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Abstract In the first part of this work, we derive compact numerical quadrature formu-
las for finite-range integrals I[ f] = fub f(x)dx, where f(x)=g(x)|x —t|#, B being real.
Depending on the value of g, these integrals are defined either in the regular sense or in
the sense of Hadamard finite part. Assuming that g € C*|[a, b], or g € C*°(a, b) but can
have arbitrary algebraic singularities at x = a and/or x = b, and letting h = (b — a)/n,
n an integer, we derive asymptotic expansions for T, [f1=h}_, ., ;. it f(x;), where
xj=a+ jhand t € {xy,...,x,-1}. These asymptotic expansions are based on some re-
cent generalizations of the Euler—Maclaurin expansion due to the author (A. Sidi, Euler—
Maclaurin expansions for integrals with arbitrary algebraic endpoint singularities, in Math.
Comput., 2012), and are used to construct our quadrature formulas, whose accuracies are
then increased at will by applying to them the Richardson extrapolation process. We pay
particular attention to the case in which 8 = —2 and f(x) is T-periodic with 7 = b — a and
f e C®(—o00,00)\{t+kT}72 ., which arises in the context of periodic hypersingular inte-
gral equations. For this case, we propose the remarkably simple and compact quadrature for-
mula Q,[f] = hZ/ Sf@+jh—=h/2)—7 2g(t)h~!, and show that Q,l[f]—l[f] oh")
ash — 0Vu > 0, and that it is exact for a class of smgular integrals involving trigonometric
polynomials of degree at most n. We show how @n [ f] can be used for solving hypersingu-
lar integral equations in an efficient manner. In the second part of this work, we derive the
Euler—Maclaurin expansion for integrals I[ f] = fa b f(x)dx, where f(x) = g(x)(x — 1),
with g(x) as before and § = —1, —3, —5, ..., from which suitable quadrature formulas
can be obtained. We revisit the case of :~—1, for which the known quadrature formula
O.[f1=h 2?21 f(@t+ jh—h/2)satisfies Q,[f]1—I[f]= O(h*)ash— 0Vu > 0, when
f(x)is T-periodic with T =b—a and f € C*(—00, 00) \ {t +kT}72 __. . We show that this
formula too is exact for a class of singular integrals involving trigonometric polynomials of
degree at most n — 1. We provide numerical examples involving periodic integrands that
confirm the theoretical results.
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1 Introduction and Background

Let the function g(x) be in C*°(a, b) with possible arbitrary algebraic singularities at x = a
and x = b. In particular, we assume that g(x) has the following asymptotic expansions

oo
g(x) ~ ch(x —a)” asx— a+,
s=0

00 (1.1)
glx) ~ st(b —x)% asx— b—,

s=0

where ¢, and d; are some constants, y, and §; are distinct and, in general, complex, and
satisfy

vs#F—1 Vs, Reyp<Rey; <Rey, <---; lim Re y; = +00,
§—>00
(1.2)
§s #E—1 Vs; Redy <Redy <Red, <---; lim Re §; = +00.
§—>00

In the first part of this work, we shall be concerned mainly with the derivation of numer-
ical quadrature formulas for computing convergent or divergent integrals of the form

b
I[f]:/ fx)dx, fx)=gx)|x—t|?, Breal; a<t <b. (1.3)

Here x is the variable while ¢ is a fixed parameter.

It is clear that (i) when g(x) is not integrable at x = a and/or x = b, or (ii) when 8 < —1,
such integrals do not exist in the regular sense. They do exist in the sense of Hadamard finite
part (HFP), however, and we let /[ f] denote the HFP of fa b f(x)dx in these cases.!

A case of special interest is that with 8 = —2, which arises in connection with so called
hypersingular integral equations that are of the form

b
rp(1) +f K@, x)p(x)dx =u(t), te€(a,b), Ascalar, (1.4)

where K (¢, x) is of the form

K(t,x):%, H e C*([a,b] x [a,b]). (1.5)

IThe usual notation for integrals defined in the sense of the Hadamard finite part (HFP) is f;f f(x)dx. In

this work, we denote them by |’ ab f(x)dx, as in (1.3), for simplicity. For the definition and properties of
Hadamard finite part integrals, see Davis and Rabinowitz [2], Evans [3], or Kythe and Schiferkotter [6], for
example. These integrals have most of the properties of regular integrals and some properties that are quite
unusual. For example, they are invariant with respect to translation, but they are not necessarily invariant
under a scaling of the variable of integration.
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An important example of (1.4)—(1.5) is that in which (i) K (¢, x) is periodic in both x
and ¢, with period T = b — a, and, as a function of x, it is infinitely differentiable in
(—00,00) \ {t + kT}2_., and (ii) u(x) and the solution ¢ (x) are both T -periodic and
infinitely differentiable in (—oo, 00). For hypersingular integral equations, see Ladopoulos
[7] or Lifanov, Poltavskii, and Vainikko [10], for example.

In this work, we are first concerned with the development of some compact numerical
quadrature formulas for efficient computation of the integrals /[ f] in (1.3), whether these
exist in the regular sense or in the sense of HFP. The formulas we derive are actually what
we shall call “corrected” trapezoidal rules, and they are obtained via the approach developed
in the paper by Sidi and Israeli [22] (see also Sidi [17]) in conjunction with some novel
generalizations and extensions of the Euler—Maclaurin (E-M) expansions that were obtained
by the author recently in the paper Sidi [20].> We also note that the integrals treated in [22]
are those with 8 > —1 in (1.3), as well as integrals of the form fab g@)|x —t/Plog|x —t|dx

with 8 > —1 and Cauchy principal value (CPV) integrals® of the form fab gx)/(x —t)dx,
and their application to so called weakly singular and singular integral equations .

The derivation of the appropriate E-M expansions for /[ f], whether defined in the reg-
ular sense or in the sense of HFP, will be the subject of the next section. These expansions
form the basis for the development of the corrected trapezoidal rules for any f.

Following the derivation of Sect. 2 for general algebraic endpoint singularities and gen-
eral B, in Sect. 3, we concentrate on the special case of no endpoint singularities and 8 = —2.
In the process, we derive quadrature formulas that are remarkably simple and compact and
seem to be new. We also show how the accuracy of these formulas can be increased arbitrar-
ily via the Richardson extrapolation process. For the Richardson extrapolation process and
related subjects, see Stoer and Bulirsch [23] or Sidi [18].

In Sect. 4, we turn to the periodic hypersingular case (of 8 = —2) discussed above and
show that the new quadrature formulas will have very good performance for integrals of
periodic hypersingular functions. We actually show that they produce very high accuracy
(called “spectral” accuracy in the literature) for such integrals. These formulas can be used
very easily in the numerical solution of (periodic) hypersingular integral equations with very
high accuracy. One of these quadrature formulas is

b—a
-

Oulf1=hYy  fl+jh—h/2)—mgWh™", h=

j=1

In Sect. 5, we show that @n [ f] is exact for some periodic hypersingular integrals involving
a family of trigonometric polynomials. The details of the proof are included in Appendix A.
In Sect. 6, we prove that the convergence of 0.l f1is actually of exponential accuracy when
the integrands are analytic in a strip of the complex plane that includes the real axis.

In Sect. 7, we turn to the numerical solution of hypersingular integral equations (the case
B = —2), both periodic and nonperiodic. In Sect. 8, we illustrate the accuracy of our quadra-
ture formulas with a suitable numerical example and confirm the theory of the preceding
sections.

2The paper [22] makes use of the generalizations of the E-M expansions due to Navot [14] and [15] and it
treats the convergent cases of Re § > —1 in (1.3). The generalized E-M expansions of [20], however, help to
treat in a simple way all of the divergent cases resulting from Re 8 < —1 as well.

3The usual notation for integrals defined in the sense of Cauchy principal value (CPV) is 'ﬁb f(x)dx. In this

work, we denote them by |’ f f(x)dx for simplicity. For the definition and properties of Cauchy principal
value integrals, see [2, 3], or [6], for example.
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In the second part of this work, we consider the integrals

b

I1[f] =/ f)dx; f(x)=gx)(x -0 a<t<b, B=—-1,-3,-5,..., (1.6)
which are not included in (1.3). Of these integrals, the ones with § = —1 are defined in
the sense of CPV and have received much attention. The ones with 8 = —3 have also been
investigated, but much less than the case § = —1. In Sect. 9, we extend the approach of

Sect. 2 to obtain the E-M expansion of these integrals and to obtain suitable numerical
quadrature formulas from them. In Sect. 10, we investigate the exactness properties of the
quadrature formula developed in [22], namely,

- n ) b—a
Oulf1=h)_ fle+jh=h/D, h=—,

j=1

for B8 = —1; we show that é,,[ f1, analogously to @,1[ f1, is exact for some periodic CPV
integrals involving a family of trigonometric polynomials. The details of the proof are in-
cluded in Appendix B. In Sect. 11, we illustrate the use of the quadrature method é,, [f] for
B = —1 with a numerical example.

Throughout this work, we allow the functions g(x) to have arbitrary algebraic endpoint
singularities as in (1.1). Using the results of [21], we can also allow them to have arbi-
trary algebraic-logarithmic endpoint singularities without any extra theoretical effort. This
complicates the technical details, however. We leave the treatment of this case to another
publication.

The numerical treatment of singular integrals of the form fabg(x)(x — t)Pdx, with
B =—1 and B = —2, and of the corresponding integral equations, has been the subject
of intensive research. The papers by Monegato [13], Mastroianni and Occorsio [11], Mas-
tronardi and Occorsio [12], and Capobianco, Mastroianni, and Russo [1], to name a few,
deal with the cases in which g(x) is of the form g(x) = w(x)u(x), where w(x) is some
admissible weight function for the interval [a, b] (mostly the Jacobi weight function), and
u € C?[a, b] for some integer p, such that fab g(x)(x — t)Pdx exists in the sense of HFP.
(More references on this subject are provided in the bibliographies of these papers. For the
earlier literature, see also Davis and Rabinowitz [2, pp. 182-190].) The quadrature methods
developed and/or analyzed in these works are based on polynomial approximations of the
functions u(x) over the whole interval [a, b], and hence are entirely different from those we
consider in this work.

Since our work is based on the trapezoidal rule approximation of singular integrals, here
we will recall some of the recent works whose methods are based on applications of the
generalized E-M expansions in conjunction with certain representations of hypersingular
integrals. The paper by Huang, Wang, and Zhu [5], which is one of these, approaches the
problem [with the restriction —2 < 8 < —1 in (1.3)] by following [22], which is based on the
generalizations of the E-M expansions by Navot [14]. As such, [5] is closest to the present
work. The papers by Wu and Sun [25], and Wu, Dai, and Zhang [24] take similar approaches.
Our work here is also along the lines of [22], but is based on the most recent developments
in E-M expansions of Sidi [20] that are valid for all HFP integrals with algebraic endpoint
singularities. As a consequence of these new E-M expansions, our quadrature formulas are
compact in that they consist of trapezoidal like rules with very simple “correction” terms.
They are thus simpler than those that already exist in the literature. For a large bibliography
on the subject, we refer the reader to [5], for example.
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Before proceeding to the next sections, we would like to recall some of the properties of
the Riemann Zeta function ¢ (z) and the Bernoulli numbers B; and the connection between
them for future reference:

1
By=1, 312—5; Boyy1 =0, By #0, k=1,2,...,
(1.7)
C(O)Z—E; ¢ (=2k) =0, ;(1—2k):—§7£0, k=1,2,....

2 Euler-Maclaurin Expansions and Quadrature Formulas for L b gx)|x —t]?
Our starting point is Theorem 2.3 in Sidi [20] that concerns the generalization and extension
of the Euler—-Maclaurin expansion to integrands with arbitrary algebraic endpoint singulari-

ties. We state it as Theorem 2.1 next.

Theorem 2.1 Let u € C*(a, b), and assume that u(x) has the asymptotic expansions

oo
ux)~Kx—a)y '+ ch (x — a)ys/ as x — a+,
s=0

2.1
oo
ux)~Lb—x)"+Y d,(b—x)* asx—b—,
s=0
where the y, and 8, are distinct complex numbers that satisfy
v #£—1 Vs; Rey;<Rey/ <Rey; <---; lim Rey, = +o0,
§—>00
(2.2)
8 #£—1 Vs, Redy <Red; <Red) <---; lim Re§, = +o0.

Assume furthermore that, for each positive integer k, u® (x) has asymptotic expansions as
x — a+ and x — b— that are obtained by differentiating those of u(x) term by term k
times. Let also h= (b —a)/n forn=1,2,.... Then,as h — 0,

n—1

b [eS)
hzu(a+jh)~/ u(x)dx +K(C—logh)+ Y e g(=y)hs*!

Jj=1 s=0
ﬁ¢{l4ﬁwﬁ
o0
+ L(C —logh) + dy ¢ (—8)) h5H, (2.3)
5;¢[§.:4(,)6,m}

where C =0.577 ... is Euler’s constant and ¢ (2) is the Riemann Zeta function.*

4We can write the expansions in (2.1) in the “simpler” form

o0 o0
u(x)NZcx (x—a)ys/ as x — a+, u(x)NZdS (b—x)’sé as x — b—,
s=0 s=0
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It is clear from Theorem 2.1 that the positive even powers of (x — a) and (b — x), if
present in the asymptotic expansions of u(x) as x — a+ and x — b—, do not contribute to
the asymptotic expansion of & Z';;} u(a+ jh) as h — 0, the reason being that ¢ (—2k) =
fork=1,2,...,by (1.7).

In addition, if y,/, is the first of the y; that is different from 2, 4, 6, ..., and if 8; is the first
of the & that is different from 2,4, 6, ..., then we have the useful observation that

n—1 b
|:hZu(a+jh)—(K+L)(C—logh):|—f u(x)dx=0(h"") ash— 0;
j=1 “
o =min{Re Yo ReS‘;}.

Remark Note that the paper Sidi [20] concerns only arbitrary algebraic endpoint singulari-
ties. The treatment of algebraic-logarithmic endpoint singularities is the subject of Sidi [19]
and [21].

Theorem 2.2 Let f(x) and g(x) be exactly as in (1.3) and (1.1)—(1.2), respectively, with
the notation therein. Let also {ny};-, be a sequence ofpositive integers,ng <n; <np <---,
and let hy = (b — a)/ny. Let t be such that t € {a + ]hk} o for everyk=0,1,.... (This
is guaranteed if each ny, is an integer multiple of no and t € {a + ]ho}j:1 ) Letn e {nk},fc:o
andleth= (b —a)/nand x; =a+ jh, j=0,1,...,n, and define

n—1

TAf1=h) f(x). 2.4)
s
Define also
Cyi(t; B) = (1)} (’?)qr —a), s5,i=0,1,...,

1

B 2.5)
Ds,-(t;ﬂ)z(—1)l‘<i>dx(b—t)ﬂ—f, 5,i=0,1,....
Then the following are true:
1. ForB#—-1,-2,...,
T [f]"’l[f]-f-z Z Cyi(t; B (=5 _l‘)h)/.v+i+1
=0 i d a6,
+3 > D BE(=8, — !
=0 tid 24,6,
R @) ¢
Z g i )(,) (=B = 20)RPPPH a5 h — 0. 2.6)
= !

ordering the ¥ and the 8 as in (2.2), and allowing now one of the y; and/or one of the 8} to be equal to —1.
However, this complicates the statements of our results. Therefore, we have chosen to separate these two
exponents as in (2.1).
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2. ForB=—-m,m=1,2,...,

Tn*[f]'\’l[f]-i-z Z Cyi (t; —m)L(—y; — )RV H T
= tidmd6.)
+ Z Z Dy (t; —m)L (=8, — i)h*+i+!
= rid246..)
i (2i)
g (t) g —mA2i+1
+2 Z G S =200k
Zl#m 1
8"V ()
+[1 = (=1)"] 57 (C —logh) ash—0. 2.7
(m —1)!

Here, by “h — 0” we mean “h — 0, h € {h}32,”.

Proof We start by writing

b t b
/f(x)dx:/f(x)dx—l—/ f(x)dx.

We next apply Theorem 2.1 to the sums A ijl,x,<t f(x;) and h ngn—1,x,->t f(x;) with

fa[ f(x)dx and ftb f(x)dx, respectively. For this, we need the asymptotic expansions of
f(x)asx — a+, as x — b—, and as x — r=. This is the only thing that is needed since, by
our assumption that g € C*°(a, b) and by the fact thata < t < b, itis clear that f € C*(a, t)
and f € C®(t,Db).

Expanding f(x) at x = t+, we have

X,
fx)~ Z g.—(t)(x -0 asx - t+,

|
i v

© @)
fx)~ Z(—l)i & i'(t) (t— )P asx —1—.

i=0

In addition, by expanding |x — ¢|# and invoking (1.1), it is easy to see that

fx)~ Z chi(t; B)(x —a)T  asx — a+,
5=0 i—0

oo o0

FE~YI DDy pb =) asx — b

s=0 i=0

Applying now Theorem 2.1 to the sums hz,‘zl,quf(xj) and thSnfoij(xj),
and summing the resulting expansions, we obtain the asymptotic expansions in (2.6)
and (2.7). O
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Remarks

1. In the sequel, we let f(x) and g(x) be exactly as in (1.3) and (1.1)—(1.2), respectively,
with the notation therein. In addition, by “4 — 0” we shall always mean “h — 0, h €
{hi}2,”, the hy being as defined in the statement of Theorem 2.2.

2. In case g € C*®[a, b], f(x) is infinitely differentiable at x = a+ and x = b— since a <
t < b. Consequently, the asymptotic expansions of f(x) as x — a+ and x — b— are
simply its Taylor series at x = a+ and x = b—, respectively, namely,

X £6)
f(X)NZf S'(a)(x—a)s as x — a+,
s=0 :

© ()
FE)~Y (=1 f S!(b) (b—x)" asx— b—.

s=0

Thus, by (1.7), the sum of the first two summations in both (2.6) and (2.7) is simply

——[f<a>+f(b)]+2 Gl e = @l 2.8)

3. Incase g(x) = (x —a)”va(x) = (b — x)’ v, (x), where v, € C®[a, b) and v, € C®(a, b],
we have
Vs=Y+s, S;=6+s, s=0,1,....

Consequently, after proper rearrangement of the powers y; +i + 1 and 6; +i + 1, the

sum of the first two summations in both (2.6) and (2.7) is simply
o0 o0

Yo AGRL—y =TT 4 Y B Be(—8 — T,
V+S¢S[59L6-»-.] 6+s¢f2:,401,6....]
where
AR =) Cisi B, BB =) D it:p), s=0,1,....
i=0 i=0

Such cases arise, for example, by introducing a weight function with algebraic end
point singularities into the integral fab f(x)dx. A frequently treated example is g(x) =
v(x)(1 — x2)*, v(x) being a nice function on [—1, 1].

4. From the result in (2.7), it is seen that in case 8 = —m, m = 1,2, ..., the asymptotic
expansion of 7,°[ f] takes on different forms depending on whether m is even or odd.
(a) When m is even, let m =2r, r = 1,2, .... Then, the (C — logh) terms disappear.

In addition, by the fact that {(—2k) = 0, for k = 1,2, ..., all the terms involving
¢Q2r —2i) withi >r disappear Asa result, we have

T f1~I1f1+ Z Z Cyi(t; =2V (—y, — )RV Hit!

=0
v (2, 4 6,...)
+ Z Z Dyi(t; =2r)C (=8, — i)hSsTiH!
= s 4id 2.6,
I o)
AO) )7, —2r+2i+1
+ 2; G S =2k as i — 0. 29)
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(b) Whenm isodd, letm =2r +1,r =0, 1, .... Then we have

T[f]~1[f]+2 Z Coi (1 =2 — 1)L (—y, — DR

s=0
7c+t¢{246 )
0 00
+ Z Z Dy (t; —2r — 1)¢ (=85 — i)h5s+t+1
= ;+t¢l=916 )

(21

8 Ay —2r 2

+2§ (2)' ;(2r+1 2iVh
t#r

g
2r)!

With the asymptotic expansions of 7,[ /] available, we can derive various compact nu-
merical quadrature formulas to approximate /[ f]. This can be done by subtracting some of
the lowest order terms in the asymptotic expansions, or suitable approximations to them,
from T,7[ f]. In the next section, we show how this is achieved for § = —2, a case that has
been the subject of quite a few publications in the past. The treatment of the rest of the cases
is quite similar.

+2

(C —logh) ash— 0. (2.10)

3 Compact Quadrature Formulas for the Special Case f = —2 and g € C*[a, b]

When 8 = -2, and g € C*®[a, b], by Remarks 2 and 4 of the preceding section, (2.9) as-
sumes the form

h
TAf1~ 111+ 26 g0h ™" + ¢ (08" ()h — 5 [f(@+ )]

[e°]

By ¢ . :
+;(2—i2)![f(21 D) — fED(@)]n*  ash— 0. (3.1

Using the fact that £(0) = —1/2 and ¢(2) = 72/6, and defining
* h 712 —1
Oulfl= (Tn Lf1+3 [f(a)+ f(b)]> e {O
n—1
[ f(a)+2f<x,)+ f(b)} - —g(r)h g (3.2)

x/;ﬁt

we rewrite (3.1) as in
1 2. By , ‘ .
A1~ 1111 = 58" O+ 3 S5 [FO V0 = A D@ ash—0. (3
i=1 :

Here we have made the natural assumption that g(¢) is readily available so that Q,[ f] can be
computed. We can use this result to devise quadrature formulas for /[ f] and also to accel-
erate their convergence via the Richardson extrapolation process, as in the next subsections.
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3.1 Quadrature Formula when g”(¢) Is Available

If g”(¢) is available, then we define

- 1
Qn[f] = Qn[f] + Eg,/(t)h (34’)
as an approximation to I[ f] with error expansion in the powers h2, h*, h, ..., given as in
—~ B
A ~ 2i @i-1) _ £Qi—D 2i
OulfI~I1f1+) 2 [F DB — P @]n* ash—o0. (3.5)

i=1

Consequently, we can apply the Richardson extrapolation process to the sequence an [f],
with the n; as in the statement of Theorem 2.2.

3.2 Quadrature Formulas when g”(¢) Is Not Available

When g”(¢) is not available, we have a few options.

1. We can take Q,[ f] given in (3.2) as our approximation to /[ f]. Note that the asymptotic
expansion of Q,[f] given in (3.3) involves the powers A', h2, h* h, .... Thus, we can
improve the convergence of Q,[ f] by applying the Richardson extrapolation process to
the sequence Q,, [ 1, with the n; as in the statement of Theorem 2.2.

2. We can approximate g”(¢) by a central difference as in

glt+h)—2g()+gt—h)

'~ 2

and replace g” (¢) in the formula for 0., [f,t] givenin (3.5), to define a new approximation
to I[ f1], namely,

= g(t+h)—2g(t)+g(t—h)'

! =0, 3.6
Q,[f1=0ulf1+ o (3.6)
Note that # + h and ¢ — h, just as ¢, belong to the set {xg, x1, ..., X,}, so that no extra
evaluation of g(x) is necessary here. By the fact that
Ut —28(0) T gt =) 2i 8 s wh o
n2 8 2" 20! ’
and by (3.5), there holds
QL LfI~ILf14 Y wiOh™ ash— 0. (3.7)
i=1
Here,
Bai 1 cicn Qi-1) :
w1 () = m[f o) - @], =12,
(2i+2) (3-8)
_ 8w
wy(t) =2>—7—, i=12,....
(2i +2)!
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Consequently, we can improve the convergence of Q/[f] by applying the Richardson
extrapolation to the sequence Q;l LS, with the n; as in the statement of Theorem 2.2.
Note that the asymptotic expansion of the error in Q;[ f1 contains all the powers h',
i =2,3,..., and this should be contrasted with the asymptotic expansion of the error
in 0,[f1], which contains only the even powers h*, i =1,2,.... This implies that both
of the errors Qn[f] —I[f] and Qn[f] — I[ f] are asymptotically equal to 32 [f b) —
f'(a)]h?* as h — 0. When applying the Richardson extrapolation process, however the
cost incurred for Q [ f]is larger than that incurred for Qn [ f] since we have more (twice
as many) powers to eliminate by extrapolation in the former case.
3. Finally, we can also approximate /[ f] by combining Q,[ f] with Q,,[ f] as follows:

0ulf1=202[f1— Qulf]. (3.9)

This amounts to performing one step of the Richardson extrapolation process on the
asymptotic expansion of Q,[ f] given in (3.3) to eliminate the first power of / and hence
the need to know, or approximate, g”(¢). This is precisely what was done in [22] in

the treatment of CPV integrals. (Observe that ¢ belongs to both {a + ]h}" Vand {a +
jh/ 2}5”:1], the sets of abscissas for Q,[ f] and Q,,[ f], respectively.) Since the step size
associated with Q,,[ f]is h/2, we have

Oulf1=h)_ fla+jh—h/2) =7 gh™", (3.10)

j=1

that is, @,,[f] is the sum of & Z;f:l f(a+ jh — h/2), which is simply the midpoint rule
with step size /4, and the correction term —m2g(¢)h~". Note also that even though ¢ is in
the set {a+ jh/2}3," as well as the set {a+ jhY|_}, itis not in the set {a+ jh —h/2}!_,

As already mentioned, this procedure eliminates the term — % g"(t)h from the asymptotic
expansion of the error in Q,[f] in (3.3), and we have the asymptotic expansion in the

powers W2 h* he, ..., given as in

Qulf1~ILf1+ Z (2 ;v 27— [y — AV (@]h¥ ash—0. (3.11)

Choosing n; = 2%ng, k=1,2, ..., in this case, we can apply the Richardson extrapolation
process to the sequence {Q,, [ f1}72,-

4 Quadrature Formulas for § = —2 when f(x) is Periodic

In the preceding section, we assumed that 8 = —2 and g € C*[a, b], which means that
f € C®[a, b]\ {t}. We now assume, in addition, that f(x) is a T-periodic function of x for
x € R,, and that f € C*(R,), where

T=b—a and R, =R\{r+kT}2 with R = (—00, 00). 4.1)

—00?

In this case,

a'+T
I[f] =/ f(x)dx, a arbitrary.
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Thus, for each n, we can cause any given ¢ to belong to a set {a’ + jh};f;' by choosing a’
suitably. Starting with this observ_ation, and following [22, pp. 213-214, Remarks], we can
express the quadrature formulas Q,[ f] and Q,[ f] also in the simple forms

n—1

0.lf1= hZf(tJrjh)——g(t)h + 5 g”(r)h

j=1

“4.2)
Oulf1=hY_ flt+jh—h/2) = gk,
=1
For this periodic case, we have £ (a) = f@(b),i =0, 1, .... Therefore, the summations
>, B
Z 2i f(zl ”(b) f(2i71)(a)]h2i

(2i

i=1

and

2] —2i _ 1)[f(2171)(b) _ f(2i—1)(a)]h2i

gm)'

in (3.5) and (3.11), respectively, are now empty. This results in the following theorem:

T\heorem 4.1 Let f(x) be as in the first paragraph of this subsection and let Q,[f] and
0,1 f]1 be as defined in (4.2). Then

0.[f1-1f1=0(n") and Qn[f]—l[f]zo(h“) ash—-0VYu>0. (4.3)

In words, the errors in Q,,[ f1and Qn[ f1 tend to zero as h — 0 faster than any positive
power of 4. In the nomenclature of the common literature, the quadrature formulas Q,[ f]
and @n[ f1 have “spectral” accuracy. Thus, the quadrature formulas Qn[ f1and @n[ f1 be-
come excellent methods for computing /[ f] when f(x) is T-periodic and infinitely smooth
on R,, with R; as defined in (4.1).

What we have done with the formulas Q,,[ f ] and Qn[ f1 cannot be done with the for-
mula Q [f] because the error expansion for Q [f] is not empty (it contains the powers
K3, k3, K7, ...) as can be seen from (3.7) and (3.8).

4.1 Another Expression for Q,,[ f]

If f(x) is T-periodic, by letting u(x) = f(x)sin’ @, it may be more convenient to ex-
press f(x) in the form

Fy= 40 (4.4)
sin? —”()‘T”)

Note that the function l/sinz[n(x —1)/T] is T-periodic as well, and is in C*°(RR,). This
implies that u(x) is T-periodic too, and is in C*°(R). Here, R and R, are as in (4.1). Then,

(x —1)?
gx)= W u(x),
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and g(¢), which is needed for the quadrature formula @n[ f1, is obtained from g(t) =
lim,_,, g(x), which gives

T2
g(1) = —u(0),
/4

Thus, the quadrature formula Q,, [ f] assumes the form
n
Oulf1=h) f(t+jh—h/2) = TPu@h™". 4.5)
j=1

In the next section, we will show that this formula can be reduced as in

~ S u(t+ jh—h/2) —u()

Oulfl=hYy ——5————. (4.6)
=t sin"[(2j — 1)

5 Exactness Property of Q,,[ f1 and Consequences

5.1 Exactness Property of @,,[ f]

It is well known that the trapezoidal rule

a .
, n1nteger,

n—1
T, [u] =h[%u(a> +> ula+ jh) + %u(b)}; ="t

j=1

is exact for regular integrals fa b u(x)dx, when u(x) is a trigonometric polynomial of degree
at most n — 1 with period T = b — a. That is,

n—1

b
Tn[u]=/ ux)dx, u(x)= Z CmeiZmzrx/T.

m=—(n—1)

Interestingly, the quadrature formula Q,[ f1for hypersingular integrals I[ f], with f(x) =
g(x)/(x —t)? and g € C*°(a, b), has an analogous exactness property. Specifically, we have
the following theorem:

Theorem 5.1 Let
ei 2mrx/T

fn(x) = W, m integer. (5.1

[Note that f,,(x) is T -periodic with a hypersingularity of the form (x —t)™2 at x =t.] Then
the following are true:

1. The integral 1] f,,] = fab fn(x)dx,b—a=T, satisfies

I[fu]l=—=2T|m|e®™ /T m=0,+1,42,.... (5.2)
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2. The quadrature formula Qn[ fm] for I f,] satisfies
Oul ful = I fnl = —2T|m|e?"™/T | m=0,%1,42,..., +n, (5.3)
while for arbitrary m, we have
Oulful = T[(=D)f(n = 2r) —n]e™/7, (5:4)

where k and r are unique integers, k > 0 and 0 <r <n — 1, such that |m| =kn +r, in
which case,

Oul il = I ful = T{[(=DF = 1](n — 2r) + 2kn} "™/ (5.5)
3. If f(x) is of the form

flx )—%, u(x)= Y cpe® 7, (5.6)

m=-—n

then the quadrature formula @,,[f]for I[fl1= fah f(x)dx,b—a=T, satisfies
Oulf1=11f1. (5.7)
The proof of Theorem 5.1 is provided in Appendix A. The result of part 1 of this theorem
is actually known and can be found in Lifanov and Poltavskii [9]. Nevertheless, we have
provided an independent proof of it.

5.2 Consequences of Theorem 5.1

With f(x) as in (4.4), we can show that the hypersingular integral fa b f(x)dx can be ex-
pressed as a CPV integral. This is done in Theorem 5.2.

Theorem 5.2 Let us express f(x) (whether periodic or not) as in

u(x)

f()—m, a<t<b, T=b—a. (5.8)
sin
Then
b bux) —u()
I[f]1= fx)dx = ————dux, 5.9
a a 51n2—”(xT’)

which is a CPV integral.

Proof We start by expressing /[ f] in the form

u(x) —u(t) /
I[f]1= —————dx dx.
[f] l San JT(x m(x—t) tu (t) 2 n(x 1)

Next, by the fact that sin?[7r (x — 1) /T]is T-periodic, and by (5.2) with m = 0, we have

b
/dele[fo]zo.
o sin® TG0
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The result in (5.9) now follows. That the integral in (5.9) is a CPV integral follows from the
fact that
u(x) —u(r) (T/m)*u' (1)

T2 GD asx — 1.
T

sin x—t

This completes the proof. O
We have a similar result that concerns @n [f]:

Theorem 5.3 Let f(x) and I[ f] be as in Theorem 5.2, and let h = T /n. Then, provided

te{a+ jh}; iz ],wehave

0.1f1= hzu(aﬂh h/2) —ult) (5.10)

2 w(a+jh—h/2—t)
T

If f(x) is T -periodic, then

S &ul A+ jh—h/2) —u()
Qn[f]—h; S DI (5.11)

Proof By (4.5),

Oulf1=h Z watJhZhD .

2n(a+jh 1/2—1)

Hence

Z u(a+ jh—h/2) —u(t)

Qn[f 27r(u+jh h/2—1) +K,,M(t),
T

27 —1
"—th_Th : ©-12)

By the fact that sin?[ (x — 1)/ T] is T-periodic, and t =a + ih forsome i € {1,...,n — 1},
we have that K, = Q,,[fo], with f,,(x) as in (5.1). But, by (5.3), Qn[fo] =1I[fo] =0, and
this implies that K, = 0. Substituting this in (5.12), we obtain (5.10). The result in (5.11)
follows from (5.10) by invoking the fact that f(x) is T -periodic. O

The next theorem concerns the error in Qn [f]in terms of the Fourier series of the func-
tion #(x) in (5.8) of Theorem 5.2.

Theorem 5.4 Let f(x) and u(x) be as in Theorem 5.2, and let u(x) have the Fourier series

o0 b
. 1 .
u(x)= Y e, == / e 2Ty (x) dx. (5.13)

m=—00
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Then, with k and r as in Theorem 5.1,

Oulf1-11f1=T Y {[(=D)f = 1] —2r) + 2kn}[cne™ /T +c_ e 2"™/T]. (5.14)

m=n+1

Consequently,

10, 1- 1171 2T Y (m+m) (el + le_nl). (5.15)

m=n+1

Proof The proof of (5.14) is achieved by invoking Theorem 5.1. The proof of (5.15) is
achieved by noting that kn <m and |n — 2r| <n since 0 <r <n — 1 and |m| > kn for
|m| > n. O

6 Error in Q,, [ f1 for Analytic and Periodic f(x)

‘We now go back to the periodic integrand functions f (x) discussed in Sect. 4. There, we as-
sumed that f(x) is infinitely differentiable on (—oo, 0o0) excluding the points of singularity
t+kT,k=0,£1,%2,..., where T = b — a. Concerning this case, we recall Theorem 4.1
that states that the error @n [f1—1[f]tends to zero faster as h — 0 (equivalently, as n — 00)
than every positive power of 4. In this section we prove that the error tends to zero expo-
nentially in n as n — oo if f(z), as a function of the complex variable z, is also analytic in
a strip containing the Re z axis, with the exception of the points t + k7, k=0, +1,+2,....
This is the subject of Theorem 6.2 below.

In proving Theorem 6.2, we will make use of Theorem 6.1 that follows next. This theo-
rem was stated and proved as Theorem 9 in Sidi and Israeli [22].

Theorem 6.1 Let G(z) be T-periodic and analytic in the strip |Imz| < o for some
o > 0, with simple poles at the points t + kT, k=0,£1,£2,.... Let I[[G] = fab G(x)dx,
b—a=T.7 Next,leth=(b—a)/n and

0.[G1=hY_G(t+ jh—h/2).

j=1

Then

~ -2 "IT

10,161 - 1G] < 2T M (o) L2 Ty,

1 —exp(—2mno’/T)
where
M) :max{max |Ge(x +ir)|, max |G, (x — ir) },
xeR xeR

and

1
G.(§) = E[G(I +6+G@ -8

[Note that G.(z) is analytic throughout the strip |Imz| < o.]

SIn this case, I[G] is simply the Cauchy principal value of |, ub G(x)dx.
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Theorem 6.2 Let T = b — a and let f(z) be T -periodic and analytic in the strip [Imz| <o
for some o > 0, with double poles at the points t + kT, k =0,%1,x2,.... Express f(z) as
in

u(z)
f)= m, 6.1)
and define the function G(z) as in
G =121, 6.2)
Sin -7
and let
1
Ge(€)=§[G(t+%‘)+G(f—§)]- (6.3)
Then
~ N exp(—2mno’/T) ,
|0uLf1—=11f1| <2TM (o) T m— s Yo' <o, (6.4)
where
M(t)= max{max |Ge(x +ir)|, max |G, (x — i7)| } (6.5)
xeR xeR

Proof We start by noting that 1/ sin’[7(z —t)/T], justas f(z), is T -periodic and meromor-
phic in the strip |Im z| < o with double poles at the points t + kT, k =0, £1, £2,.... Con-
sequently, u(z) is analytic and T -periodic throughout the strip |Imz| < o. Consequently,
G (z) is T-periodic and meromorphic in the strip | Imz| < o with simple poles at the points
t+kT, k=0,£1,£2,....

Now, by Theorem 5.2, we have that /[ f] = I[G]. In Theorem 5.3, we showed that @n [f]
ultimately has the form shown in (5.11). It is easy to verify from this that @n[ fl= @n[G]
defined in Theorem 6.1. Consequently, Qn[ fl1-1[f]1= é,l[G] — I[G]. Therefore, Theo-
rem 6.1 applies, and the result follows. ]

7 Application of Qn[ f1to Hypersingular Integral Equations

‘We now consider the application of the quadrature formula é,, [ f] to the numerical solution
of hypersingular integral equations of the form

b
A (1) +/ K, x)p(x)dx =w(t), te€(a,b), A scalar, (7.1)
such that,
K, x)= H, ) H € C*([a,b] x [a, b]) (7.2)
» X _(x—t)z’ € a, X |a, . .

In some cases, additional conditions are imposed on the solution to ensure uniqueness, which
we will skip below. The important thing here is to see how the quadrature formula Q, is
being used in the context of integral equations.
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7.1 Application to Periodic Hypersingular Integral Equations

In the periodic case, with 7', R and R, as in (4.1), we assume that

1. (a) K(t,x) is T-periodic in both x and ¢, and is in C*°(RR;) as a function of x.
(b) As a function of x, K(#,x) has double poles at the points x =t + kT, k =
0,+1,+2,....
2. w(x) and the solution ¢ (x) are both T -periodic in x and in C*°(R). (That ¢ € C*(R)
can be argued heuristically as was done in [22, Introduction].)

Following [22, Sect. 4], for a given integer n,leth = hy, =T/(2n),and x; = a+ jh, j =
1,...,2n, and let ¢ be any one of the x;. Let us approximate the integral fah K(t,x)p(x)dx
by the rule Q,, with step size 2k (and not by Q,, with step size i), namely,

0u[K(t.)¢] =21 K(t.t+2jh— )t +2jh —h) — x> H(t, )$(1)(2h) "

j=1

Finally, letting t = x; and noting that t +2jh —h = x;15;_, and replacing the ¢ (t +2jh —h)
by corresponding approximations 47,-+2 i—1, and recalling that everything here is T -periodic,
[for example, ¢ (xj42,) =@ (x; + T) = ¢(x;) for all j, and the same holds true for K (¢, x)
and w(x)], we write down the following set of equations for the 5 it

2n
Api +2h Y €K (i x)$; — T H(xi x)gi2h) = w(x), i=1,....2n, (13)

Jj=1
where

1 if|i — j| odd,
ey={L M=o (7.4)
0 if|i — j|even.
Note that we do not need to know H (¢, x) for all ¢, x. It is enough to know H (¢, t), which
can be obtained from K (¢, x) via H (¢, t) = lim,_,,[(x — t)?K (¢, x)]. The linear equations
in (7.3) can be rewritten in the form

I
=

Kid;=w), i=1,....2n,
L (7.5)

Kij =2he;; K (x;, x)) + [ — w2 H (x;, x;))2h) ' ]85, Vi, j.

.
I

l

Here §;; stands for the Kronecker delta.
7.2 Application to Nonperiodic Hypersingular Integral Equations

Direct use of the quadrature formula @,, in the solution of nonperiodic hypersingular inte-
gral equations in (7.1) will not yield good approximations, because (i) the solution ¢ (x) is
usually singular at the endpoints with a rather complicated singularity structure; as a result,
the integrand K (¢, x)¢ (x) has the same characteristics at the endpoints, and (ii) the inte-
grand K (¢, x)¢ (x) has a double pole singularity at x =7 since K (¢, x) does. Thus, the error
in @,1[K(t, )] is at best O (h?) as h — 0, contributed by the point of singularity x = 1.
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We can increase the accuracy if we apply the quadrature formula 0, after transforming
the variable of integration x in (7.1) suitably, provided K (¢, x)¢(x) is integrable through
x =a and x = b in the regular sense. A brief description of the procedure follows:

Let x = ¥ (£), be the variable transformation alluded to, with the properties

¥ [0,1] = [a, b]; v (0)=a, Y1) =b; Y(E)>0 for 0 <& <1,
and
v® ) =0, v®1)=0, k=1,...,r forsomer.

Since ¥ (&) is increasing for 0 < &€ < 1, we have r = ¢ () for every ¢ € [a, b]. Of course, T
is unique. Then (7.1) becomes

1
AD (1) —i—/ K(t,e)®@(E)dE =W(r), 1€(0,1), (7.6)
0
where

) =¢(v (), WE) = w(y (), K& =Ky @, y@)y'E. 77

By taking r sufficiently large, we can make many of the derivatives of the integrand
K(r,&)®@ () vanish at £ =0 and £ = 1, and this makes the 1-periodic extension of
K(tr,&)® (&) as a function of £ quite smooth, except at the points & = 7 + k, k =
0,=£1,+£2,.... (This is the reason why such variable transformations are also called “peri-
odizing” transformations.) Thus, we can apply the quadrature formula /Q\n to the transformed
integral equation in (7.6) exactly in the same way we have described for the periodic case in
the preceding subsection. We leave the details to the reader.

8 A Numerical Example with Q,,[ f]

As mentioned earlier, because we know the form of the asymptotic expansions of the errors
in the quadrature formulas Q,[ f1, Q; [f], and @,, [f], we can apply the Richardson extrap-
olation process to these formulas and obtain approximations to /[ f] that have increasingly
high accuracy. As this is a very well known subject, we will not give numerical examples
to illustrate it. Instead, we will concentrate on the use of @n[ f1 in the context of periodic
integrands since this is of interest when solving periodic hypersingular integral equations
and produces spectral accuracy.
Let us consider the integral I[ f], where

4 u(x)
I[f1= fdx, fx)=-———, (8.1)
— S -
with
0=3 1" Lo neoss Ll <1 82)
u(x) = cosmxy = ———————, real, <1, .
m=0’7 1 —2ncosx + n? 7 7
which follows from
> 1
u(x) =Re Z n"e™ =Re g

m=0
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Table 1 Numerical results for the integral in (8.1)—(8.3) with r = 1 throughout. Here E,,(n =c¢) = Ién [f]1—
11/ forn=c

n Ep, (n=0.1) E, (n1=0.2) Ep n=0.3) Ey, (n=0.4) Ey, (n1=0.5)
10 5.04D-11 2.30D-07 3.23D-05 1.05D-03 1.50D-02
20 1.91D-20 5.21D-14 3.15D-10 1.49D-07 1.69D-05
30 2.68D-30 6.54D-21 2.00D-15 1.47D-11 1.33D-08
40 4.54D-32 5.78D-28 8.80D-21 9.43D-16 5.76 D-12
50 5.07D-32 1.33D-32 1.76 D-26 4.40D-21 3.27D-15
60 4.79D-32 1.14D-32 1.68D-31 9.60D-24 1.09D-17
70 1.04D-31 3.42D-32 7.48D-33 1.74D-27 1.47D-20
80 9.23D-32 4.98D-32 6.92D-32 2.78D-31 1.37D-23
90 1.36D-31 2.70D-33 1.06D-31 6.34D-32 8.44D-27

100 1.61D-31 1.66 D-32 3.10D-32 3.49D-32 7.53D-31

By (5.2), we have

I[f]1=—4xn im "cosmt = —4 iu(t) =47
= n = nan = n

m=0

(1 +n?cost —2n
(1 =2ncost +n?)?’

(8.3)

For this u(x), the function f(z) is meromorphic in the strip |Imz| < o =logn~' with
double poles at the points z = + 2k, k=0, +1,£2,....
We have applied Qn[ flwitht=1and n=0.1(0.1)0.5. The results of this computation,
using quadruple precision arithmetic (approximately 35 decimal digits) are given in Table 1.
By Theorem 6.2, E, = |§n[f] —I[f]]= O0(n") asn — oco. As a result, we should have,
E,.«/E, ~ n*, and this can be seen from the results in Table 1.

9 Euler-Maclaurin Expansions and Quadrature Formulas for j; b g(x)(x — t)Pdx,
=-1,-3,-5,...

‘We now turn to the treatment of the integrals

b
I[f]:/ f@dx;  f)=gW)x—nf, p=—1,-3,-5,..., O.1

where g(x) is exactly as described in the Introduction via (1.1) and (1.2). (As mentioned
earlier, these integrals are not contained in those of (1.3).) Then we have the following
result, which can be obtained using the technique of proof of Theorem 2.2.

Theorem 9.1 Let g(x) be exactly as in (1.1)—(1.2) with the notation therein, and let f(x)

be as in (9.1). Write B = —Q2r + 1), r =0, 1, ..., for convenience. Let also {n;}2, be a
sequence of positive integers, ng < n; <np < ---, and let hy = (b — a)/ny. Let t be such
that t € {a + jhk}?‘;l for every k =0, 1,.... (This is guaranteed if each ny is an integer

multiple of no, k =1,2,...,and t € {a + jho}?(’;ll.) Letn € {ny)2yandleth= (b —a)/n
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andxj=a+ jh, j=0,1,...,n, and define

n—1
T f1=h)_ f(x). 9.2)
X]j:;élt
Define also
cx,-(r;ﬂ)=(—1)f+1<’j>cs(t—a)ﬂ*f, s,i=0,1,...,
9.3)
Ds,»(t;ﬁ)=(—1)i<’?>d5(b—t)ﬁ—f, 5,i=0,1,....
l
Then
T [fI~ILf]1+ Z Z Cyi(t; B)C(—ys — i)hyﬁ"ﬂ
_Oyv+l¢(246 3
+Z Z Dyi (85 B)E (=85 — i)+
y+z¢246 Bl
g%t () N
+2§m§(2r—21)h UL s h— 0. (9.4)

As before, by “h — 0” we mean “h — 0, h € {h}32,”.

Proof The proof is carried out again by writing I[f] = fat fx)dx + flb f(x)dx and
proceeding exactly as in the proof of Theorem 2.2. Note that each of the two integrals
f; f(x)dx and ftb f(x)dx is defined in the sense of HFP, and the corresponding E-M ex-
pansions have a (C —logh) term in them contributed by the point of singularity x = ¢. Upon
summing the two expansions, these terms cancel each other out, hence the sum given in (9.4)
contains no terms involving (C — log k). We leave the details to the reader. ]

Note that Remarks 2 and 3 following the proof of Theorem 2.2 apply to the expansion
in (9.4) with no changes. In particular, when g € C*[a, b], after some simple manipulation,
the expansion in (9.4) becomes

O o —2r 2]
Oul 1~ 11f1+2 2(2 i@ — 20k

Z(2z)| FOD@B) — FED @R ash— 0, ©9.5)

where

1 ! 1
O f1=T/[f1+ = [f(a)+f(b)] |:§f(a)+2f(xj)+5f(b)i|- 9.6)
j=1
Xﬁé[
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Note that the asymptotic expansion of the error Q,[ f] — I[ f] involves only the derivatives

of f(x) and g(x).
Upon invoking ¢(0) = —1/2 and ¢(2) = 72/6, for the two important cases of g = —1
(hence r =0) and 8 = —3 (hence r = 1), (9.5) becomes

Oulf1~11f1—-g'(Hh

Bo; . . .
+ ; (2—1.2)![f(2’ D) — AV @]n* ash—0, (B=-1), 9.7)

which is precisely what was obtained in [22] (in a much different and lengthy way) for the
CPV integral fab g(x)/(x —t)dx,a <t <b, and

2 1
0.[f1~I[f]1+ %g/(r)h*‘ — <8 Wh

oo

+ ZI: %[f@i*“(b) — A V@]n* ash—0, (B=-3). 9.8)

9.1 The Case 8 = —1

As is seen from (9.7), when 8 = —1, hence r = 0, the E-M expansion of Q,[ f] for the CPV
integral fab g(x)/(x —t)dx,a <t < b, contains the term —g’(¢)h. When g’(¢) is known, we
can use it to define

’ ’ 1 — 1 ’
O,[f1=0ulf1+ g (®h =h|:§f(a) + ;f(xj) + Ef(b)} + g ()h
Xj#t

as our numerical quadrature formula. Otherwise, we can replace g’(¢) by a (preferably cen-
tral) differentiation formula of suitable accuracy that is at our disposal.

In case we do not know g'(¢), and we do not wish to bother with it, the term —g’(¢)h
in the asymptotic expansion of (9.7) can be eliminated again by approximating /[ f] via a
linear combination of Q,[ f] and Q,,[f] as in

0, f1=202,0f1— Qulf]. (9.9)

(This is precisely what was done in [22] in the treatment of CPV integrals. We have already
used this approach in our treatment of the case § = —2 in Sect. 3.) Since the step size
associated with Q,,[ f]is h/2, we have

Oulf1=hY)_ fla+ jh—h/2), (9.10)

j=1

that is, é,,[ f1 is simply Lhe midpoint rule with step size h = (b — a)/n. As a result, the
asymptotic expansion of Q,[ f]— I[ f] contains only the powers h2, h*, h®, ..., and is given
as in

By;

OulFI~ILf1+ ) w(z”” —)[f¥ V) - fED@]h¥ ash—0. (9.11)
i=1 :
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If, in addition, f(x) is a T -periodic function of x € R and f € C*(R,), where T =b — a,
R = (—00,00),and R, =R\ {t + kT}>_, then (9.11) becomes

O.Lf1-11f1=0(h") V¥u>0. 9.12)

All this is already in [22], although we have shown that the E-M expansion for § = —1 can
be obtained by a technique that is much simpler than the one used in [22]. The exactness
result of the next section pertaining to the case 8 = —1 seems to be new, however.

10 Exactness Property of an[ flfor g =-1

The quadrature formula é,,[ f1 for CPV integrals I[f] = fab g(x)/(x — t)dx has an ex-
actness property analogous to that of 0.l f1 for hypersingular integrals I[f]=g(x)/(x —
1)% dx described in Theorem 5.1. Specifically, we have the following result that involves the
Hilbert kernel:

Theorem 10.1 Let
—1) .
fm(x) =cot % &2mT o integer. (10.1)

[Note that f,,(x) is T-periodic with a Cauchy singularity of the form (x —t)~" at x =t.]
Then the following are true with the convention that sgn(0) = 0 throughout:

1. The integral I| f,,] = fab fn(xX)dx,b—a=T, satisfies
I[fn] =iT sgn(m) &?"™/T — m=041,42,.... (10.2)
2. The quadrature formula é,,[fm]for I[ f] satisfies
Oulful = I ful =iTsgn(m) ™™/ T m=0,%1,...,+(n — 1), (10.3)
while for arbitrary m, we have
Oulful =T sgn(m)V,, "™/, (10.4)
with V_y n = Vi, and

0 ifm=0, .
an= and an=V,1 rn — -1 Vrnv 10.5
Tl #mi=1, 1, tma = Vinsrn = CD Ve, (109)

where k and r are unique integers, k >0 and O <r <n — 1, such that |m| =kn +r, in
which case,
Ol fil = I1ful =iT sign(m)(Vy, — De>" /7. (10.6)
3. If f(x) is of the form

n—1
f(x):cotyu(x), ux)= Yy cpe®7, (10.7)

m=—(n-—1)
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then the quadrature formula é,l[f]for I1[f]= fab f(x)dx,b—a=T, satisfies
Oulf1=11f]. (10.8)

Note that Vi, , = 0, for every integer k, by (10.5).

The proof of Theorem 10.1 is provided in Appendix B. The result of part 1 of this theorem
is actually known and can be found in Lifanov [8], for example. Nevertheless, we have
provided an independent proof of it.

The next theorem concerns the error in Q,, [f]in terms of the Fourier series of the func-
tion u(x) in (5.8) of Theorem 5.2.

Theorem 10.2 Let

w(x —1)

fx)= COtT u(x),

and let u(x) have the Fourier series

0 b
. 1 .
u(x) = Z cne T e, = Fl e 12Ty (x)dx. (10.9)
m=—00
Then, with V,, , as in Theorem 10.1,
én[f] - I[f] :lT Z(Vm,n - 1)[Cmei2mnt/T - C_me—iZmnt/T]. (1010)
m=n
Consequently,
o0
|8uLF1— 11£1] <27 3 (Iewl + le_nl). (10.11)

Proof The proof of (10.10) is achieved by invoking Theorem 10.1. The proof of (10.11) is
achieved by noting that |V,, ,| <1 for all m and n. |

11 A Numerical Example with an[ flfor g =-1

In this section we concentrate on the use of én [ /] in the context of periodic integrands since
this is of interest when solving periodic singular integral equations involving the Cauchy
kernel and produces spectral accuracy.

Let us consider the integral /[ f], where

X —t
2

I1[f]= nf(x)dx, f(x)=cot u(x), (11.1)

-

with

1 —ncosx

— = 1, 1. 112
T4 7% — 2ncosx nreal, |n| < (11.2)

o0
u(x) = Z n™ cosmx =

m=0
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Table 2 Numerical results for the integral in (8.1)—(8.3) with r = 1 throughout. Here E,,(n =c¢) = Ién [f]1—
11/ forn=c

n Ep, (n=0.1) E, (n1=0.2) Ep n=0.3) Ey, (n=0.4) Ey, (n1=0.5)
10 4.74D-10 6.28 D07 4.45D-05 9.25D-04 9.64D-03
20 6.77D-20 8.11D-14 2.97D-10 9.89D-08 8.68 D06
30 6.63D-30 7.34D-21 1.39D-15 7.23D-12 5.04D-09
40 2.34D-32 4.12D-28 3.40D-21 1.85D-16 1.91D-14
50 1.18D-32 1.44D-32 1.46D-26 4.70D-20 4.84D-15
60 1.24D-32 1.71D-32 2.43D-31 1.03D-23 7.91D-18
70 3.85D-34 3.85D-34 1.54D-33 1.30D-27 8.35D-21
80 3.03D-32 3.47D-32 3.81D-32 1.53D-31 6.14D-24
90 1.06 D-31 1.07D-31 1.09D-31 1.10D-31 2.10D-27

100 8.62D-32 8.72D-32 8.47D-32 9.48D-32 2.50D-30

Thus, by the fact that

= 1
—R m _imx —Re—
u(x) eZn e el—ne'x
m=0
and by (10.2),
ad ) ad ) 1
— : m imt | _ m imt _
I[f] —RC(ZUT;T) e' ) =2r |:Im<—1 —I—mg(:)r) e' )i| = —271<Im 1_—]7(3")
Therefore,
nsint
If1=-2

T
1 4+ n? —2ncost

For this u(x), the function f(z) is meromorphic in the strip |Imz| < o =logn~' with
simple poles at the points z =1¢ 4+ 2kmw, k=0, +1,+2,....

We have applied én[ f1witht=1and n=0.1(0.1)0.5. The results of this computation,
using quadruple precision arithmetic (approximately 35 decimal digits) are given in Table 2.

By Theorem 6.1, E, = |§,,[f] —I[f]]= O0(n") as n — oco. As a result, we should have,
E,.«/E, ~ n*, and this can be seen from the results in Table 2.

Acknowledgement This research was supported in part by the United States—Israel Binational Science
Foundation grant no. 2008399.

Appendix A: Proof of Theorem 5.1

Proof of Part 1 We start by noting that

b eiZmTr(xft)/T .
1) = [/ 7”}'%“/?
a

2.2 m(x—t)
sSin -
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Making the variable transformation y = 27 (x —¢)/T in the integral inside the square brack-
ets, and using the fact that the integrand is 7 -periodic, we obtain

T . b4 eimy
I[fu]=s=Lye>™T; L, =/ — T4 (A.1)
27 —x Sin“(3y)
Next,
L, = / C.Osz(”lly) dy +i / s'mz(n:y) dy.
—x sin“(3y) —x sin“(3y)
and since [ "nz(é"y} )) dy = 0 due to its integrand being odd, it follows that
g
Ly :/ S 4y = L=L,. (A2)
—x sin”(5y)
Thus, it suffices to treat only the case m =0, 1, .... Now,

cos[(m + 1)y] + cos[(m — 1)y] = 2cos y cos(my)

= 2[1 — 25in2<%y)] cos(my),

which, upon dividing both sides by sinz(% y), gives the identity

cos[(m + 1)y] B cos(my)  cos[(m — 1)y]
sit(ly) sy sin’(y)

= —4cos(my). (A.3)

Integrating both sides of this identity over [—, 7], and invoking (A.2), we obtain

m+1 2Lm + Lm 1= _4/ COS(m)’) dy (A4)

-7

Upon setting m = 0, and invoking the fact that L_; = L,, (A.4) gives

2Ly —2Ly=—-8r = L;=Ly—4n, (AS)
while for m > 1, because ffﬂ cos(my)dy =0, (A.4) gives the recurrence relation

Ly —2Ly+Ly—1=0, m=1,2,...,

whose general solution is of the form L,, = Am + B. We can determine A and B by invoking
the values of Ly and L;. Now, applying to L, the known result

g(x) . =€ g(x) bog(x) 2()
o (x—1)? _!12%[/(1 (x—t)zdx+/,+e(x—t)2d _2—]’ a<t<b,

we obtain

T

Lo= [ csc2<%y) dy = lim [4cot(e/2) —8/e] =
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As for Ly, by (A.5), we have
Ly=Ly—4r =—4m.
Consequently, A = —4m and B = 0. Hence, also by the fact that L_,, = L,,,
L,=—4r|m|, m=0,£1,£2,.... (A.6)
Substituting this in (A.1), we obtain (5.2).

Proof of Part 2 To prove (5.3) and (5.4), we proceed similarly. First, by (4.5),

T .
Qn[fm]— _( mn_n2)812m7rt/T’ (A7)
n
1my ] T )
Wi Z ¥ =Qj D=, j=1,...,n. (A8)
o sin (2y, n
Next,
" cos(my;) .= sin(my;)
Wm’n=zsin2(l ')+12Sin2(l )
j=1 2Yi j=1 Ry
By the fact that
sin(my,—j41) _ sin(my;) "
sinz(%yn_jﬂ) sinz(%yj)’ R

sin(my;)
Jj=1 smz(zv )

and since » i, = > wy—j11, we have 3

= 0. Consequently,

Wm,n = Z w = W—m,n = Wm,n~ (A9)
‘T sin (§yj)

Thus, it suffices to treat only the case m =0, 1, ....
Next, for every m > 0, there exist unique integers k,r > 0, r <n — 1, such that m =
kn+r.(Thus, k =0and r =0 for m =0, while k = 1 and r = 0 for m = n.) By the fact that

cos[(kn +r)y;] =cos[k(2j — D +ry;] = (=DFcos(ry;), j=1,....n,
we realize that

Wm,n = Wkn+r,n = (_l)k Wr,n~ (Alo)

Thus, we need to concern ourselves only with 0 <m <n — 1. (Note that this also implies
that |[W,, ,| < maxg<ij<u—1 |W; | for every m, hence {W,, ,}>°____ is a bounded sequence for
fixed n.)

Setting y = y; in (A.3) and summing over j from 1 to n, and invoking (A.9), we obtain

Wm+1,n - 2Wm,n + Wmfl,n =—4 ZCOS(m)’j) = —4|:Rezeimy.fi|. (A.11)

j=1 j=1
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Upon setting m = 0 in (A.11), and invoking the fact that W_, o = W, o, we first obtain
ZWL,, — ZW()’,, =—4n = Wl,n = W()qn —2n. (A12)

Let us now consider 1 <m <n — 1 in (A.11). For this, we need to compute Z;f:l cos(my;).
Invoking (A.8), we have

n-l _ (eiZinrr/n)”

n
. ) . ; . 1
E M — elmn/n § (el2mrr/n)] — emm/n i =0’
1 — ei2mn/n
=1 j=0

since 0 < 2mm/n < 2w for 1 <m <n — 1. As a result, Z;:l cos(my;) =0, and (A.11)
becomes

Wttn = 2Won + Wai1a =0, m=1,2,....n—1, (A.13)

which enables us to compute W, , for 2 <m <n when Wy, and W, , are known. The
general solution of (A.13) is of the form W,,, = Am + B for some constants A and B,
which we determine by invoking two initial values, namely, those of W;, and W, ,. To
compute Wy ,, let

1
sziyj and &;=cos0;, j=1,...,n, (A.14)

and note that &, ..., &, are the zeros of T, (&), the nth Chebyshev polynomial of the first
kind. (For Chebyshev polynomials and their properties, see Rivlin [16], for example.)
By (A.9) and (A.14),

n

W_"l_”l_ 1_1”1”1
0’"_2 Zl—coszej_Zl— 2_5[21_§j+21+§j:|’

-2 -
j=1 S 9/ j=1 Jj=1 J j=1 j=1

and since §,_ ;41 =—§;, j=1,...,n, we have

L S 1
= :> W n— .
;1—5/‘ 2_1: +§; " Zl—-‘?/‘
j= Jj=
Now, since &; are the zeros of T, (&), we have the identity
TE o 1
Tn (S) _ E - SJ

Letting £ = 1 in this identity, and making use of the facts that 7,(1) =1, 7,(1) = n?, we
have

T~ Ty,
o =2y = =

As for Wy ,, using (A.12), we have

WLV! = WO.n —2n= I’l2 —2n.
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Consequently, A = —2n and B = n?, and hence
Winn =n®>—2mn, m=0,1,...,n.
Recalling also the fact that W_,, , = W,, ,, we replace m by |m| everywhere, thus obtaining
Wy =n>—=2\mln, m=0,%1,..., +n. (A.15)
Finally, substituting (A.15) in (A.7), we obtain (5.3).

The result in (5.4) is obtained by substituting (A.10), with W, , = n%—2rn,in (A.8). The
result in (5.5) is obtained by subtracting (5.2) from (5.4).

Proof of Part 3 This follows by invoking Part 2 of the theorem in

n

Oulf1=11£1= "D cn(Qulfn] = I1 ).

m=-—n

Appendix B: Proof of Theorem 10.1

Proof of Part 1 We start by noting that

b
I[ful = [/ cot y pi2mm(x=1)/T dx:lei2mm/T.

Making the variable transformation y = 27 (x —¢)/ T in the integral inside the square brack-
ets, and using the fact that the integrand is 7 -periodic, we obtain

T . T 1 .
I[fm] = EKmelzmnt/T; Km = / COt(Ey) elmy dy (Bl)

-7

Next,

T 1 T 1
K. :/ cot<§y> cos(my)dy+i/ cot(§y> sin(my) dy,
-1 -7

and since [ fn cot(% y) cos(my) dy = 0 due to its integrand being odd, it follows that

T 1
K, = i/ cot(§y> sin(my)dy = Ky=0, K ,,=—K,. (B.2)

T

Thus, it suffices to treat only the case m = 1,2, .... For m > 1, the integral in (B.2) repre-
senting K, is regular. By making the variable transformation z = %y in this integral, and
invoking Gradshteyn and Ryzhik [4, p. 366, formula 3.612(7)], we obtain

/2 in(2
Km=4i/ cosz SNCMD) o omi m=1.2,.... (B.3)
0 sinz
Substituting this in (B.1), we obtain (10.2), with sgn(0) = 0.
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Proof of Part 2 By (9.10), we have first

~ T .
Qn[fm] = - Um,n elZmr[t/T7
n

Uy = ;cot(%yj> eIy = (2) — 1)%, j=1,....n (B.4)
Next,
n | & 1 .
Upn= ;cot<§y.f> cos(my;) + 1JZ_l:cot<5yj> sin(my;).
By the fact that

1 1 '
cot(z)’nﬁ'ﬂ) COS(mynfjJrl) = —cot(iyj) cos(myj), j=1,...,n,

and since ) i w; = > w, 1, we have 37 cot(3y;) cos(my;) = 0. Consequently,
X 1y
Um,n =1 jX:l: cot Eyj Sln(myj) = UO,n = O» U—m.n = _Um,n- (BS)

Thus, it suffices to treat only the case m = 1,2, ....

Next, for every m > 0, there exist unique integers k,r > 0, r <n — 1, such that m =
kn +r. (Thus, k =0 and r =0 for m =0, while k = 1 and r = 0 for m = n, and, therefore,
Uiinn=0fork=0,1,....) By the fact that

sin[(kn 4+ r)y;] =sin[k(2j — D +ry;] = (=D¥sin(ry;), j=1,....n,

we realize that
Um,n = Ukn+r.n = (_l)kUr,n- (B6)

Thus, we need to concern ourselves only with 1 <m <n — 1. (Note that this also implies
that |U,, ,| < maxo<j<n—1 |U; | for every m, hence (U, ,}5>__., is a bounded sequence for
fixed n.)

Now,

1 1 1
sin(my + §y> = sin(my) cos(§y> =+ cos(my) sin(iy) . B.7)
Dividing both sides of this identity by sin(% y), we obtain

. :t l
M - cot<1y> sin(my) % cos(my). (B.8)
sin(Ly) 2

Let us now set y = y; in this identity and sum over j from 1 to . Invoking (B.5), we obtain

" sin(my; + 1y; d
3 M = iUy £ Y cosmy)). (B.9)
= Sll’l(iyj) =
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Note that the y; in (B.4) are the same as the y; in (A.8), and hence Z?:I cos(my;) =0 for
1 <m <n — 1, as shown in the proof of Theorem 5.1 given in Appendix A. Consequently,
(B.9) becomes

n

sin(ky; — %yj)

Dpy1 = —=iUp, =Dy, l<m<n-—1; Dk=; iy (B.10)
Therefore, D, = D,_, =---= D, = D, =n, so that
Upn=1in, m=1,...,n—1
Recalling also (B.5), we have
Upn,=isgn(mn, m=0,%1,...,£(n—1); sign(0) = 0. (B.11)

Substituting (B.11) in (B.4), we obtain (10.3). Combining (B.11) with (B.5) and (B.6), we
obtain (10.4) with (10.5). The result in (10.6) is obtained by subtracting (10.2) from (10.4).

Proof of Part 3 This follows by invoking Part 2 of the theorem in

n—1

Oulf1=11f1= Y cu(Qulful = I1fn]).

m=—(n-—1)
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