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Abstract
Let

g(x)

, m=1,2,..., a<t<b,
(x —p)m

b
I[f]:% f)dx, fx)=

assuming that g € C*[a, b] such that f(x) is T-periodic, T = b — a, and f(x) €
C®(R;) with R, = R\{r + kT},‘z‘; oo+ Here {:: f(x)dx stands for the Hadamard
Finite Part (HFP) of the singular integral Lf f(x) dx that does not exist in the regular

sense. In a recent work, we unified the treatment of these HFP integrals by using a
generalization of the Euler—Maclaurin expansion due to the author and developed a

number of numerical quadrature formulas /T\,fle [ f] of trapezoidal type for I[ f] for all
m. For example, three numerical quadrature formulas of trapezoidal type result from
this approach for the case m = 3, and these are

n—1 2
7(0) . T / -1 1 " T
T =h t hy— —g'(t)h — tYh, h=—,
3 Lf] jEZlf(ﬂ) 3g() +6g () .

- n ‘ , B T
T f1=hy fa+jh—h/)-a*g O h=—

J=1

n 2n
=) . h ) T
T3’n[f]=2h E f(t—i—]h—h/Z)—E E f@&+ jh/2 —h/4), h:;.

j=1 j=1
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42 Page2of24 A. Sidi

For all m and s, we showed that all of the numerical quadrature formulas f,,(fl, [f]have
spectral accuracy; that is,

TONf1—I1f1=o0(m™") asn— co Yu > 0.
In this work, we continue our study of convergence and extend it to functions f (x) that
possess certain analyticity properties. Specifically, we assume that f(z), as a function
of the complex variable z, is also analytic in the infinite strip [Imz| < o for some

o > 0, excluding the poles of order m at the points t + kT, k = 0, £1, £2, .... For
m = 1,2, 3,4 and relevant s, we prove that

frﬁl‘fll[f] —I[f]= 0(exp(—27tn,0/T)) asn — oo Vp <o.
Keywords Hadamard finite part - Cauchy Principal Value - Singular integrals -
Hypersingular integrals - Supersingular integrals - Numerical quadrature -
Trapezoidal-like rules
Mathematics Subject Classification 41A55 - 41A60 - 45B05 - 45E05 - 65B15 -
65D30 - 65D32

1 Introduction and background

In a recent work [10], we considered the efficient numerical computation of

b g(x)
I[f]:ff(x)dx, fx) = , 8§€C®a,bl, m=1,2,..., a<t<b,
a (x —nm .

such that

f(x) is T-periodic, f e C®R,), R, =R\{t+kT}> ., T=b—a. (12

Clearly, the integrals j: f(x)dx are not defined in the regular sense, but they are
defined in the sense of Hadamard Finite Part (HFP), the HFP of Lf f(x)dx being
commonly denoted by % f(x)dx.!

By invoking arecent generalization of the Euler—Maclaurin (E-M) expansion devel-

oped in Sidi [8, Theorem 2.3] that also applies to both regular and HFP integrals, we
unified the treatments of the HFP integrals defined in (1.1)—(1.2) to cover all m.

We thus derived a number of very effective numerical quadrature formulas ﬁﬁf)n[ fl,

! When m = 1, the HFP of jab f(x)dx is also called its Cauchy Principal Value (CPV) and the accepted
notation for it is }ab f(x)dx.Whenm =2, :L:Ib f(x)dx is called a hypersingular integral, and when m = 3,
% f(x)dx is called a supersingular integral.

We reserve the notation Iab u(x) dx for integrals that exist in the regular sense.
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Exponential convergence of some recent numerical quadrature... Page3of24 42

s=0,1,...,[(m+1)/2], for I[f] and all m > 1.2 (Recall that [a] stands for the
smallest integer greater than or equal to a.)

Withh = T/n,n = 1,2,..., and depending on whether m is even or odd, the
formulas T,ﬁ,ozl [ f]1, the most basic of the formulas /f,,(fll [f], are obtained directly from
the generalized E-M expansion and read as follows:

1. Form =2r,r=1,2,....

n—1 r (2i)
=~ . g (@) o —2r42i
TnLf1=h 32 f+ i =23 5 omPe@r—20n 2L 1)
j=1 i=0 v
2. Form=2r+1,r=0,1,2,...:
N n—1 r Qi+1) (t) '
T 1= f+jhy =2 izl.Tl),;(zr — i AL (14
j=1 i=0 )
Here ¢(z) is the Riemann Zeta function.
Upon invoking the known fact that
27)%* B
k) = (—)H ED Bk 6y B Bernoulli numbers,

2(2k)!

(1.3) and (1.4) can be expressed more revealingly as

. n—l1 r =20 (1) 27)i By .
RO =h Y fe+ i+ Y G G )
j=1 i=0 ’ ’
and
. n—l r - g@r=2i+D (1) (27) By; )
Tz(gjrl’”[f] =h D SCF I+ ) ér —2i +(1;!( 7(12)1')!2 L)
j=1 i=0

Note that the summations ) ;_ in (1.5) and (1.6) are linear combinations of

g™ @h, gmD)h~t, gV @)h73, ... g2 1)k 72", and this requires the
computation of several derivatives of g(x), which may be inconvenient or difficult
in certain cases. This prompts us to eliminate some or all of these derivatives, starting
with the highest order derivative g™ (1), to obtain formulas less dependent on (or
even independent of) the derivatives of g(x). This amounts to eliminating the pow-
ers of & from these summations in the order A!, A=, h=3, ... h!'=%" which we can

2 A similar, yet somewhat different, treatment for the cases m = 1 and m = 2 was given earlier in Sidi [9].
The treatment of [10] was recently extended by the author in [12] to deal with nonperiodic HFP integrals

%’ gx)/(x—0)Mdx,m=1,2,..., where g(x) is allowed to have arbitrary integrable singularities at the
endpoints.

@ Springer



42 Page4of24 A. Sidi

accomplish by a process that resembles the Richardson extrapolation in the reverse
direction. (For Richardson extrapolation, see Sidi [6, Chapter 1], for example.) For each

s = 1, we obtain 7, [ f]as a linear combination of Ty [ £1. T\ 3, [f1, T 4 f1. ...
70)
T

m,2s

in this order. Thus, T\,,SSL [f] are all of the form

SN : : 1 -1 5,-3 3-2
»Lf1, by eliminating the terms involving the s powers 2*, h™", h™, ..., h s,

N N

T,ff}[f] = Za,(f)?(o) [f] Za,(f) =1; a,is)independent ofm,n. (1.7)

m,2kn
k=0 k=0

With s = 1, 2, 3, for example, we have

L1 = =T 14+ 270, 1] (1.82)
T 1= 2T 14570, 11— 2T, 1f] (1.8b)
= 16 N N 2~

TS = == T+ 61,0, 171 = 31,00, 171+ ST, 5, 1) (1.8¢)

Form =1, 2, 3, 4, this procedure results in the following quadrature formulas.

1. The case m=1:

Tf1=h Z_E Fe+jh) +g (0h (1.92)
j=1
T 1=h Z f+ jh—h/2) (1.9b)
j=1
2. The case m=2:
~0 -l 72 1
T 1=h ; @+ ) = S8 h™ + 58" Wh (1.10a)
L, Lf1=h if(r +jh = h/2) = 7lg (R (1.10b)

j=1

n 2n
@?rz[f] = ZhZf(t + jh —hJ2) — ng(t +jh/2—h/4)  (1.10c)

j=1 j=1
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3. The case m=3:

n? 1
O f1=nh Z [+ jh) - g’(:)h—1 + 28" (Oh (1.11a)
j=1
’T}(,l,,)[f] =hZf(t+jh—h/2)—7r2g’(t)h*‘ (1.11b)

j=1

T(2)[f]_2h2f(t+]h h/2)——2f(t+]h/2 h/4)  (1.11c)

Jj=1 j=1
4. The case m=4:
n—1 7t4 .
TN =R fa+jh = Eg(t)h’3 g”(t)h + 558 h
j=1
(1.12a)
(1) . . x* ,om .,
T4,n[f]=h2f(t+]h—h/2)—?g(t)h _Tg ()h (1.12b)
j=1

n . h 2n . B
T =20 ; Fl+jh=h/2) =3 ; F&+ jh/2—h/4) + 27 g(h ™
' (1.12¢)

Z03) 16h . Sh o .
T =—= ) [+ jh=h/2) = =23 f(t+jh/2—h/4)

j=1 j=1

4n
h .
+ %;f(t+jh/4—h/8) (1.12d)

In the process of derivation of our methods, we also proved in [10, Theorem 4.1]

that all the quadrature formulas 7‘\,,?3,[ f1 have spectral convergence. We reproduce
this theorem here for convenience. (For more on the case m = 3, see also [11].)

Theorem 1.1 Let f(x) be as in (1.1)—(1.2), and let the numerical quadrature formulas
TS0Lf1 be as in (1.7). Then lim, _, oo T b f1 = ILf1, and we have

TOf1—11f1=o0(m™) asn— 00 Yu > 0. (1.13)

In words, the errors in the T,,(f21 [f] tend to zero as n — oo faster than every negative

power of n.

We note that all the quadrature formulas ?,ff%[ f1 possess the following favorable
properties:
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1. Unlike most quadrature formulas in the literature, they are compact in that they
consist of trapezoidal-like rules with simple, yet sophisticated and unexpected,
“correction” terms to account for the singularity at x = ¢.

2. They have a unified convergence theory that follows directly from the way they are
derived.

3. Unlike most quadrature formulas in the literature, which attain limited accuracies,
our quadrature formulas enjoy spectral accuracy.

4. Because they enjoy spectral accuracy, when applied in floating-point arithmetic,
they are much more stable numerically than existing methods.

For all the above, we refer the reader to [10].

In this work, we expand the convergence theory of Theorem 1.1, form =1, 2, 3, 4,
to the cases in which the function f(x), in addition to being as in (1.1)—(1.2), has an
analytic continuation f(z) as a function of the complex variable z for [Imz| < o, for
some o > 0. Thus, the main result of this paper is the following theorem that is much
stronger than Theorem 1.1 under the given conditions:

Theorem 1.2 Let f(x) be as in (1.1)—(1.2). Assume also that, as a function of the
complex variable z, f(z) is T-periodic and analytic in the infinite strip D,

D, ={z€C: |Imz| <o}, o >0,

except the points z = t + kT, k = 0, &1, £2, ..., where it has poles of order m.
Then, form = 1,2, 3,4 and all relevant s, there holds

ITO 1= L] < My(p)e > ™/T ¥p <o,

for some finite Mg (p) that depends only on f(z) and s.

Remarks 1. It is easy to see from this theorem that, for all practical purposes,
TOf1—11f1=0(e*™/T) asn — oo.

2. Even though Theorem 1.2 concerns only the cases m = 1, 2, 3, 4, we conjecture
that it holds true for every m. We invite the interested reader to try to prove this
conjecture. The appendix to this work should be of help in extending Theorem 1.2
tom=2>5,6,....

3. We refer the reader to the numerical examples in [10] that clearly exhibit the

exponential convergence of the T,,(f)n[ f1when f(z) is T-periodic and analytic in
a strip D of the complex plane.

2 Preliminaries to the proof of Theorem 1.2

We prove Theorem 1.2 in three stages:

1. We first show that, for each m, I[f] can be expressed as a regular integral
IOT ¢(x)dx, where ¢(x) is a T-periodic function on R that can be continued
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Exponential convergence of some recent numerical quadrature... Page7o0f24 42

analytically to the entire set D, and is 7 -periodic and analytic in D, . We actually
construct the function ¢ (x) explicitly.

2. We next show that the quadrature formula f(o) [f] for I[f] is identical to the
classical n-point trapezoidal rule 7,[¢] = h Z"_(l)qb( jh), h = T/n, for the

integral Io ¢ (x) dx. This allows us to conclude that T,f,,n[ f1 converges to I[ f]
exponentially in #; that is,

T 1= 11| = Mo(pye™™'T Vp <o
We note that this result is based on the following theorem by Davis [3]:

Theorem 2.1 Let ¢(z) be T -periodic and analytic in a strip D, of the z-plane, where

D, ={ze€C: |Imz| <o}.

Let
T n—1
Ii¢] = L ) dx; Tpl=hY ¢(jh), h=—
j=0
Then, there holds
e—2nnp/T

| Tal] = 111 < TW (D) T——5s77 VP <0
where
W(p) = max o (x +ip)| + max o (x —ip)|.

3. Following the treatment of 7\",4(103, [ ], we invoke (1.7) to conclude that each ﬁff)n [f],

s > 1, also converges to /[ f] exponentially in n, and at the same rate as 7\",7(1021[ fl
The idea is that, by (1.7),

Tn(fgl Zam T(O)zk [f1—10f]) becauseZa(S) 1,

k=0

from which we obtain

TSI~ 1LF1] < Z|a<”|} 7O L= 1171]
k=0

< (Z |a]ES) |>M0(p)e—2nnp/T

k=0
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that is stated in Theorem 1.2. In view of Theorem 2.1, we identify My (p) as T W (p)
and M (p) as (Y j_o ’a,(f) )Mo (p). As this completes the proof of Theorem 1.2,
in the sequel, we need to carry out only the first and second stages mentioned
above.

The first of the three stages above can be achieved in a simple way for m = 1,
as we will see in Sect. 3. For m > 2, however, this stage demands some clever
construction. The problem here is that we cannot make use of the representation
f(x) = g(x)/(x —t)™ in a direct way to construct ¢ (x), the reason being that neither
g(x) nor (x — )™ is T-periodic, and this does not allow us to proceed. Therefore, we
aim to express f(x) differently as f(x) = u(x)v,;, (x), such that,

1. as functions of the complex variable z, both u(z) and v,,(z) are T-periodic in D,
2. u(z) is analytic in Dy,
3. vy (z) is nonzero and meromorphic in D, with poles of order m at z = t + kT,
k=0,41,42,...3
We choose en)
exp (T2
xe(57) s

som w(z—t)

v (2) = Sm] T Q2.1
m=24,6,....

som w(z—t)’
Sin -7

Note that g(x) defines u(x) uniquely and vice versa.*

To achieve the second stage above, we start by expressing /[ f] = %’ f(x)dx as
the HFP integral of another function as follows: Since f(x) is T-periodic, there holds

T

fydx = I[f]= }0 £+ y)dy.

t+T

I[f]=%

t
Again, by T -periodicity,

t

T
I[f]=% fdx = 1[f]=£)f(t—y)dy-

—T
Therefore,

T
I[f]1= i E[f(t +y)+ f(t —y]dy. (2.2)

Following this, we replace f(x) by its representation as u (x) vy, (x) and proceed to the
construction of ¢ (x). (We will show how this is done for each m in Sects. 3-6.)

31f v (z) vanishes at some point in Dy but f(z) does not, then u(z) must have a pole at that same point,
which is not consistent with our demand that u(z) be analytic in Dy .

4 Observe that (i) when m is an even integer, vy, (x) is real-valued, while (ii) when m is an odd integer,
U (x) is complex-valued. Consequently, when f(x) is a real-valued function, (i) u(x) is real-valued if m
is an even integer, while (ii) u (x) is complex-valued if m is an odd integer.
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Next, the trapezoidal sum

n—1

h

T
[f@t+jm)+ f@t—j)]. h= —

N[ =

1

~.
I

for the HFP integral in (2.2) will feature in all our proofs. By T-periodicity of f(x),
we have

n—1

—

n—1
[fa+im+fa—im] =3 S[fa+ i+ f—jh+T1)],

1 j=1

N =

J

which, by the fact that 7 = nh, can be rewritten as

1 —

1
SLfa+im+ fa—jm]= Z

1 j=1

n

[f+jm) + f(+ (0~ H)].

NI»—

J
But {f(t+ (n — ])h)}j L ={fa+ Jh)}" ! Therefore,

n—1

. - . T
[f@t+jh)+ f@t—j)] =D ft+jh), h= —. (2.3)

j=1

l\)l'—‘

n—1
j=l
We make repeated use of this in our proofs.

In addition, we shall make use of the HFP integra155

T
dy
=0, r=1,2,..., 2.4
%osinZ’”—Ty 24)

and also of the summation rules
o -1 'S 1 ation? -1l
 sin® % 45

, (2.5)
] sin 17

j=

.

which can be found in Gradshteyn and Ryzhik [4, §15.823(3d)], for example.®
In conclusion, what remains now is

1. to construct a T'-periodic function ¢ (x) that is integrable in the regular sense such

that | ¢(x)dx = 4§ f(x)dx,
2. to show that, as a function of the complex variable z, ¢ (z) is T-periodic and analytic
in D, as well,

5 See the appendix for a proof of this fact.
6 See the appendix for the treatment of the general case of 27;} 1/(sin %)2’ , which turns out to be a

polynomial in n? of degree r,forr =1,2,..., with rational coefficients.

@ Springer



42 Page 10 0f 24 A. Sidi

3. to construct T,[¢], the trapezoidal rule approximation for IOT ¢(x)dx, and
4. to prove that 7,,[¢] = fn(f),),[ fl.

Clearly, in order to achieve all this, we also need to re-express ?,,(102,[ f1 in
(1.9a)—(1.12a) ‘by expressing the “correction” terms involving g(' )(¢) in terms of the
appropriate u/) (). We actually have

(2)
g)y=—) u@®) Yym=1,2,...,
T

i
g(i)(t) = Zai,./ uD@y, i>1, a;, j constants independent of 7. (2.6)
j=0

Form =1, 2, 3, 4, these are given in (3.8), (4.3), (5.3), and (6.3).
3 Proof of Theorem 1.2 form = 1
Invoking f(x) = g(x)/(x —t) in (2.2), we obtain

T - —_— —
Y L

ENY

Now, ¢ (y) is T-periodic and regular for all y € (0, T') because f(x) € C*(0, T).
¢ (y) is regular also at y = 0 (and at y = T by T-periodicity) since

¢(0) = yli_l)%fb(y) =g'. (3.2

Therefore, as a function of the complex variable z, ¢ (z) is analytic and T'-periodic in
D, . Consequently, {{ ¢ (y) dy is actually a regular integral.

Applying the trapezoidal rule to the regular integral IoT ¢ (y) dy and invoking (3.2),
we first obtain

n—1 n—1
T
Thlpl=h E ¢(jh) =h E d(jh) + ¢ h, h= e (3.3)
j=0 j=I

Next, by (3.1),

n—1 n—1 n—1
ih) — — jh 1
S p(m =3 S )zjhg(’ T 52 S0 i+ £ )
j=1 j=1 j=1
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which, by (2.3), becomes

n—1 n—1
Do =) f+jh). (3.4)
=1

j=1
Substituting this into (3.3), we finally have

n—1

Tulgl=hY_ f@t+jh)+¢ O, (3.5)

j=1

hence 7,[¢] = 7, [ ] by (1.9a).

To complete the picture, we would like to express g'(¢) that appears in (1.9a) in
terms of the appropriate u*) (¢), even though we were able to manage without this in
our proof. Starting with

w(x—t)
fx) = %M(X), 3.6)
sin ——
we relate g(x) to u(x) via
n(x—t)
g = -0~ i Y 3.7)

n(x 1)

Letting & = w(x — t)/T for short and noting that

et

— = 1+4iE+ 0% as& —> 0,
sin &

3

and expanding the right-hand side of (3.7) about x = ¢, we have

g(x) = [ +i& + 0ED]|[u®) +u' O (x — 1) + OEH] asx — 1.

Thus we identify
T T
8(t) = —u(), g'(t) = iu(n) + ;u/(t). (3-8)

With this, (1.9a) becomes

701 f1=h Z f(t+ jh) +iu(t)h + —u "(t)h. (3.9)
j=1
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42 Page 12 0of 24 A. Sidi

4 Proof of Theorem 1.2 form = 2

Let us express f(x) as

e p—__ @.1)
X)) = —]/——. .
' sin® —”(XT_”
Thus, g(x) is related to u(x) via
) (x —1)?
gx) =(x—07f(x)= T(x—t)u(x)' 4.2)
sin” o

Clearly, g(x) is guaranteed to be infinitely differentiable on (a, b) whena <t < b.
We start by expressing g(¢) and g”(¢) in (1.10a) in terms of u(x) and derivatives
of u(x) at x = t. Letting £ = 7w (x — t)/T for short and noting that

i:1—|—§—i-0($4) asé — 0
sin & 3 ’

we expand the right-hand side of (4.2) about x = 7. We have

2 2 2 k)
glx) = (;) [1 + % + 0(54)} [% “k—!(t)(x —nf+ 0(53)] asx — 1.
We then identify
T 2 ! T 2 / " T 2 " 2
gt) = (—) u(t), g = (—) u), g @)= (—) u'(t) + zu(t). 4.3)
T T T 3

Substituting these into (1.10a), and invoking also 7 = nh, we obtain

~0 nl n?—1 1/T\?,
LOLf] =hZf(t+jh)—( : >u(t)h+§<;> W ()h. (4.4)

j=1

We next show that I[ f] can be expressed as a regular integral I()T ¢ (y)dy, ¢(2)
being a T-periodic function that is analytic in the strip D, . Substituting (4.1) into
(2.2), and simplifying, we have

T —
I[f]:{ |:u(t+y)+u(t y)i|dy’

0 2sin” ¢
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which continues to be defined only in the sense of HFP. Upon subtracting 2u(¢) from
the numerator of the integrand (and adding it back), we obtain

T o T
I[f]=£)[u(t+y)+u(t y) Zu(f)]d tu (t){: 21 dy.

in2 Y ny
2 sin T sin 7

\(

Since 3%T 1/(sin? %) dy = 0, we have

u(t+y)+ul—y) —2ut)
2 JTTy :

T
Ifl= {Oqﬁ(y) dy, ¢@y) = 4.5

2 sin

Now, ¢ (y) is T-periodic and regular for all y € (0, T) because f(x) € C*°(0,T).
¢ (y) is regular also at y = 0 (and at y = T by T -periodicity) since

. 1(T\*,
$(0) = lim ¢(y) = —(—) u (1), (4.6)
y—0 2\

which can be obtained by two applications of L’Hdpital’s rule or by simply expanding
u(t+y)+u(t—y)—2u(t) inaTaylor series about y = 0. Therefore, as a function of the
complex variable z, ¢ (z) is analytic and T -periodic in D, . Consequently, 3%T o(y)dy
is actually a regular integral.

Applying the trapezoidal rule to the regular integral IoT ¢ (y) dy and invoking (4.6),
we first obtain

n—1 2 , T
T[¢]-hZ¢(;h>—hZ¢(1h>+ ( )u Oh, h=—. 4.7)

j=0 j=1

Next, by (4.5),

ZW) pRELESLESIET RS 3

= 2sin” 4 /1sm

Now, by (4.1) and (2.3),

o u(t + jh) + u(t — jh)
> iz

2 sin

S Lt i+ e i = S fa i
= '

j=1 j=1

Combining these in (4.7), and invoking also (2.5), we obtain

| n?—1 1/T\?
T,,[d)]:hZf(t—i—jh)—( . )u(t)h—i—E(;) W' (O, (4.8)

J=1
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42 Page 14 of 24 A. Sidi

Comparing (4.8) with (4.4), we realize that 7, [¢] = T(O) [f].

5 Proof of Theorem 1.2 form =3

Let us express f(x) as

exp(iZ: (foz) )
fx) = T“@l (5.1
sin’ —(T ]
Thus, g(x) is related to u(x) via
3 (x — 1)° exp(i™5-1)
8() = (x =1 f () = e (). (5.2)
Sln —71

Clearly, g(x) is guaranteed to be infinitely differentiable on (a, b) whena <t < b.
We start by expressing g’(¢) and g”’(¢) in (1.11a) in terms of u(x) and derivatives
of u(x) atx = ¢. Letting £ = w(x — t)/T for short and noting that

§3ei$ %-3
m_1+1.§+1?+0(§ ) as& — 0,

we expand the right-hand side of (5.2) about x = r. We have

3 3,0
g(x):@) [ +1§+1‘§ + 0 )MZ” (t)(x—t)k+0(§4)i| asx — 1.
b4 3

= k!
We then identify
T 3
g(1) = (—) u(r),
b4
/ T T / T
o= () oo (2]
T) L T
" T i 1 . /g /
g (1) = (;) u (1) +1<—>2M (I)},
T 3r - 3
g’ ) = (;) u” (1) +1< >3u”(t) +1< ) 2u(t)j| (5.3)

Following this, we also rewrite (5.1) in the form

w(x—t) u(x)

)= A FiAW: A0 = ST, ) = e G4
-7 sin - 71
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Therefore, we also have

I[f1= 1111+l f2] (5.5)
Substituting (5.3) and (5.4) into (1.11a), and invoking also T = nh, we obtain
TONf1=01+i0s, (5.6)
where
=h 3 (t+ jh) f(£> "(t)h 1<Z)3 "(t)h 5.7
Q1—J§f1+j—3ﬂu +6nu , :
! , n?—1 1/T\*,
0> :h;fz(t + jh) — ( 3 )u(t)h + 5(;> u’ (t)h. (5.8)
Therefore,

7V hnl h =Y on— (D won
Wlf1= Zf(tJrJ )—1( 3 )u(r) —?(;)um

1(T>2 1 1<T)3 "
+i= — ) " O+ = —) " @)h. 5.9
2\ 6\

We now turn to the study of I[ fi] = {:: filx)dx and I[ f>] = %7 fr(x)dx.
Applying (2.2) to f1(x), we first have

T cos %
I[f1]=% Sy +y) —ul = y)ldy,
0281n T

which continues to be defined only in the sense of HFP. Upon subtracting
2( %)u/ (1) tan % from the square brackets (and adding it back), we obtain

T cos % T\ , Ty
IAil= % PYPEE] |:“(l +y)—u@—y) — < )u (1) tan <—)i| dy
0 2sin” 7= b4 T

T
SIl -

T

Since %T 1/(sin* Z£) dy = 0, we have

T cos ¥ , Ty
I[f1]={ b1(y)dy, ¢1(y)=—y[u(t+y) u(t=y)— 2( )u(t)tan—}.
0 2sin’ 7 T
(5.10)
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Now, ¢1(y) is T-periodic and regular for all y € (0, T') because f(x) € C*°(0, T).
¢1(y) is regular also at y = 0 (and at y = T by T -periodicity) since

. (T : " L(T /
$1(0)=lim¢p1(y) = | = | u (1) — 5| = Ju @), (5.11)
y—0 6\rm 3\
which can be obtained from (5.10) by noting that

=£7[1+0E"] and tang = g[1+i

cosé&
m + O ):| asé — 0

and

"

u(t+y)—u(t—y)_2u(t)y+;u (t)y +0(y) asy — 0.

Therefore, as a function of the complex variable z, ¢1(z) is analytic and T -periodic in
D, . Consequently, %T ¢1(y) dy is actually a regular integral.

Applying the trapezoidal rule to the regular integral jOT ¢1(y)dy and invoking
(5.11), we first obtain

n—1 n—1 3
1/T 1/T T
Tulp1l =h E é1(jh) =h E ¢1(jh)—§(;>u/(f)h+g(;) u”(th, h= P

j=0 j=1
(5.12)
Next, by (4.5),
n—1 Sj_

h 1 1+ jh) —u(t — jh] t )
Z@(;) Zzsm T [u( + jh) —u@ = j)] - < ) ();smm
Now, by (2.3),

1o % nl
—"][u(t+1h) —u(t— jh)] = 5[f1(¢+jh)+f1(t —Jjh]
iz 2sin? o =l
n—1
=) fit+jh).
j=1

By this and by (2.5), we thus have that

n—1 n—1 nz 1 T
oGy =) filt + jh) — ( : )(;)u’(t).
Jj=1

J=1
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Therefore,

T,[1] hnif (t+ jh) " <T>u’(t)h + 1<T>3u”’(t)h
nl@1l = 1 - —=\— b .
ot 3\7m 6\m

Comparing this with (5.7), we realize that 7,[¢1] = Q1.
As for I[ f>], we already know from Sect. 4 that

! -y =2
If] = J b () dy, ¢a(y) = u(t +y) + u(r2 n;v) u(t)’
T

0 2 sin

and T, [¢2] = 75" [ f2]. In addition, by (5.8) and (4.8), Q2 = T; [ f2], hence 0 =
Tul¢2] as well. Therefore, letting ¢ (y) = ¢1(y) +i¢2(y), and recalling (5.9), we have

T
J ¢ dy = I[f] and Ty[¢] = Tul¢1] +iTul¢o] = Q1 +iQ2 = L[ /].

0

6 Proof of Theorem 1.2 form = 4

Let us express f(x) as

u(x)
fx) = W 6.1)
Thus, g(x) is related to u(x) via
Y
800 = (= ) = =), (62)
sin® “=—

Clearly, g(x) is guaranteed to be infinitely differentiable on (a, b) whena <t < b.
We start by expressing g(z), g”(t), and g(4) (¢) in (1.12a) in terms of u(x) and
derivatives of u(x) at x = ¢. Letting & = w(x — t)/T for short and noting that
E 2o D 06 ast o
— = - — asé — 0,
sin* & 3 45

we expand the right-hand side of (6.2) about x = r. We have

(TN 2, 11, 6 10 o 1 ® () . s
g(x)—(;) |:1+§§ +E§ + O )i||:k2:(:)k!(x—t) + O(& )] asx — t.
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We then identify
T\4
gt) = (;) u(t),
T\4
gt = (;) u'(1),
T\*T 4/7\>
') = <;> u’(t) + 5(7) M(f):|,
T 4: T 2
GRS <;> u” (1) +4(7) u/(t)}
ar 2 4
gY@ = <Z> u(4)(t)+8(z> u'(t) + — 88 (—) u(t)] (6.3)
/) | T 15

Substituting these into (1.12a), we first obtain

70111 _hZf(t+]h)+<

T* 2T 11
—_p3- h Ty — )u(t)
j=1

45 9 45
T T2 T*
———h ' ——n — S
+< 672 +37r2 )u ()+(247r4 )u ©.

which, upon invoking 7 = nh where necessary, becomes

*+10n% — 11
o —hZf(tJrJh) (%)u(r)h

"2_2 Y wrion+ (L) wo 6.4
‘( 7 )(5) o) woon) e

We now turn to the study of /[ f]. Applying (2.2), we first have

u(t +y)+u(t — y)
I =
1] }0 R ,

which continues to be defined only in the sense of HFP. Upon subtracting 2[u(¢) +
%(%)%”(r) sin? ?] from the numerator of the integrand (and adding it back), we
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obtain

If1=

%T u(t +y) +ult —y) —2u@®) — (52" () sin® 22 p
y

int T
2 sin T

N U%T dy 1<T>2 /,(t)][T dy

u ——— 4+ =) u —_—
osin* 2 2\x 0 sin® 2

Since %T dy/(sin> Z¥) = 0 and 3%T dy/(sin* Z) = 0, we have

T in2 Y
u(t +y) +ut — y) = 2u(t) — (1) (1) sin® 2
4 %; '

T
I[f]= icb(y)dy, ¢(y) =

2 sin

(6.5)
Now, ¢ (y) is T-periodic and regular for all y € (0, T') because f(x) € C*(0, T).
¢ (y) is regular also at y = 0 (and at y = T by T-periodicity) since

(0) = lim ¢(y) = L<Z>4 @ 1) 1<Z)2 ") 6.6)
¢ _ylf})‘by_mn ! +6n e '

which can be obtained by simply expanding the numerator and denominator of ¢ (y)
in a Taylor series about y = 0. Therefore, as a function of the complex variable z,
¢ (z) is analytic and T -periodic in D, . Consequently, 3%T ¢ (y) dy is actually a regular
integral.

Applying the trapezoidal rule to the regular integral IoT ¢ (y) dy and invoking (6.6),
we first obtain

] h% (ih) hZ (Gh)+— <T)2 ”(r)h+i(£>4 @yh, b=
¢—10¢J —]1¢] u ol ) » h=—.
6.7)

Next, by (6.5),

n—1 n—1 . . n—1

. u(t + jh) +u(t — jh) 1
Z;th):z v —u Yy — - ( ) ”(r)Z 2/,,.
J= n

i=1 2sin j= —, sin

Now, by (6.1) and (2.3),

n—1

u(t + jh) +u(t — jh)
E: 4Jﬂ

2 sin

n—1 n—1
- ; SUFG+ I+ fa =l = 3 f + .

Jj=1 J=1
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Substituting this into (6.7), and invoking also (2.5), we obtain

= 44100 — 11
gl =hY ) f(t+ jh) — (’”4—5”)»!0)%1

n? -2\ /T\> 1 /T\*
. - 17 e e 4)
( c ><n> u (t)h+24<n> u®(t)h.  (6.8)

Comparing (6.8) with (6.4), we realize that 7, [¢] = ﬂf)n)[f].

j=1

Appendix

In this appendix, we describe some tools we believe should be helpful in extending
the treatment we have presented for m = 1, 2, 3, 4 to arbitrary m.

1. Determination of @ (y)

Our first tool concerns the 7 -periodic Taylor-like sum to be subtracted from the expres-
sions [u(t + y) & u(t — y)] in order to obtain a T -periodic and analytic ¢ (y).

e When dealing with

u(t+y)+ul—y)
2 sin?" 22 ’

subtract (Ag+Y_4—| Ax sin®* Z2), which is T-periodic, from [u(t +y)+u(t —y)],
with Ag, A1, ..., A,—_1 such that

r—1
1
o) = m[u(t +y)+ult—y)— <A0 + ZA]‘ sinZk %)}

Sin =1

is well-defined at y = O (hence at y = T as well). This means that the expression
inside the square brackets must be O(y*) as y — 0. The A can be determined
one by one in the order Ag, A1, .... For example, Ag = 2u(t), A| = (%)214”(1‘),
and so on.

e When dealing with

cos 22X

T

— oy @+ y) —u —yldy,
2r41 1)

2sin* 1 22
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subtract [tan % (Bo + ZZ;% By sinZ 7)1, which is T-periodic, from [u(r 4 y) —
u(t — y)], with By, By, ..., B-—1 such that

Ty
T

r—1
_ cos Ty Lok Y
qb(y)-m[u(t+y)—u(t—y)—tanT<Bo+];Bksm T>i|

is well-defined at y = 0 (hence at y = T as well). This means that the expres-
sion inside the square brackets must be O(y**!) as y — 0. The By can be
determined one by one in the order By, Bj, . ... For example, By = 2(%)1/ (1),

B = (X)3u"(t) — 2(Lyu'(r), and so on.

In both cases, invoke also (2.4). The end resultis /[ f] = JOT ¢(x)dx.
2. Determination of Z/",=_11 1/(sin ’%’)2’, r=1,2,...

In the treatment of T,;OZ,[ f1with m = 2,3, 4, we made repeated use of (2.5). We
can actually deal with arbitrary m in exactly the same way we dealt with the cases
m = 2,3, 4 provided we know Z';;} 1/(sin %)2’ analytically as a function of n. We
turn precisely to this problem here. This is our second tool.

Let us consider the integral f(: wp(x)dx, where wy(x) = 1/(sinmx)”, p being
complex and arbitrary. We begin by noting that, as a regular integral,

1 1 1
1 | -1
J =3P pep ol (A1)

. . d-x = = 1

o (sinmx)? VT T(1—1p)
We next note that the right-hand side of (A.1) is analytic in p, except when p =
1,3,5,..., where it has simple poles. Thus, in case of divergence, that is, when

Re p > 1, the right-hand side of (A.l) is the HFP of fol wp(x) dx, provided p #
1,3,5,.... Thatis,

1 11
1 1 I'(z —3p)
———dx=—=—="—+—, VpeC\{L,3,5,...}. A2
%0 (sin7x)? VT T(1—1p) petM } (A2
Therefore, letting p = 2r, r = 1,2,..., in (A.2) and recalling the fact that
1/T(—k)=0,k=0,1,2,..., we obtain
! 1
%_—zdx=0, l"=1,2,3,.... (A3)
o (sinmx)~"

In addition, wy,(x) is infinitely differentiable on (0, 1), and has the (convergent)
asymptotic expansions

o
wyr(x) =Y Bs(MxP ¥, x| <1, (asx — 0),
s=0
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and

wyr () = Y B =0, [I—x| <1, (asx — 1),

where B (r) are defined in terms of the generalized Bernoulli polynomials BS(G) (u) as
in

2
2 By ()

(15925 25—
fi) = (—P 2P = s

, s=0,1,....

Invoking Corollary 2.2 in [7] or Theorem 2.3 in [8], and recalling (A.3), we obtain

n—1 1 r (2r)( )

i — | s22s+1 2s—2r 2r —2 2r—2s’ Ad
iy~ Y GG =20 A

first noted by Brauchart, Hardin, and Saff [2]. (See also the example in [8, Section 4].)
Invoking also

k By

— (_1yk—192k—1_2
(k)= (D27 20!

k=0,1,2,...,

where B; are Bernoulli numbers, (A.4) simplifies to read

r

- (2r)
Sy 14’2 Burss By () o

o1 (sin LLy2r — (2r =2s)! (29)!
4 (2 .
=0 Z<2r>32, 2B (T EL(AS)
T 5=0

Note that the end result is a polynomial in n? of degree r. In addition, the coefficients of
this polynomial are rational numbers since both By and Bgr) (r) are rational numbers.

3. A brief introduction to generalized Bernoulli numbers and polynomials

The generalized Bernoulli numbers B§J) and generalized Bernoulli polynomials
B§G)(u) are defined via (see Luke [5, p. 18-23] or Andrews, Askey, and Roy [,
p. 615], for example)

P " o 1 t
— g
<e’ 1) = EOBS o and (ef—
s=
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B (u) is of degree s in u and is given as B{”) (u) = Yoo (G )B(G u and BY(0) =
B{”. Note that, for all o', B\”) = 1 and B{”(u) = 1.
Bs(“) is a polynomial in o of degree s, and is also known as a Norlund polynomial.
Note also that Bs(o) are rational numbers when o is a rational number.
In addition, B (¢ — u) = (=1)B”(u); therefore, for s = 0,1,2,...,
B, H(o/Z) 0 while B( )(0/2) is a polynomial in o of degree s. In addition,
when o is a rational number Bg) (0/2) is a rational number too.

For completeness, we give a few of the Bgr)(r) needed in (A.5). For a longer list,
see [5, p. 341]:

r(5r +1)
60 ’
Bézr)(r):—;a(35r2+21r+4), B& (r )= 3ieo (175r +21072 4 1017 + 18).

,
B =1, B =2 B =

By letting » = 1, 2 in (A.5), we obtain the summation rules in (2.5). To end, we
use (A.5) to compute Z;’;i 1/(sin £2)% for r = 3, 4:

——2 21 16812 — 191
g s1n—)6 945( n® +21n* 4 168n ),
n—1
1 8 6 4 2
Z( )8 14175(311 +40n° + 294n™ + 2160n° — 2497).
= sin &
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