2,
(5.30) limsup [H(2P)) — H(zy,)|V? < (zm) :
oo D(2p41)

Here, |T| stands for the modulus or the norm of T in case T is a scalar or a
vector, respectively.

The proofs of both of these theorems are identical to those of Theorems 5.4
and 5.5 in [I8§].

6. Convergence theory for meromorphic F(z) with simple
poles

Let the sets of interpolation points {€{), ... ,fffi)l} be as in Sections 4| and |5, We
now turn to the convergence analysis of R, (2) as p — oo, when the function
F(z) is analytic in E' and meromorphic in £, = intI',, where I, as before, is
the locus ®(z) = p for some p > 1. Assume that F'(z) has u distinct simple poles

21,...,%2, in E,. Thus, F(z) has the following form:

o
v
6.1 F(z) = - S
(6.1) (2= o)
©(z) being analytic in E,. We assume, as before, that the vectors vy, ..., v, are

linearly independent.

The treatment of this case is based entirely on that of the preceding section, the
differences being minor. Note that the polynomial u(z) of (3.1]) is now replaced
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by ©(z) in (6.1). Previously, we had u[&,,...,&] = 0 for all large n — m, as
a consequence of which, we had (3.3) for D,,,, and (3.5 for F(z) — G,n(2).
Instead of these, we now have

(6.2) = j{: @izil fzzs +0m, .-, &)

and

(6.3)  F(2) = Gon(2) = trn(2 (Zes 1/’;1” 122)5) @[z,{m,...,fn]>,
with e,(z) as in (3.5).

It is clear that the treatment of the general meromorphic F'(z) will be the same as
that of the rational F'(z) provided the contributions from ©(z) to u; ; in (2.7) and
Aj(z) in (2.11)), as p — oo, are negligible compared to the relevant dominant and

subdominant terms we encountered earlier. This is guaranteed by the following
lemma, which is [17, Lem. 6.1].

s=1

Lemma 6.1. With F(z) as in the first paragraph, we have

1/p 1
(6.4) hmsupH@ ]H,...,g}gﬁ)l] < —.
p—00 Kp
We also have
1/p 1
(6.5) hmsupH@z ]H,...,f]()p)] < —,
p—00 Kp

uniformly in every compact subset of I,.

With this information, we can now prove the following theorems for general

meromorphic F'(z). Again, we order the poles z1,..., 2, of F(2) such that
(6.6) D(z1) < D(2g) < ... < D(2,) < p.
We also adopt the notation of Theorems [5.2] [5.3, and [5.4]
Theorem 6.2.
(i) When k < p, assume that
(6.7) B(2) < P(2pgr) = ... = B(zppr) < {f(z’”’”“) Zj Z i: i Z

in addition to (6.6). Then, all the results of Theorem hold.
(ii) When k = p,

(6.8) lim sup |V, x(2) — S(z)[/7 < 2)

pP—00 1Y

uniformly on every compact subset of C\ {z1,...,2,}.
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Theorem [6.2| implies that V), (2) has precisely k zeros that tend to those of S(z).

Let us denote the zeros of V, x(2) by z,(ff), m=1,...,k. Then lim, . 2P Zms

m = 1,...,k. In the next theorem, we provide the rate of convergence of each
of these zeros.

Theorem 6.3. Assume the conditions of Theorem [5.5

(i) When k < p, all the results of Theorem[5.5 hold.
(ii) When k = p,

(2,
(6.9) limsup‘zg)—zmr/pg (= ), m=1,...,k.

p—00 1%

Theorem 6.4. Assume the conditions of Theorem . Then R, 1 (z) exists and
1S UNIqUE.

(i) When k < p, all the results of Theorem hold with K = EN{z,...,2.}
ii) When k = p, we have
(i) I,

P -
(6.10)  limsup||F(z) — Ryx(2)||' < (Tz), ze€ K=FE,\{z1,-..,2,}

pP—00

uniformly on each compact subset of [?, and
1

(6.11) limsup | F(2) — Rpp(2)|'"? <=, 2€ B,
p—00 p

uniformly on E.

Theorem 6.5. Assume that the conditions of Theorems and[6.3 hold. For
m=1,...,k, let

v® = Res R, x(2)

(p)’

Z=2Zp

(p)

Then, lim,, oo Un’ = Vp,. In fact, we have the following:

(i) When k < p, the result of Theorem [5.5 is true.
(ii) When k = p, we have

(6.12) lim sup [|[olP) — v, ||/? < <1

D(z)
p—00 p
The proofs of Lemma [6.1] and Theorems [6.2H6.4] are the same as those of the
corresponding results in [I7), Sec. 6]. The proof of Theorem is similar to that
of Theorem [5.5] of the present work.
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