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Abstract

The Barnett—Coulson-Léwdin functions (BCLFs) arise as coefficients in series expan-
sions of Slater type orbitals about a displaced center. Following a detailed review of
these functions, in this work, we provide full asymptotic expansions for them as the
order of the modified Bessel functions that go into their construction tends to infinity.
In doing so, we make use of some recent asymptotic expansions of modified Bessel
functions that appeared in the paper [Ref. 22].

In molecular computations, BCLFs must be computed very many times. Therefore,
it is necessary to design methods by which BCLFs can be computed efficiently. In this
work, we also propose an iterative method for computing a whole sequence of BCLFs
quickly, and accurately for some range of parameters. This method is implemented using
quadruple-precision arithmetic, which is sufficient and present in some high-level pro-
gramming language compilers used in scientific computing, such as FORTRAN 77 and
C. The number of arithmetic operations needed for the proposed method is very small.

1. INTRODUCTION

The Barnett—Coulson—-Léwdin functions (BCLFs) arise as coeffi-
cients in the series expansion of a Slater type orbital centered at a distance
a from the origin, placed on an atomic nucleus where a set of Slater type
orbitals are centered.!”!® This allows the one- and two-electron multi-
center integrals to be evaluated at a given origin in the molecule. The
series expansion obtained is infinite, since the molecular geometry variable
a (usually 1-20 a.u.) is fixed for an electronic structure calculation, whereas
the instantaneous electron position variable r is independent of it and
0 < r < 00.They are both radial vectors and generally cannot be aligned.

The value of the screening parameter ¢ generally exceeds 1 and should
not exceed the atomic number. In practice, the lower limit for ¢ is related
to the first ionization potential I in atomic units, 1.e., ¢ must not be less than
V/21. These limitations are helpful in establishing the numerical behavior
of the BCLFs.

Much work is already available on BCLFs'?>!317:1415 and references
therein. As 1s known, BCLFs are expressed in terms of the modified spheri-
cal Bessel functions 1,41 />(x) and K, 415(x),n = 0,1, .. .. In Section 2, we
present an up-to-date review of the important properties of BCLFs known
at present.

In Section 3, we derive the first known asymptotic expansions for
BCLFs as the order of the modified Bessel functions used in their con-
struction tends to infinity. These are based on some recent asymptotic
expansions of Sidi and Hoggan?? for the modified Bessel functions I,,(2)
and K, (z) as v — 00. We would like to emphasize that knowledge of these
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expansions is helpful in deciding on what extrapolation method to use in
order to accelerate the convergence of the infinite series mentioned in the
first paragraph, which converge slowly. In Section 3, we also analyze the
asymptotic behavior of BCLFs as the instantaneous electron position vari-
able r tends to zero and to infinity.

In Section 4, we propose to compute a whole array of BCLFs simul-
taneously and quickly via one of the known recursion relations among
the different BCLFs reviewed in Section 2. In Section 5, we discuss the
algorithmic details of our method. It is important to note that, in this
method, we do not compute I, 1 /5(x) and K4 1/2(x) directly. Taking into
account the asymptotics of I,(x) and K, (x) as v — 00, we compute some
appropriately scaled versions of these functions instead. The scaling we use
enables us to avoid the underflows and overflows that may occur in direct
computation of I, />(x) and K, 11/2(x) for large values of n; it is thus an
important ingredient of our method. This also allows us to scale the BCLFs
appropriately. In order to end up with BCLFs that have double-precision
accuracy, in our method, we compute both the functions I, 1/,(x) and
K, 41/2(x) and the BCLFs in quadruple-precision arithmetic, the idea being
that the quadruple-precision arithmetic is shown to suffice and it is offered
with some high-level programming language compilers used for scientific
applications, such as Fortran 77 and C. As the number of arithmetic opera-
tions required is very small (of the order of wN, where N is the number of
BCLFs computed and w is a small integer), the use of quadruple-precision
arithmetic cannot increase the cost of the computation timewise.

f 22 that are relevant to the

In Appendix A, we summarize the results o
present work. In Appendix B, we discuss the recursive computation of
the scaled versions of I, 1/2(x) and K,y 1/2(x) that avoids overflows and
underflows in floating-point arithmetic. In Appendix C, we show that the
recursive computation of the scaled versions of I,y 1/5(x) (backward) and

K, 41/2(x) (forward) is stable numerically.

2. REVIEW OF BCLFs
2.1 Definition and properties of BCLFs

Let n be a non-negative integer, and let a,r, and ¢ be as described in the first
and second paragraphs of the Introduction. Thus, a and ¢ are finite, while r
assumes values from 0 to infinity. With R defined as in

R=\/a2+r2—2ar0050 )
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consider the function R" ¢ %R, Letting x = cos# so that x € [—1, 41], its
expansion in Legendre polynomials P; (x) may be expressed as

-1 - 1
nle R

 Jar

o0
R > @A+ DAY an Px), —1<x<1,
r=0

@

Al being the BCLFs. From this relation, it is seen that R R serves
rt1/2 g

as a “generating function” for the BCLFs. Since

+1 5 2
P dx=———, A=0,1,..., 3
/_1 5 () dx T ©)

we immediately deduce from (2) that

/=l
AKH/Z({, a,r) = %/ Rﬂ_le_CRPA(x) dx, A=0,1,... 4
-1

Clearly, the A5, 2(¢, a, r) are symmetric functions of a and r, that is,
Ay 10(C,a,r) = A5y p(C,r,a), (5)

because the function R"1e R is.
A simple expression for BCLFs with # = 0 and A = 0,1, ..., is known

(see Abramowitz and Stegun Ref. 1, p. 445, formula 10.2.35):

Ag-ﬁ-l/Z(;’ a, 1’) = I}»+1/2(§p)K)\.+1/2(§p/); P = min{a, i’}, p/: max{a, 1’}.
(6)

Here, I; 4 1/5(x) and K;_/5(x) are the modified spherical Bessel func-

tions' of order A, of the first and third kind, respectively. Because I 4 /2()

and K 41/5(x) are defined for all integer values of A, we let (6) define

Aj412(8,a,r) for A < 0 as well. This is an important step that enables us

to define AK_H/Z({, a,r) for A < 0 as well, which is what we consider next.
From the integral representation in (4), it follows that, for n > 0,

! The functions Liy172(x) and K; 45 (x) satisfy three-term recursion relations in A that are given in
(65) and (66) in this work, and are defined for all integer values of A.Those I 1 /,(x) with A > 0 are
called modified spherical Bessel functions of the first kind, while those with A < 0 are called modified
spherical Bessel functions of the second kind. The K} 15 (x) are called modified spherical Bessel func-
tions of the third kind. Each of the two pairs [[) 11/ (x) and I_ _1 /5 (x)] and [ 12 (x) and Kj 11 /5 (x)]
is a linearly independent set of solutions of the modified spherical Bessel equation of order A. See
Abramowitz and Stegun [Ref. 1, Chapter 10].
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n+1 0 n
A x1p& a1 = _QAA+1/2(§, a,r), 7)
and hence
ai’l
0
A2 a,1) = (_1)’1WAA+1/2(§, a,r). 8)

From (6), it is obvious that AR_H/Z({, a,r) = Ag+1/2(1, Ca,Lr). By a
simple manipulation of the integral representation in (4), it can be shown
analogously that Ay 4 2(¢, a, r) satisfy the “homogeneity relation”

Apg12@Coan) = ¢ " Ay p(1,8a,8n), 0> 0. ©)

This relation shows that A5 ; /2(&, a, r) are actually functions of two vari-
ables, namely, of {a and ¢r, and can be computed directly from the func-
tions AK (a, r) that are defined as in

Aya,n) = A5 41001 a0). (10)
From (9) and (10), it follows that Ay /2(¢,a,r) can be computed from
AK (a,r) via

Ai 12 an) =t A5 (a, L) (11)

Invoking (11), it is easy to show that (7) can be rewritten as

- - 0 d\ -
AK—H (a,r) = nAj(a,r) — (a— + ra—) A (a,r), n=>0. (12)
a r

2.2 Recurrence relations

Now, just as the Ag +1/2 are defined for all integer values of A, the Ay /2
n=1,2,... too can be defined for all integer values of A, and satisfy the
following recurrence relations that are proved in Barnett’:

arg
20+ 1

Al1p@an) = (4012 = A5 p@an] a3
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and
A p an) = (@ + ) Ay (L a)
2ar
o1 [)‘ =128 a,1) + (A + 1)AA+3/2(§ a, ”)] (14)

Of these, (13) can be obtained by first letting # = 0 in (7) and invoking
(6), and next employing the recursion relations among the I 1/>(x) and
Kj+1/2(x) and their derivatives, which are valid for all integer values of
A. The relation in (14), with A > 0, can be obtained by first replacing n
by n+2 in (4), then writing R""' = R"'R* = R" "' (&> 4+ r* — 2arx),
and then using the recursion relation among the Legendre polynomials
to express xP; (x) as a linear combination of P, _{(x), P; (x), and P, 1 (x),
and finally, by invoking (4). Clearly, whenever A} /2(¢, a,r) are defined
for all 1nteger values of A, so are A} _,_% /2(¢, a,r). From this, it follows that,
because AA+3/2(§ a,r) are defined by (6) for all A, so are AA+3/2(§ a,r)
withn =1,2,..., by (13) and (14).

Letting ¢ = 1 in (13) and (14), we obtain the equivalent recurrence
relations

Ay (a,r) = 2A+1 [AA 1(a,r) — A(A)H(ﬂ, f)] (15)

A, = (@ + )AL, 1)

2ar
T [A 45 (@) + A+ DA (e, 0], n=0.
(16)

Of course, the initial conditions are

Ay(a,1) = Ly p(P)Kyp12(0);  p =min{a,r}, p' = max{a,r}.
(17)

Next, using (15) and (16), it is easily seen that A% (a, r) can be expressed
as a linear combination of A, as in
[(n+1)/2]
y 20
At)/l\ (a7 7) = Z pn,i(a7 r, )\')A)r‘rl(a’ 7’). (18)

i=—[(n+1)/2]

Here, the p,, ;(a, 7, 1) are polynomial in a, r and rational in A.
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Remark. The following recurrence relation that appears in Bouferguéne®

is incorrect because it violates the homogeneity relation given in (9):

A7+1 (Craa 7’) |:A)» 1/2(; a, 1’) AK+3/2(€,CI, 7)

21—|—1

_AZ:%/Z(C5 a, V) - AK;;/Z({a a, r)il

2.3 Explicit expressions

The relations in (6) and (7), together with recurrence and derivative
relations on Bessel functions, allow us to obtain explicit expressions for
AM—l/z (¢,a,r) in terms of the modlﬁed spherical Bessel functions for any
n, A, a, and r. For example, for AA+1/2(§ a, r), we have

A1+1/2(§,a7 r = al1/2(ENK; _1/2(a)
—thy30(ENKy41/2(Ca), 0<r=<a, (19)

A+
A& an) = T pENK 60 = T pEN Ky (60
tal, 112(ENK;,_12(Ca), 0=<r=<a, (20)
1 A+1
Aj128a,1) = — : Liy1/2(EN K 11/2(Ca)
=t 13/2(EN Ky 1 2(8a)
t+aly 112(ENK;432(Ca), 0=<r=<a (21)

An explicit expression for Ai (a, r) that is analogous to that in (19) is

A2 (a1 = [a+ 77 42020+ DI 2 (DK 41 2(0)
210452V Ko p12(0) = 2a [l 4372 (N Ky y3/2(a)
AL 1 (DK 430@], 0<r=<a (22)

We now turn to other expressions for BCLFs. Let us define a set of
polynomials p, (x), n > 0, by the recurrence relation

P) = 20— Dpy_y () + &7pyn(x), 1> 2;
pox) =1, pi(x) =x+1. (23)
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Obviously, p, (x) have integer coefficients. For example,
pa(x) = x> +3x4+3, p3(x) = x + 6x° + 15x + 15.

The polynomials p,(x) are encountered in Padé approximants of the
function f(x) = ¢, in the sense that

Pu(x)
pn(_x) '

Jun () = > 1, 24)

is the [n/n] Padé approximant2 to f(x) = .

For n a non-negative integer, the functions 1,415 (x) and K41 /5(x) can
be expressed in terms of the polynomial p, (x):

X2 (=2 — (e
Lip12(x) = (=1) N i , (25)

the term inside the square brackets being a regular function at x = 0 with
even parity,

—X

Kyp12(x) = %pn(x). 26)

Theorem 2.1 The functions A} (a,r) have the following explicit representation:

3N 4 n r n —r
Ay(a,r) = S AT A2 [P; )(a,r)e’ + 61§ )(a, e ] (27)

where pi”) (a,r) and qin)(a, 1) are polynomials in a and r with integer coefficients,

with degree n + X with respect to each variable a,r and with total degree n + 21 with
respect to a and r.

% frun(®) = p(x)/4(x) is the [m/n] Padé approximant to a function f(x), where p(x) and §(x) are
relatively prime polynomials with respective degrees at most m and n and §(0) # 0, such that
fx) —p(x)/q(x) = O(xm+n+1) as x = 0. Furthermore, when it exists, f,, ,(x) is unique. For Padé
approximants, see, for example, Baker and Graves—Morris* and Sidi [Ref. 20, Chapter 17].
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2.4 Integral representations

As in Bouferguéne and Rinaldi,® using the integral representation of the
product of two modified Bessel functions (see Gradshteyn and Rhyzik
Ref. 10, p. 703, Eq. (6.541)), we have

+00
KGaL@n= [ s h@ha 0<rza @9
0 " +¢

From (6) and (8), we then have

" 400 ; " ¢
Ak+1/2(§’ a,r) = / (=D i\ 23— Jx+1/2(af)JA+1/2(rt) dt.
0 9\t +¢
(29)
This is equivalent to Eq. (29) in Bouferguéne and Rinaldi.®
The following integral representations are used in Ref.6:

Y (N ar 2 &+ | du
Apr128sa,1) = 2/ btz (Z—u) exp | —§u— e

u
(30)

" 1 [T /2 ar
Ayp12&,a,1) = 2/, W "H,(E w41 (Z)

2, 2
exp |:—§2u— T :|@ (31

4u u

where H, (x) is the Hermite polynomial of degree .

2.5 BCLFsforr=a

Some simplifications take place in the recursion relations satisfied by
BCLFs along the “diagonal”r = a. For integers n > 1and A > 0, define the
functions g§n) by

gi") (a) = Ai’fﬂ p(l,a,a0) = A&n) (a,a). (32)

It is straightforward to verify the following relations:

gio) (a) = IA+1/2(“)KA+1/2 (a), (33)
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(1) a ) )
1 _ 0 0 34
g (o) = m [ Z1(a) — gAH(a)], (34)
1
&V (@ = ng" (@) - a—gA M a), n=>0, (35)

() = "
@) = 2”{ (@) = 2x+1[

" @+ O+ D, (a)” :

n > 0. (36)

S 3. ASYMPTOTICS OF BCLFs

In this section, we study the asymptotic behavior of A} (a,r) (i) as
A — oo while r is fixed and (ii) as r — 0 and r — 00 while A is fixed.

3.1 Asymptoticsas A — oo

When studying the asymptotics as A — 00, we make use of the results of
Appendix A as well as of those in Section 2. As the conclusions for r # a
and r = a are different, we treat these two cases separately.

We begin with the case r # a.

Theorem 3.1 Let r # a, and define p = min{a, r}, o' = max{a, r}, and
o =p/p’. Let also v = A + 1/2 for simplicity of notation. Then

o’ w, 9(a r) n+1
A ~ — A — ; = s 37
S(a,r) 5 SES as 00; s, \‘ 5 J (37)
where
n-rs, (2371)! N
wn’sn(a,f’) =D +n223 +1 oy (10/2_102) ", on=0,1,... (38)
n Sn.

By the fact that w, ; (a,r) # 0 when r # a, we also have the asymptotic equalities

_ o
Az(a,r)'vw (a,r)— asA—>o00, n=0,1,...
n,s, vsn—H (39)
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The nature of the w, ((a, r) will be clear in the proof.

Remark. In particular, as 2 — oo,

-0 1 (IV - ,0/2 _ ,02 v
Ayla,r) ~ = —, A(ar)~ =
2 (a,r) > 2 (a,r) 1 2
) P
Ai (a,r) ~ — ya— and so on. (40)

Proof. We start with n = 0. Let r < a for simplicity of notation. Then, by
(8), (6), and Theorem A.1, we have

A @Cagn =A)C.an

o0

Loy 458agn
=1,(¢nK,(La) ~ w (;) ;T as A — 00, (41)
where
di(¢a,tr) = > (=1 Tb_j(€a)bgr), s=0.1,..., 2

J=0

b,(z) being a polynomial of degree s in 2 Therefore, d(¢a, ¢r) s a polynomial
of degree s in ¢ >, which we write as in

di(ta,tn) =y (ane?. (43)

i=0
Note that, by (A.4) and (A.6), we have

B 1a25 s 15—]’ s 72 J_ (1’2 _a2)5 . »
ys,g(“”’) = ;?J;O(_ ) (])(_2) = T £ 0. (44)

a

‘We next consider the case n > 1. For this, we employ (8). Difterentiating the
asymptotic expansion in (41) with respect to ¢, we have

3’1
n a1 T _”ds(ga’gr)
Ay (& a,r) ~ (=1) 5(2) ZMT as A — 00. (45)

s=0
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Because d,(¢a,¢r) is an even polynomial in ¢ of degree 2s, it follows that

n

88_;;1%(4'0,0) =0 if2s<n. (46)

By s, = L(n+ 1)/2], we have that 2s < n implies s < s, when s is a non-
negative integer. Thus,

n

0 .
W@({a,{r) =0 ifs<s,. (47)

Therefore, by the fact that y, ((a,r) # 0 for all s, the first nonzero term of the
infinite sum in (45) is that with s = s,,, which is given by

o Vo s (@) Qs)1C ifn =25, — 1,
ol (Ca,lr) =" . (48)
9¢ Voo (a,0) 25! ifn =25,
so that
i d = 2s,)! forall (49)
3_§” Sn@“’{")|;=1 =Y, (@, 1) (25,)! forall n.

Theresultsin (37)and (38) follow by combining (44), (47), (48), and (49) in (45),
and letting ¢ = 1there. Note also that w, (4, 1) = (—1)”%5[5}1 (¢a, i) (=1~ O

Remark. The asymptotic expansions given in (37) [but not (38)] can also
be derived by using the recursion relations in (13) and (14).

We now consider the case r = a.

'[f(}eorem 3.2 For fixed a > 0, and with v = A + 1/2 as in Theorem 3.1,
Ay (a,a) has the asymptotic expansion

1 < p.(a)
=0 s
A(a,g)'v—z as A — 00,
* v & (50)
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where py(a) are the polynomials defined in Theorem A.2; thus, py(a) = 1 and, for
each s =1,2,...,p.(a) is a polynomial of degree s in a and (—1)"py(a) has non-
negative coefficients. The leading coefficient uy of p,(a) is given by

L@2s— 1)
ug=(=1) —a 51)

Forn > 1 and fixed a > 0, Aj.(a, a) has the asymptotic expansion

1 ) n—+1
25 as v — OQ; Sy = > 5 (52)

2
=1 v

o -1 n o0 an
Ay (a,a) ~ ( 2v) > 8—§nps(§a)

s=s,

where p,(z) are exactly as before. Therefore, the following asymptotic equality is also
valid:

n

we, [Q2s, — DU a™

5 Y2t

Al (a,a) ~ (=1) as A — 00. (53)

Proof. The first part of the theorem pertaining to 1‘12 (a, a) follows from the
fact that /12 (a,a) = I,(a)K, (a) and from Theorem A.2.

By (10) and (7), the asymptotic expansion of Aj (4, a) is given as in

Ao = XL R0
2v 8( é':]
(_Dn o0 gn 1
~ —ps(Ca) — asv — o0. 54
21) g a; p ;:1 VZS ( )

Because p,(¢a) is an even polynomial of degree 2s in ¢, it follows that

n

9
Wps(éa) =0 if2s<n.

Thus, the infinite sum in (54) begins with the s = s, term. Furthermore, if
n=2s—1orn=2s, then
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[2s, — DU 5
—_——a .

@) u, a = (=" 5

(="
5 (55)

” € )'
aonbs\&a =
ac"? =1

This completes the proof. O

Note that the explicit expression for p,(a) given in Theorem A.2 and
Eq. (54) allow an explicit expression for the asymptotic expansion A} (a, a)
to be written. We leave the details to the reader.

3.2 Asymptoticsasr - 0Oandr — oo

Because r ranges from zero to infinity, it is appropriate to analyze the behav-
ior of the BCLFs as r — 0 and as r — 00. For this, we need the following
known asymptotic equalities that can be differentiated indefinitely:

(x/z)v Ty
Nm asx— 0, K,(x)~ 7€ as x — 00. (56)

Theorem 3.3 With A fixed, the BCLFs satisfy the asymptotic equalities

I, (x)

AK(G, 1)~ D, A2 sy > 0, (57)
and
A5 (a,r) ~ E, M2 sy — oo, (58)
where D, ; and E, ; are constants given as in
(_1)14 n n n—i ‘ 4 ,
P = e N TTe=i+0 [k @, v=r+1/2
v i=0 \! j=1 (59)
and
T
E,,= \/;Iv(a), v=2XA+1/2. (60)

Proof. Letting v = A + 1/2, we start with

n

aﬂ 0 _ na_ /
34,1Av<;,a, = (=1 5 [1,(¢p)K, (¢p)].

Aﬁ(f, a, 1’) = (_1)11
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where p = min{a, r} and p" = max{a, r}, which follows from (6) and (8). Now,

n n

0 / n—i(n—i i i /
5o [BEPK@N] =3 "o T @) 0 K (0.
i=0 \'!

Recalling also (10), we have

PR I (n—i) i () .
(=1 Z v L Y(r)aK, (a) ifr <a,
i=0 \ 1

Aja,n) = A an)|,_ = 1

n
DD T @ K ) if > a
| i=0 \ 1 (61)

Now, by (56), we have the asymptotic equalities

[[Z,v—j+1D
rmllgm)(r)N’]vl—rv asr— 0, m=0,1,...,
2T(w+1)

and
m () m [T m—1/2 —r
K, (r) ~ (=1) Er e asr—> 00, m=0,1,...

The results in (57)—(60) follow by substituting these asymptotic equalities

in (61). O

S 4. NUMERICAL COMPUTATION OF BCLFs

The review given in Section 2 suggests several ways of computing the
BCLFs. Thus, we can compute them via the recursion relations in (13) and
(14) given in Section 2.3.We can use the various explicit expressions given in
Section 2.3.We can also compute the BCLFs by numerically evaluating their
integral representations discussed in Section 2.4. In what follows, we evalu-
ate the efficiency of the approaches through recursion relations and integral
representations as these seem to be more convenient than explicit expressions.

4.1 Computing BCLFs by numerical quadrature

One way of computing the BCLFs is via the integral given in (31). Because
the functions I 1 5(x) tend to infinity like " /A/21x as x — 00, it is better
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for numerical purposes to scale them with the factor ¢, as a result of
which, (31) becomes

A =3 [ o (-5) e (5)]

2
exp |:—§'2u - (@=n i| @, (62)

4u u

where H,, (x) is the nth Hermite polynomial. Because of the homogeneity
property of BCLFs given in (9), it is sufficient to treat the computation of
AK (a,r) via

Al (a,r) = %/000 Mn/an(\/;) [eXp (_;_;) b1y (;_;)]

|: (a — r)2i| du
exp | —u— —.
4u u (63)

Denoting the integrand in (63) by F(u) for simplicity, and taking into con-
sideration the fact that H,(x) is even (odd) when n is even (odd), we can
show that F(u) is infinitely differentiable in the open interval (0, 00), while

2
CuL(n—l)/ZJ-H/z exp |:— (a 2 2 i| asu—> 0
" (64)

exp(—u) as u — 00

F(u) ~

D un—k—3/2

for some nonzero constants C and D. In view of this, it seems appropriate
to first subdivide the interval into two, namely,

o0 R o0
/ F(u) du = / F(u) du + / F(u) du, for some R > 0,
0 0

R

and compute the two integrals separately by appropriate numerical quadra-
ture methods. In particular, we can use Gauss—Laguerre quadrature to com-
pute |, }go F(u) du, while fOR F(u) du can be computed via Gauss—Legendre
quadrature. This approach to the computation of A} (a, r) has indeed been
used in the past, e.g., in STOP by Bouferguéne, Fares, and Hoggan.’
Since we ultimately need to sum infinite series whose terms are pro-
portional to Aj(a,r), and since these series may converge slowly, it is
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necessary to compute Az(a, r,A=0,1,...,L, L being quite large. This
will be the case even when we try to accelerate the convergence of these
series by suitable extrapolation methods. (For a detailed treatment of
extrapolation methods, see Sidi.”") For each a and r, these integrals can be
computed using the same numerical integration procedure. This implies
that Lt (x),A =0,1,...,L,are required at the same abscissae. Therefore,
a procedure by which the sequence {I)L+1/2(x)}i‘:0 can be computed for
any positive x to machine accuracy in the most economical way is necessary.

However, the computation of the Ai(a, r) with high accuracy via
numerical quadrature as explained above requires many evaluations of the
integrand F(u), hence of the functions I) 1 /,(x). In addition, we need to
monitor the convergence behavior of the numerical quadrature procedures
used to make sure that machine accuracy is achieved. In view of these
facts, we conclude that this way of determining the Aj(a,r) will tend to
be rather expensive.

4.2 Computing BCLFs via recursion

Computing the A} (a,r) by the recursion relations in (15) and (16) with
the initial values in (17), on the other hand, seems to be very economical.
However, when implemented in floating-point arithmetic, this approach
seems to have one serious drawback, namely, a loss of accuracy takes place
when computing the AK+2(61, r) from the A} (a,r) for increasing A, even
though the ;12 (a, r)have been determined to machine accuracy. Furthermore,
this loss of accuracy becomes more pronounced as r approaches a. [Note the
need to compute z:lz(a, r) forn =0,1,...,6 in order to be able to cover
the whole periodic table.] The way this phenomenon comes about can be
explained with the help of Theorems 3.1 and 3.2 as follows.

Let us recall that a loss of accuracy is incurred when taking the differ-
ence between two floating-point numbers that are very close to each other,
and that this loss of accuracy becomes worse as the two numbers approach
each other further. The loss of accuracy that is observed in computing the
BCLFs via the recursion relations in (15) and (16) comes about exactly
in this way. As can be concluded from the results of Theorems 3.1 and
3.2, the computation of the AK (a,r), n > 2, via the recursion relation in
(16), whether v # a or r = a, involves taking the difference of two quanti-
ties that are asymptotically equal® as . — o0o. Specifically, when computing

3 Two functions f(x) and g(x) are said to be asymptotically equal as x — x; if lim,,, f(x)/g(x) = 1.
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AT—Z(a, r) via (16), we are taking the difference between the quantities
(a* + )AL (a,r) and 225 [AA5 i (a, 1) + (0 + DAy 44 (a, 0], which are
asymptotically equal as A — 00, as can be shown by invoking (39). In addi-
tion, when computing ;1;\ (a, a) via (15) with r = a there, we are taking the
difference between Ag_l(a, a) and 1212 +1(a, a), which are also asymptoti-
cally equal as A — 00. These explain the loss of accuracy that takes place
when computing the A} (a, r) by recursion for large A. This loss of accuracy
is more pronounced for r very near a (and for r = a), because, as is suggested
by Theorem 3.2, the quantities whose difference is being computed in
floating-point arithmetic are asymptotically equal as A — oo, more when
r = a than when r # a. As a result, when using a certain floating-point
arithmetic, maintaining the same (machine) accuracy foralln = 0,1,...,6,
becomes impossible. This problem can be overcome by carrying out the
recursions with variable-precision arithmetic provided by computer alge-
bra systems such as Maple. However, use of these systems may slow down
the computations considerably, hence may not be very practical at this time.
Nevertheless, this idea of using high-accuracy arithmetic is appealing, and
we next discuss a practical way to overcome the timing deficiency.

When using double-precision arithmetic—which is what is normally
done—this problem can be overcome by performing the computation
of the Aj(a,r) in quadruple-precision arithmetic and truncating the
results to double precision only after all of the required Aj}(a,r) have
been computed. As already mentioned, there is some loss of accuracy in
going from the A} (a, ) to the zzlgf+2 (a, r). Specifically, ;li (a,r) and Ai (a, 1)
will have approximately the same accuracy but will be less accurate than
212 (a, 1), ;1; (a, r), and zzli (a, r) will have approximately the same accuracy
but will be less accurate than 1211 (a,r) and Ai (a, r),;li (a,r) and 1212 (a,r)
will have approximately the same accuracy but will be less accurate than
Ai (a,r) and ;11 (a, r), and so on. Thus, there will be only three accuracy
reduction steps while computing the AK (a,r),0 < n < 6. This means that,
in the worst case, when five correct decimal digits are lost at each step,
the number of correct decimal digits lost in computing the Ai (a,r) and
Ai (a, r) will be about 15. If the 1212 (a, r) have quadruple-precision accuracy
(approximately 34 correct decimal digits), all the A} (a, r) thus computed
will end up having at least double-precision accuracy.

Even though computations in quadruple-precision arithmetic are more
time consuming than in double-precision arithmetic, the cost of perform-
ing the computation of the A} (a,r) in quadruple-precision arithmetic in
FORTRAN is negligible because the number of arithmetic operations
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needed for this task is very small. In view of all this, we propose to compute
the BCLFs via the recursion relations, exactly as we have just explained,
with the caveat that, to avoid underflows and overflows, we will scale both
the A% (a,r) and the L112(x) and K; 1 1/>(x) appropriately.

S 5. COMPUTATIONAL DETAILS: SCALED MODIFIED
SPHERICAL BESSEL FUNCTIONS AND BCLFs

5.1 Scaled modified spherical Bessel functions

The computation of the modified spherical Bessel functions I, ,5(x)
and K, 41/2(x) has been the subject of much work, and various computer
programs for it exist in the literature. See, for example, Amos. >’

The procedure used for computing I, 1 />(x) with large n is by applying
Miller’s backward recursion algorithm to the three-term recursion relation

satisfied by the 1,41 />(x), namely, to

2n+3

Lip12(%) = Lgs0(x) = Liysp(x), n=0,£1,£2,... 45)

For the backward recursion algorithm, see, for example, Gautschi.”
The K, 41/2(x), on the other hand, can be computed by using the three-

term recursion relation

2n+3

Kﬂ+5/2(3€) —Kn+1/2(x) = Kn+3/2(x), n = O,It1,:t2,...,

(66)
in the forward direction.
Note that, when x > 0, we have In+1/2(x) > 0 for n > —1, while
Kn+1/2(x) >0forn=0,%£1,%2,....
Now, I, 41/5(x) and K, 4q/2(x) satisfy the well-known asymptotic
equalities

I,(x) ~

m _
¢ asx— 00 and K,(x) ~ 2—ex as x — 00.
x

2 x (67)

These show that the computation of I,(x) and K,(x) in floating-point
arithmetic with very large x will ultimately result in overflows and
undertlows, respectively. To avoid this problem, all known codes compute
eixIn_H/z (x) and exKnH/Z (x) and not I, 1 »(x) and K, /5().
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Because we need to compute the BCLFs A} (a, r) for very high values of
A, we need to make sure that the large values of A do not introduce additional
problems in floating-point arithmetic. Now, as mentioned in Appendix A,
the functions I, (x) and K, (x), with x fixed, satisty the asymptotic equalities
(x/2)" 1 T(v)

I,(x) ~ ———— asv—>00 and K,(x)~=-—= asv— o0.
Cwv+1) 2 (x/2)" .

It is thus clear that the computation of I,(x) with very large v will ulti-
mately result in underflows. Analogously, the computation of K|,(x) with
very large v will ultimately result in overflows. This means that computing
N /2(x) and ¢ K1 /2(x), which is normally what is done as already
mentioned, will not work for large n.

To avoid both of these problems as much as possible, instead of I, ;1 /5 (x)
and K, 1 1/>(x), which are needed in our work, we choose to compute some
suitably scaled versions of them, the scaling depending on n. Specifically, we

compute the functions

T(x) _ Fn+1/2)

n /2)n+1/2 € n+1/2(x),
. /2)n+1/2
Kn(x) m K,H_l/z(x), n= 0, :I:l, :|:2, e (69)

The complete algorithmic details of this computation are given in
Appendix B.

The reader may be wondering why we chose I'(# + 1/2), and not the
simpler '(n + 1) = n! or I'(n + ) for some other o # 1,1/2, to scale
,L+1/2 (x) and K, Ky1,2 (x).The reasons for this are that 1) with I'(n + 1), the
I,(x),n < —1 are all infinite, and K (x),n < —1, are all zero, and (i) with
o # 1,1/2, we need to compute I'(«) in very high precision, which we
want to avoid; on the other hand, I'(1/2) = /7, and is readily available in
every precision since 7w = arccos(—1) is.

5.2 Scaled BCLFs
Clearly, in terms of’fn(x) and I?n (x), ;12 (a, 1) can be computed via

-0 _ ~ —~
Aan = (p/pV TP Can; Glan =T Kyo),
p =min{a,r}, p = max{a,r}. (70)
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With the C;?(a,r) already computed as in (70), we compute
C;f(a, r),n=1,2,...,via the recursions

ar
21 +1

Chta.n) = 2= [ (/) Cls@n = 0/ Clirtan . (1)

2 =1
I a ) = (@ + A Char) — ﬁ[x(p/p )y Gl (a,n)
+ O+ D(p/p)Chyy(a r):|, n>0. (72)

Then, for all n > 0, we have

Ala,r) = (o)) V2P Cla,r); p=minfa,r}, p = max{a,r}.
(73)

We shall call the C; (a, r) scaled BCLFs.

When r > a, the factors (,0//0/)}”—'—1/2 and eP—P/ in (73) are very small
and thus can cause underflows. To avoid this problem, we should keep the
three factors (,o/p/)M_l/2

!/ . .
PP, and Cf(a/, i) as separate entities. It may be
even a better idea not to compute (p/p")

T1/2 and ep_p/ right away, but
to incorporate them in whatever computation is done with Aj (a, r), in an
appropriate manner that will avoid underflows.

Before closing, we report the results of some computations we have
performed with the recursion relation above. These computations confirm
the conclusions we arrived at above concerning the achievable accuracy
of the BCLFs via the recursion relation. Let us define € to be the relative
error incurred when computing Ay (4, ) in quadruple-precision arithmetic.
Thus,

Vapp
v

— Vex

& = max [ , 10_32} , (74)

€ex

where v, is the (approximate) value computed in quadruple-precision
and v, is the exact value computed with much more precision within a
computer algebra system. Figures 3.1 and 3.2 show the graphs of —log; &
versus A, for a = 2.5 and r = 1.0, 2.5, when 0 < A < 150. Note the lower

accuracy achieved for r = a = 2.5 in Figure 3.2.
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Figure 3.1 Relative error in quadruple-precision computation of Aj(a,r) for
a = 2.5,r = 1.0 as a function of A.
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Figure 3.2 Relative error in quadruple-precision computation of Z\Q(a, r) for
a = 2.5,r = 2.5as afunction of A.
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Figure 3.3 Relative error in quadruple-precision computation of Z\f\(a, r) for
n =3, =10,a = 10.0, as a function of r.
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Figure 3.4 Relative error in quadruple-precision computation of Z\f\(a, r) for
n = 3,1 = 25,a = 10.0, as a function of r.
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Figures 3.3 and 3.4 show the variation of the relative error when com-
puting A;L(a, r) with n = 3 and a = 10.0, as a function of r,0 < r < 20.0,
for A = 10 and A = 25. Each graph is obtained with 500 evenly distributed
values of r in the interval [0, 20.0]. Note the lower precision achieved for
r~ a=10.0 in both figures. Also observe the downward peaks, which
correspond to zeros of /Iz(a, r) for n =3 and a = 10.0. These zeros are
at r = 7.7194995476864 and r = 11.3859436108731 for A = 10, and at
r = 15.2818830196746 for A = 25.

§ APPENDIX A. ASYMPTOTIC EXPANSIONS FOR
I, (z), K, (z), AND I,(2)K ,(z) ASv — oo

The asymptotic analysis of BCLFs is made possible by the asymp-
totics of the modified spherical Bessel functions I, 1/2(2) and K, 41/2(2)
as n — 00. These follow immediately from the asymptotic expansions of
the modified Bessel functions I, (z) and K, (z) as v — 00, derived in the
recent paper by Sidi and Hoggan®> for complex z and complex v. We
provide these in Theorems A.1 and A.2 that follow. (See also Sidi Ref. 21,
Section 4, Example 4.1, which was used in*? for completing the proof of
Theorem A.1.)

Theorem A.1 Define the set T, (€) via

To(e)={v: v+nl>=e n=0,12..., 66(0,%)}. (A1)

Then, for fixed z # 0, and | arg z| < 7, the principal values of the modified Bessel
functions 1,(z) and K, (z) have the asymptotic expansions

l v [e 0]
I,(z) ~ (52) > b’”ff) asv — 00, ve T(e), (A.2)
V

m

ST v —> 00, |argy|< %7‘[ -8, (A.3)
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where § > 0 is arbitrarily small, and for each m = 0,1, ...,b,(z) is a polynomial
of degree m in 22, given as in

m

W =15 bl = 3D D
(A.4)

Here S(m,k) are Stirling numbers of the second kind. [Note that the b,,(z) in (A.2)
and (A.3) are identical and, for each m, the coefficients of b,,(z) have alternating

signs. |

Note. The Stirling numbers of the second kind S(n, k) are defined via the
recursion relation

S(n,k)=S(n—1,k—1)+kS(n—1,k), n=1,2,..., k=0,1,...,
(A.5)
with
1ifn=0
S(n,0) = 7 S(n, 1) =1, n>1;
0ifn>0 (A.6)
Sn,n)y =1, n=0,1,...; S k)=0 ifn<korn<0O0.
Note also that S, , > 0 for all k > n > 1. They are generated as in
1 o0
= > (=D ST, gl > k.
€+ Dy é A7)

See, for example, Graham, Knuth, and Patashnik [Ref. 11, Sections 6.1 and
7.4].

Theorem A.2 For fixed =z # 0, the product I,(2)K, (2) has the asymptotic
expansion

pS(Z)

I,()K, (z)~—z

s=0

asv —> 00, |argv|[ <3 In—s, (A.8)

where p,(z) is a polynomial of degree s in 2, given by

k
po(z) =1; ps(z)zzhkw, s=1,2,...,; w:%zz, (A.9)
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where

2s 2k
yor = (=1 . B (—k), k=1,....s. (A10)

2k

Moreover, (_1)’6%516 >0,k=1,...,s. Here, Bi“)(u) are generalized Bernoulli
polynomials.

Note. The generalized Bernoulli polynomials B,g“)(u) are defined via

¢ a o0 tk
(et—1) e”t=ZB,(:)(u)g, [t| < 2m. (A.11)

k=0

Of course, B,(ea)(u) is of degree k in u, and B(()“)(u) = 1. These polynomials

satisty

B (a—uw=(=D)B”w), k=01,..., (A.12)

from which we also have B;‘,?H (%a) =0,k=0,1,....The constants B,(:) 0)
are called generalized Bernoulli numbers and they are denoted simply by BIE“).
Note that (A.11) is valid also when a = u = 0, in which case B((,O) 0)=1

and B"(0) = 0,k = 1,2, ... Note that BS (a) > 0,k =0,1,...,when ais a
1

5a, where r

negative integer. To see this, we note that with a = —r and u =
is a positive integer, we have

( ¢ ) w  [(sinh(EnY
e = .
e —1 %t

: -1 . . o .
Since & sinh& has a Maclaurin expansion in & with only even pow-

ers and positive coefficients, so does its rth power. For more informa-
tion on generalized Bernoulli polynomials, see [Ref. 18, pp. 18-22], for
example.

§ APPENDIX B. COMPUTATION OF SCALED /,,,1/2(x)
AND K., 1/(x)

B.1 Computation of the ’I\,,(x)

Letting I,41/5(x) = ¢* T,(0)(x/2)"/?/T(n +1/2) in (65), and making
use of the fact that I'(z + 1) = zI'(2), we obtain the recursion relation
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~ (x/2)°
I = 3/2 —_—
n (%) " 12 |:(n+ /2) Top1 (%) + Py T |,
n=0,£1,£2,... (B.1)
We also have the power series representation
00 v+2k
(x/2)
Ji = _—
V() ;k!r(v+k+1) (B-2)

thatisvalidforally # —1, —2,...,and that converges very quickly for small x.
From this, and by I'(v + k) = (v),I"'(v), where (), = Hf;l u+i—1is
the Pochhammer symbol, we obtain the following series representation for

/I\n(x)l

P (.x/2)2k
T.(x) = . n=0,£1,42,....
/)= Z; YR (B.3)

Note that the terms of the infinite series in (B.2) with v =n+41/2
and in (B.3) are all positive for n > —1 when x > 0. Therefore, when
x> 0,1,41/5(x) > 0forn > —1,and T_1(x) <0and I,(x) > 0 for n > 0.

We now describe the method of computing the functions T, (x),
n=0,%£1,£2,..., that we propose. We need to compute these for
—1 < n < L,where [ is a small positive integer (for example | = 5), while L
is a large positive integer. Here are the steps of this method:

1. For small positive x, say x < 1, I,(x) can be computed by summing the
infinite series in (B.3). Because it converges very fast, only very few
terms of this series suffice for obtaining quadruple-precision accuracy
for I,(x) for all x. Actually, the number of terms needed for this purpose

decreases with increasing n. In addition, its terms ¢, (%) = (/2
k! (n43/2),
can be obtained inexpensively by the simple recursion
2
(x/2) ,
Cn’k(x) :Cn,k—l(x)—’ k = 1’2""’ Cn,()(x) =1.

k(n+ k4 1/2) -

2. For other (larger) values of x, we proceed as follows. We pick an inte-
ger M that is larger than L, and set ay;(x) = 0 and a3;_;(x) = 1. Then
compute a,(x), = < n < M — 2, via the backward recursion
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2
() = (14 3/2) @) + L2 |
! n+1/2 ! n+3/2"
n=M-2M-3,...,1,0,—1,...,—L
Following this, we compute (B.5)
TR o A S N I NN SR
! ag(x) (B.6)

and take EISM) (x) as our approximation to T,(x) for — < n < L.This is

allowed since (1) ag(x) > 0 for x > 0, which follows directly from (B.5),
and (ii) Ip(x) > O for x > 0 by the fact that

~ ra/zy _. _ysinhx
Io(x) = W e 11/2(.’>C) = 2e¢ .
~

aOM)(x) =/I\O(x) exactly. In order to avoid problems in
floating-point arithmetic (especially, overflows for large x, and loss of
significance for small x), we must compute Iy(x) as in

Of course,

_x sinh x
e for small x
~ X
To(x) = o (B.7)
1—e
for large x.
x

Note also that, as is clear from (B.5), in backward recursion with n > —1,
we are adding floating-point numbers that are positive; therefore, no loss
of significance takes place in the process of computing the a,(x). Clearly,
ag\;[) (x) <0, and a,SM) (x) > 0 for 0 <n < M, as can be seen from (B.5)
and (B.6).

B.2 Computation of the 'I?n (x)

Letting K, 1/5(x) = e_xl?n(x)l_‘(n + 1/2)/(9c/2)n+1/2 in (66), and again
making use of the fact that ['(z + 1) = z['(2), we obtain the recursion
relation

(x/2)°
(n+1/2)(n+3/2)

K,(x) +Kp1(x), n=0,41,42,...
(B.8)

I?n+2 (x) =
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By (6), we need to compute ?,/H_l/z(x) for x = ¢ max{a, r} > {a. Because
¢ and a are fixed and not small, it is clear that we do not need to compute
K, +1/2(x) for small x. For all other values of x, /Ign(x), 2<n<=<L can be
computed with machine accuracy from (B.8) by forward recursion, with

- x/2)'? | 1

Ko(x) = T/Z) e Kl/z(x) = 5 and

- /2, 1

Ki(x) = TGR) ¢ Kyp(x) = = (1 +x) (B.9)

as initial values.To compute K, (X) —I < n < —1 we use (B.8) in the back-
ward direction, with Ko (x) and K1 (%) as initial values again.
Note that, making use of the fact that

K 1) =K, ppM), p=01,.., (B.10)
we can also compute I?n(x), —l<n< -1 via

(x/2) "2

X

ﬁ_p(x) = m e K_p+1/2(x)
/22
T Tprip e
_Te-1/2

i */2 R, p=12 @)

S APPENDIX C. ERROR ANALYSIS

We now turn to the analysis of the errors incurred in approximating
T,(x) and K, (%) as explined in the preceding section. For I,(x), which
are computed by backward recursion, we would like to bound the error
I (x) — A(M) (x) in A( )(x) for large M. For K 1 (%), we would like to bound
the error K W (%) — ¢, (x) in ¢,(x), where ¢, (x) replaces K 2(X) in (B.8), with
x) =0+ Ei)K,(x),z = 0,1, as initial values with relative errors €,. In
this analysis, we assume that all computations are performed with infinite
precision. To be able to carry out this analysis in a refined way, we need the
asymptotic behaviors of the functions [,,(x) and K, (x) as v — 400, when
x 1s fixed, which are provided in Appendix A.
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C.1 Error bounds for Tn(x) approximations

We start by noting that f,(x) = I,41,»(x) and f,(x) = (—1)”+1Kn+1/2 (x)
are two linearly independent solutions of the recursion relation (see
Abramowitz and Stegun [Ref. 1, p. 444])

2n+3
Jo () = frp2(x) = Tfn+]('x)’ n=0,£1,£2,... (C.1)

Hence

L Th+1/2)

= (x/2)" 172 ¢

n+1 F(” + 1/2) —x
(x/z)n—l—l/Z €

T,()

In+l/2 (x)

H,(x) = (1) K, p12(x)

are two linearly independent solutions of the recursion relation in (B.5).
Therefore, every solution of (B.5) has the form

a,(x) = AL (x) + BH,(x), n=0,4+1,+2,..., (C2)

A and B being some functions of x that are independent of n. Invoking the
initial conditions ay;(x) = 0 and ay;_¢ (x) = 1 with some suitably chosen
large positive integer M, we obtain the following equations for

A and B:

Al (x) + BHy (x) = 0,
ATy (%) + BHy_; () = 1.

Solving these equations by Cramer’s rule and noting that
1
Liv1)2(OK,_12(x) + 11 p (0K, 1 2(x) = - foralln, (C.3)

we obtain

—2x
Ao B g Doy (I DTMZ1/2) T
A A (x/2) X
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Substituting these in (C.2), and invoking (B.6), we obtain

_ u® B
Hy () T,(x)
Ty () Hy)’
Hy(0) L)

o™ ) =T,(0) n=0,%£1,%2,..., (C.4

from which we have the relative error

Hy(x) H,®)
4 @=L _ T L Iy®

= = = = , n=0,%1,%+2,...,
L,(x) _ Iy(x) Hy(x) Hy(x)
Hy (x) Iy(x) (C.5)

Therefore, for n fixed, there holds

MZO(IM(@):O D1 as M — oo,
T,(x) Hy () Kat1/2(9)

n=0,£1,£2,... (C.6)

By (68) and by the fact that (see [Ref. 1, p. 257, Eq. 6.1.47])
F+a = 4y
—_— Z
C(z+0b)

we havel, 1 1/5(x)/K,11/2(x) = O((x/2)
(C.6) becomes

as z — 00,

2"/(11!)2)asn — 00.Consequently,

(M) T 2M
n{X M!
(C.7)

It is clear from (C.7) that, with x fixed, the relative error in a,gM) (x) is tend-
ing to zero very quickly as M — 00. Hence backward recursion indeed
provides a very effective means of computing 1,(x), —I < n < L, for some
specified large L. Note that the number of arithmetic operations for achiev-
ing this task is at most of the order of 2M additions, 2M multiplications, and
M divisions. Our computations show that, except for a few of the 'EzflM) (x)
with n very close to M, the rest of the Equ) (x) can be obtained to machine



Author’ s personal copy

74 A. Sidi et al.

precision. For example, in quadruple-precision arithmetic, by choosing
M = 150, we are able to approximate I (x) via AﬁlM) (x), =5 < n < 145, to

machine accuracy for all x > 0.1.

C.2 Error bounds for K, (x) approximations
In analogy to what we did for T (x) in the preceding subsection, we start

by noting that g,(x) = (=1)"I +1/2(x) and g, (x) = Kj,41/5(x) are two
linearly independent solutions of the recursion relation

n+3
G2 (%) —g(¥) = ——g, 1 (x), n=0,£1,£2,... (C8)
Hence n
Jp() = (- )”ﬂ Ly 2()
T(n+1/2)
K (x) = Me ‘K (x)
" T(n+1/2) /2

are two linearly independent solutions of the recursion relation

w2 ~
o (x) = T 1)) ¢, (%) + 11 (%), n—O,:tl,:i:Z,..(ég)

because (C.9) is obtained from (C.8) by letting ¢,(x) = [["(n + 1/2)/
/2)n+1/2]e ¢,(x). Therefore,

,(x) = A],(x) + BK,(x), n=0,+1,42 ..., (C.10)

A and B being some functions of x that are independent of n. Invoking the
initial conditions ¢y(x) = (1 + 6())Ko (%) and ¢;(x) = (1 + 61)K1 (x), where
€y and €; are the relative errors in ¢,(x) and ¢ (x) satisfying |€,| <€ and
|€;] <€, we obtain the following equations for A and B:

Ao + BR (%) = (1 + €)Ry(x),

AJ;(x) + BK;(x) = (1 + €)) K (x).

Solving these equations by Cramer’s rule and noting (C.3), we obtain

ao Q- ORWKE o @R — @l (IR,
A A
/27 & x5,

T TA/2TG/2) x  2n
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Now, the expression for the relative error in ¢, (x) is

60 —K,(x) T, B
I?n(x) A/K\' ) +(B—-1) n=0,%1,42,... (C.11)

By the fact that I, 1/5(x) and K, 1/5(x),n = 0,1,..., are all positive, we
have that

|A| < 2xK p(0)Ks 0 (08, |B—1] <€ [o()R () + [ 0)IRy ()] /1Al =€,

from which we have

6,(x) — K, (x) L1 2(%)

= < | 2xK K + 1€, =0,1,2,...
T < | 2xK (%) 3/2(96) n

n+1/2(x)
(C.12)

Because I +1/2(x)/ nt1/2(x) = O((x/2)2n/(n') ) as n — 0Q, it follows
from (C.12) that forward recursion is very stable and accurate for K (%)
with large n. If ¢y(x) and ¢ (x) have machine precision, then € is simply
the roundoff unit of the floating-point arithmetic being used, hence ¢, (x)
approximate K, (x) for all large n with machine precision as well.
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