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1. Introduction

For an arbitrary function u(x) that is sufficiently differentiable and T-periodic on R, let us define the quantities Ky, (t; u),
m=1,2,..., via Hadamard Finite Part (HFP) integrals as follows:

7T (x—t)

S
I(m(t, U)Z%Wu(x)dx O<t<T, 1fm=1,3,5,, (11&)
/ 1
I(m(t, U)Z%Wu(x)dx, O<t<T, lfm:2,4,6, (llb)
0 T

Clearly, the integrals involved are not defined in the regular sense since their integrands have polar singularities of the form
(x—1t)"™ on (0, T), which are not integrable. They are defined in the sense of Hadamard Finite Part (HFP), however.
Let us also define the quantity Ko(t; u) as the regular integral

T
Ko(t; u) = / <log
0

again with u(x) sufficiently differentiable and T-periodic on R. Observe that the function (log|sin %‘”D is absolutely
integrable on [0, T].
Note that the kernel functions in (1.1a), (1.1b), (1.2), namely,

sin@‘)u(x)dx, O<t<T, (12)

zr(x t)
cos 1
—— m=1,3,5,...; —, m=2,4,6,...; log|sm”(x t),

soom w(x—t)’
sin B

m n(x t)’
sin’ - T

are all T-periodic.

In this work, we study the analytical properties of Ky, (t; u) forallm > 0 and derive simple and efficient numerical quadra-
ture formulas for them. After presenting some technical preliminaries in Section 2, which are crucial for later developments,
we approach the analysis and the approximation of the Ky (t; u) in Sections 3-5 in two major steps:

o First, we regularize the HFP integrals in (1.1a)-(1.1b) and show that, for every m > 1, Ky, (t; u) can be expressed as a
regular integral as

T
K (t: 1) = Ko (; Um):/<log sinw‘) Un()dx, O<t<T. (1.3)
0

We show that Up,(x) is a linear combination of the first m derivatives of u(x) and is also T-periodic. We provide U, (x)
explicitly.

e Next, we interpolate u(x) at 2n equidistant points in [0, T] by a balanced trigonometric polynomial ¢,(x) and take
Km(t; ¢n) as our approximation to Ky (t;u). Thus, the cost of computing Ky (t; ¢,) is only 2n evaluations of u(x),
no derivative information being needed. For u € C’(R), P > m, we show by using Fourier analysis techniques that
limp_s 00 K (t; ¢n) = Ky (t; u). We also provide the rate of convergence and prove that the accuracy of Kp(t; ¢n) as an
approximation to Kp(t; u) increases as P increases. This accuracy is spectral when P = oo thus when u € C*°(R).

In Section 6, we apply our numerical quadrature formulas to the integrals Kp(t;u), m=0,1,...,5, with u(z) analytic
in an infinite strip containing the real axis; these examples confirm some of our convergence theory pertaining to our
numerical quadrature formulas, hence illustrate the strength of our approach. In Section 7, we deal with arbitrary HFP
integrals fOT f(x,t)dx, where f(x,t)=g(x,t)/(x —t)™ with 0 <t < T, and is T-periodic and sufficiently differentiable on
R\ {t £ kT}p2,. We show that these integrals can be expressed in terms of the K(t;-), hence they can be computed
easily with our new numerical quadrature formulas. We also show how these quadrature formulas can be applied to some
singular Fredholm integral equations that arise from boundary integral equations. In Section 8, we treat similarly the regular
integrals fOT f(x,t)dx, where f(x,t) is T-periodic on R and has logarithmic singularities at t += kT, k=0, 1, 2, .... Finally,
we include an appendix that gives a short description of trigonometric interpolation and treats the convergence theory for
the interpolants and their derivatives as well. This appendix forms an integral part of this work as its contents are used in
the development of our numerical quadrature formulas and their convergence analysis.

Note that HFP integrals involving K(t;-) arise in a natural way, for example, when dealing with Cauchy transforms of
all orders on the unit circle; see [24]. Let us denote by Jn,(z; w) the Cauchy transform of order m of the function w(¢) on
the unit circle, namely,
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w(&)
ZW)=F ————d¢, zel'={c:|c|=1}, m=1,2,...,
Im(Z: W) Z[@_Z)m ¢ {c:lel=1)

I being positively oriented. Making the substitution ¢ = e, 0 < x < 27, so that T = 27, and noting that z = e' for some
unique t € [0, 27), and denoting w(x) = w(e™r), Jm(z; w) can be expressed as

2

iel=mt “rexp[i2 —m)%t]

Im(z; w) = o 7[ ST W(x) dx.
We then have

1 2

J1(z; W)=5[K1(t; \7v)+i/\7v(><)dx],
0
ie’it R —i2t R R

L2z w)=———Kz(t; W),  J3(z; w) = ———[K3(t; W) — iKz(t; W)],

i€7i3t R N R
Ja(z; w) = [Ka(t; W) — 2iK3(t; W) — 2K (t; W)].

16
For all m > 2, we have

ioi(1—myt M
IJm(z; w) = 16,7 Zom,sKs(t; W), om.s constants independent of t.
@pm =

For HFP integrals, we refer the reader to the books by Davis and Rabinowitz [4], Evans [5], Krommer and Ueberhuber
[15], and Kythe and Schdferkotter [17]. See also the paper [20] by Monegato for a review. For trigonometric interpolation
as summarized in the appendix, see the books by Atkinson [2], Henrici [10], and Zygmund [30], for example. The cases
of m=0,1,2 appear in the boundary integral formulation of two-dimensional boundary value problems and have been
treated by different authors; see Atkinson [1], [3], Kress [13], Kress and Sloan [14], and Kussmaul [16], McLean [18], McLean,
Prossdorf, and Wendland [19], Saranen and Sloan [21], Sloan and Burn [28], and Yan and Sloan [29], for example.

Before we go on, we would like to point out to some recent numerical quadrature formulas we developed for computing

the HFP integrals

T
g
ff(x)dx, f(x)_i(x—t)m’ me{l,2,...}, O0<t<T,
0
feCP®\{t£kT}2,) and f(x) T-periodic, (14)

where P > m can be a finite integer or it can be infinite. These formulas are based on the trapezoidal sums

n—1

T
h t+jh)., h=—., n=1.2.....
];f( + jh) —n

with compact, yet sophisticated, correction terms involving some or all of g)(t), i =0, 1,..., m. They are obtained via the
application of a recent generalization of the Euler-Maclaurin expansion by the author [22]. They enjoy spectral accuracy
when P = o0, just like the methods of the present work. For details about these formulas and numerical examples, see Sidi
[23], [24], [25], [27]. For the efficient treatment of nonperiodic f(x), see Sidi [26].

2. Technical preliminaries
We start with some technical tools that we will be using throughout this work, starting already in the next section.

1. First, let us recall that if a function w(x) has a nonintegrable singularity at x =t for t € (a, b) but is integrable on any
subinterval of [a, b] that does not contain x =t, then fab w(x) dx, the HFP of fab w(x) dx, is obtained by expanding

t—e b
A(e):/w(x)dx—i—/w(x)dx, €>0,
a t+€

asymptotically as € — 0+, discarding those terms that go to infinity, and retaining the limit as € — 0+ of the remaining
terms. (See Monegato [20], for example.)
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2. Next, let us define the functions Sy (y) as follows:

cosy .
- ifm=1,3,5,...,
. sin™ y
So(y)=log|sinyl: Smy) =17 (21)
- m . lfm:2,4,6,‘...
sin™ y
Let us now define the functions Ry (y), m=1,2,..., for y € (0, ), via the regular integrals
y
Ru)= [ Su(@dz+ R /2 (2:2a)
/2
1
Ri(1/2)=0; Ru(m/2)=0, Rap(m/2)=—5. r=12... (2.2b)
Then,
1
Ri(y)=50y); Rorp1(y) = _ZSZr(Y)s r=12,..., (2.3)
and, by Gradshteyn and Ryzhik [8, §2.515(1)],
r
Ry(y) == arySo(y). r=1.2,..., (24)
k=1
1 QkY2k+2)---2r—2)
1 @k—1@k+1) - @r—3 =hEoerol
= 2o 1@=DEk+1) - @r=3) (2.5)
) k=r.
2r—1
Thus
m=2—->r=1: Ol]y]:]
m=4—-r=2: 021=2/3 a22=1/3
m=6—->r=3: a31=38/15 o3 =4/15 a33=1/5

for example. Note that 2,221 or k=1, which can be proved by induction on r. Clearly, Ry;(y) is a linear combination of
S1(y), S3(¥), ..., S2r—1(¥), while Ryr1(y) is a constant multiple of Sy (y).
For the special cases m =2, 3,4, 5, we thus have

1
R2(y) =-51(), R3(y)= —552(}’),

2 1 1
R4(y) = —§51(y) - 553(3/), Rs5(y) = —254(y)-

3. Note that, by (2.1), Si(y) is an even (odd) function of y if m is even (odd), and m-periodic as well. In addition, for

m=>1,

Sm(¥) =y ""Sn(y), Sm(y) even, Sy(0)=1. (2.6)
Consequently, by (2.3)-(2.4), R (y) is an even (odd) function of y if m is odd (even), and 7 -periodic as well. In addition,
for m > 2,

A — ~ 1
Ru(¥) =y """ Rn(y), Rm(y) even, Rpn(0)=-—— (2.7)

m—1"

4. Finally, we derive a 3-term recursion relation pertaining to the Ry (y) and the Sp(y). We begin with (2.2a)-(2.2b) by
applying integration by parts to

y y
R ( )_/ 1 1 dz—/ 1 d cosz dz
2 = sin? z sinz sinz) dz sinz )

/2 /2

We obtain
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Y 2
cosy cos? z
Ryri2(y) = ———2— —2r / ———dz,
sin® 1y sin?+2z

/2

which, upon invoking cos?z=1 — sin®z and (2.1) and (2.2a)-(2.2b), becomes

Ror+2(¥) = =S2r+1(¥) — 2r[Rar42(¥) — Rar (V)]

hence

2r + D Rory2(y) =2rRor (y) — S2r41(¥)- (2.8)

Note that (2.3), (2.4), and (2.8) will be very useful later in proving Theorems 3.1 and 4.1.
3. Regularization of K, (t; u)

Let us observe that, by (1.1a)-(1.1b) and (1.2) and (2.1),

T
K (t: u) :fs,{@)u(x) dx. (3.1)
0

Theorems 3.1, 3.2, and 3.3 that follow deal with the issue of regularizing the HFP integrals K, (t; u) and turn out to be
the key to the developments in the next two sections.

Theorem 3.1. Provided u € C™(R) and is T-periodic, and m > 1, there holds

T
T —t
Kn(t;u) =—— me<M>u’(x) dx. (3.2)
T T
0
Consequently, by (2.1)-(2.5), we have
T I
K1(t; U)Z—;KO(I;U), (33)
T 1 ,
Kyrp1(tu)y=——Ky(;u), r=1,2,..., (34)
T 2r
T r
Kar(tiu) = — > orpKor(Gu), r=1.2.... (3.5)
T4

where o i are as in (2.4)—(2.5).

Proof. Let us make the change of variable y =7 (x —t)/T in the integral representation of Ky (t; u) in (3.1). We obtain

m—mt/T
T T
Kn(t0) = 7[ Sm(w(y)dy, w(y)zu(w;y)
—mt/T
. 72
= 7[ Sm(y)w(y)dy, (36)

—7/2

since the integrand S,;(y)w(y) is 7 -periodic because both Sy (y) and w(y) are m-periodic.'

1 The HFP integral fOT g(x)/(x —t)™dx, 0 <t < T, is invariant under a linear variable transformation such as y = 7 (x —t)/T. This has been known for

a long time; see Krommer and Ueberhuber [15, Theorem 1.4.3], for example. In Sidi [26, Theorem 3.1] it is shown that j@OT gX)/(x—t)Mdx, 0 <t <T,is
invariant under arbitrary legitimate variable transformations.
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Noting that Sy (y) = R;,(y) from (2.2a), let us now apply integration by parts to 3@ /2 Sm(y)w(y)dy. We obtain

/2
T d
Km(t;u)=— 74 (—[Rm(y)W(y)] — Rm(y)W’(y)> dy
T dy
—7r/2
/2
_I 7[ [Rm(y)w(y)]dy — — 7[ R (Y)W () dy. (3.7)
77r/2 —7r/2
Next, let us show that
/2 d
7[ o IRm(YW()]dy =0, (38)
y
—7/2

Since &y [Rm(y)w(y)] is singular only at y =0 in the interval (—m /2, 7 /2), we have to analyze

—€ /2
d
A(e>=[ / +/](@[Rm(y>w<y)]>dy
/2 €

=[Rm(T/2)W(T /2) = Rin(=77 /2)W (=77 /2)] + [Rm(—€)W(—€) — Rm(€)w(€) ]
as € — 0+. The first brackets vanish because Ry, (y)w(y) is m-periodic. Therefore,
A(€) = Rp(—€)w(—€) — Rm(€)w(€).
We now invoke (2.1)-(2.7). In particular, we invoke the fact that Ry, (y) is an even (odd) function when m is an odd (even)
integer.
When m =1, by the fact that R(y) = So(y) = (log|sin y|), we have
A(e) = (log|sine|)w(e), W(e)=w(—€)— w(e).

Since W(¢) is differentiable in a neighborhood of € = 0, we also have that W(e) = W/ (€)e for some € € (0, €). Therefore,
lime_, 04 A(€) =0 since W'(0) is well defined. Therefore, (3.8) holds in this case.
When m > 2, we have the following two cases:

e When m is an even integer, say m = 2r, Rp;(€) is an odd function of €, which implies that R;;;(—€) = —Rp(€), hence
A(€) = Rp(e)W(e), W(€)=—w(€) —w(—e).
We now express Rp(€) in the form Rp(€) = e‘zr“/R\m(e), with /Iim(e) being an even function of € and infinitely
differentiable in a neighborhood of € = 0. Next, we note that W(¢) is an even function of € and m times differentiable
in a neighborhood of € = 0. Therefore,
Ale)=€"2T10(e).  0(€) =Rm(€)W(e).

0(¢e) being even and m = 2r times differentiable in a neighborhood of € = 0. Replacing 6(¢) by its Maclaurin series
expansion with remainder, we obtain

r—1 i
0@ ,. @
Afe) = 21 [Z (2,;! )621 n (2r§!€)€2r

}, for some € € (0, €).
i=0

As € — 0+, the summation Zf; contributes to A(€) only the (negative) powers € P, p=1,3,...,2r — 1, which we
discard. The remaining term, namely, 82@ ¢ tends to zero as € — O+ since lime_ 04 04D (@) = 9(2” (0), which is well

(2!
defined. We have proved the validity of (3.8) when m is even.

e When m is an odd integer, say m =2r + 1, Rj;(€) is an even function of €, which implies that R;;(—€) = Ry (€), hence
A(€) =Rn(e)W(e), W(e)=—w(e)+ w(—e).

We now express Rpy(€) in the form Ry (€) = efzrﬁm(e), with ﬁm(e) being an even function of € and infinitely differ-
entiable in a neighborhood of € = 0. Next, we note that W(e) is an odd function of € and m times differentiable in a
neighborhood of € = 0. Therefore,
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A€) =€ 76(e), 6(€) =Rm(€)W(e),

0(€) being odd and m = 2r 4+ 1 times differentiable in a neighborhood of € = 0. Replacing 0(¢) by its Maclaurin series
expansion with remainder, we obtain

r—1 i
0(21+1) 0 . 0(2r+1) € .
A€) =€ Z .7()621_'_1 7062“” for some € € (0, €).
= Qi+ 1! @r+ 1!
As € — 0+, the summation Z{;g contributes to A(€) only the (negative) powers € P, p=1,3,...,2r — 1, which we

. - @r+1) . ) .
discard. The remaining term, namely, (’(;T()?e, tends to zero as € — 0+ since lime_, o4 6@tV (€) = 9@+ (0), which

is well defined. We have proved the validity of (3.8) when m is odd.

We have thus proved the validity of (3.8) for all m. With this, (3.7) becomes
/2

T /
Kin (t; u)=—; 7[ Rm()wW'(y)dy,
/2

which, upon going back to the variable x and invoking the T-periodicity of Rm(w)u/(x), gives (3.2). This completes the
proof. W

Using Theorem 3.1, we now tackle the task of regularizing the HFP integrals described in (1.1a)-(1.1b). The point here
is that the two HFP integral representations of Ky (t; u) given in (3.1) and (3.2) differ essentially in the strength of their
respective (polar) singularities at x = t; the former has a pole of order m, while the latter has a pole of order m — 1. This
can also be seen in (3.3)-(3.5). Our ultimate aim is to reach the (regular) integral representation

T
. m(x—t)
K (t; u) :/ log | sin —T UnXx)dx=Ko(t;Up), O0<t<T,
0
Un € C*°(R) and T-periodic (3.9)

described in (1.3). This can be achieved by repeated application of (3.3)—(3.5), starting with Kp(t; u) in (3.1), the end result
being that Up(x) is a linear combination of derivatives of u(x). We will do this by introducing the notation

T
- 3.10
M=o (3.10)

for simplicity. We have already seen in (3.3) the following example with m = 1:

T
Ki(t; u):—%/&(@)u’(x)dx
0

=—2ukot;u) = Uj=—2uu'. (3.11)

Here are additional examples with m > 2:

Ka(t; u) = 2 K1 (t; u')

= —4u’Ko(t;u") = Up=—4p’u’ (312)
K3(t;u) = uKa(t;u')
=—413Ko(t;u") = Uz=—-4p’u” (313)

2 1
Kq(t;u) = ZM[§K1 G u) + sl u’)]

4 43
- Zu[ - ?MKo(t; u’y — %Kg(t; u(4)):|

8
20" — Zptu® (3.14)

8
= Usg=—Zu 3

3
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Ks(t: 1) = %K4(t; u')

4 413
= 12| = o u”) - kot u®)
E 3
4 4
= Us=-— /1*3 no_ MSH(S) (3'15)
3 3
[ 8 4 1
Ke(t;u) =2 EK](t U)+—K3(t uy+ - Ks(t u’)
[ 16
—ou| = “Ekoit; u") - A @y )
L 15 15
32 8 8
Ug = @ =6y ® 3.16
= Ug= 15M u” —gHu s (3.16)

We summarize the cases of m > 2 in the next theorem that can be proved by induction on m. [Note that, for m =1, we
already have U (x) = —2uu’(x) by (3.11).]

Theorem 3.2. For m > 2, provided u € C™(R) and is T-periodic, Uy, (x) in (3.9) is some linear combination of u®® (x), s=2, ..., m.
Actually, we have

.
Zﬂr’k/fku(z")(x) ifm=2r, r=1,2,...,

Un(x) = {41 4 (3.17)
Z%k,quHu(Zk“)(x) ifm=2r+1, r=1,2,...,
k=1

the By k being fixed (negative) numbers that can be determined by repeated application of Theorem 3.1 to Ky, (t; u) in (3.1 ).2
We end this section with the following theorem.
Theorem 3.3. Provided u € C¥+2(R) and is T-periodic, the following recursion relation is true:

T
(@r + DKarsa (1) = 2rKar (1) £+ —Kara (610

2u? "
= 2rKar(t:) + = Kar (t:u"). (3.18)

Proof. By (2.8), we first have

T T
Q2r+1) 7[ Rori2 (@)u’(x) dx =2r7[ Ry(@)bl/(x) dx
0
T
%SZr-H( )> u'(x) dx.
0
)

By invoking (3.1), (3.2), and (3.4), we obtain (3.18). W
4. Construction of K, (t; u) via Fourier series

4.1. Preliminaries

Going back to (1.1a), (1.1b), and (1.2), we realize that, provided u(x) is sufficiently differentiable on R, Kp(t;u) are
T-periodic functions of t. This prompts us to study their Fourier series Zfl’i_oo hin,geq(t) in the interval [0, T], where

eq(x) = exp(i2qmx/T), q=0,£1,%2,.... (4.1)

2 Explicit expressions for the 8, are given in (4.12)-(4.13) in Theorem 4.2.

178



A. Sidi Applied Numerical Mathematics 184 (2023) 171-196

As will become clear shortly, working with the functions exp(i2qwx/T) is much more convenient than working with
sin(2qrx/T) and cos(2qmx/T).
We begin with the following important observation concerning K, (t; eq):

Theorem 4.1. For all m > 0 and all q, there exist constants Ly, q independent of t, such that

w/2
T )
Kn(tieg) =Lngeg®. Lng=1 F Su(y)e®®dy. (42)
—/2
Form=0,1, 2,3, we have
—Tlog2 if g=0,
Log=3 T . L1g=iTsgn(q), La.q=—2T|ql, L34 =—i2Tsgn(q)q’, (4.3)
- ifq#0,
2|q|
where sgn(q) is defined as
+1 ifqg>0
sgn(q) =40 ifq=0.
-1 ifg<0
Forallm=2,3,..., the Ly q satisfy
Lari1q =igL2r,q, r=1,2,..., (4.4)
and are given as
Tr =
Lorg=————>—lq| [ [ > — ¢?. (4.5)
T a2y ]11
T r—1
Lorp1.q = —i—————sgn(@q* [ [* — ). (4.6)
T (1/2)r E

where (a)y is the Pochhammer symbol defined as

k—1

@o=1, @r=[Ja@+ip. k=1.2...

Jj=0

Proof. We start by observing that eq(x) =eq(x —t) - e4(t), hence

T
Kn(t; €q) = Hm(@) eq(x— t)dx]eq(t).
0

We now make the change of variable of integration y = w(x — t)/T, and proceed as in (3.6). Invoking also the fact that
eq(x —t) =€'29Y, and that Sy (y)e?%? is m-periodic, we obtain

/2

Km(t; eq>=§[ 7[ sm(y)eiz‘”dy]eq(tx

/2

from which (4.2) follows.
We begin with the case m = 0, noting that

/2

T )
Log= - / (log|siny]) el24y dy. (4.7)
—7/2

By the fact that (log|siny|)sin2qy is odd, we have
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/2

/ (log|siny|) sin2qydy =0,
—1/2

and, by the fact that (log| siny\) cos2qy is even, we have (see [8, §4.384(7)])

/2 /2
/ (log|siny]) coquydy:Z/(logsiny) cos2qydy
—1/2 0
—mlog2 ifg=0,
“1-=— ifq#0.
2|q|

Substituting these into (4.7), we obtain the result for Lo 4 given in (4.3).
To obtain the Lqq, L2 ¢, and L3 4 we make use of (3.11)-(3.13) and the fact that

eg) (0 = (297 /T)eq(0) = (ig/p)’eq(0, s=1,2,..., (4.8)
where we have also invoked (3.10).
To obtain Ly q, m=2,4,6,..., we recall Theorem 3.3. Letting u(x) = e4(x) in (3.18) and invoking (4.8), we first have

2q?
Q2r+1)Kar12(t; eq) = 2rKar(t; ) — TKZr(t§ eq),

which results in the 2-term recursion relation

r2 — g2
K t;eq) = ———Kar(t; eq),
2r+2( q) r(r+1/2) 2r( q)
whose solution is
r—1
Kor(t; € ):; (G2 =% |Ka(t;eq), r=1,2
r{l; €q 2(r!)(1/2)r B »€q)s /A

We obtain (4.5) by invoking K»(t; eq) = L qeq(t) with Ly 4 as in (4.3).

As for Lpg, m=3,5,7,..., we invoke (3.4) and (4.8) and obtain (4.4), which, together with Ky (t; eq) = Ly geq(t),
produces (4.6).

This completes the proof. W

Note. The following conclusions can be drawn from (4.3) and (4.5):

Lng, M=2,4,6,...,

L 0; Lnmno=0 Vm=>1;, Lp_g= 4.9

00#0; Lmpo = T ) Chpg, m=1,3,5,.., (49)

ILo,gl > ILog| VYigl<Iq'l; [L1gl=T Vq#0, (4.10)

. Lme=0 VYl|g|<|m/2]—1 and L 0 V|q|>|m/2],

ifm=2: |Lma lq] < m/2] / and Lpg# lq] > Lm/2] (411)
[Lm,gl > [Lmg’| ¥lql > 1q'| = Lm/2].

We shall make use of these in Section 5.
The next theorem concerns the scalars g, that we introduced in Theorem 3.2. It explores their connection with the
L,q of the preceding theorem.

Theorem 4.2.

1. The constants By  in Theorem 3.2 are related to the Ly, ¢ in (4.2) as follows:

.
Larg="Log Y _(=D*Brrg™ =
k=1

T T
T D =DfBrg®. g#0. (412)
k=1
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2. Define the (positive) scalars y; y via

r—1 r
[0 = =) D™ (413)
j=1 k=1
Then the B, i are given as
2r
=——Vk k=1,...,1. 414
Brk /2, Vr.k r ( )

Proof. Let u(x) =eq(x) in Theorem 3.2. Thus, Ky (t; eq) = Ko(t; Eq,2r) with

Eq2r(X) = (Z(—1>"ﬁr,kq2k)eq(x>. (415)
k=1
Consequently,
Kar (t: €q) = (Z(—l)"ﬁr,qu") Ko(t: eq). (416)
k=1

Invoking now K (t; eq) = L qeq(t) on both sides of this equality, we obtain (4.12).
Equating the expressions for Ly; 4 given in (4.12) and in (4.5), and noting that they are valid for all integer q # 0, we
obtain (4.14). A

Note that the y; can be computed recursively as follows:

r—1
vea=[]i% wve=1. r=23...,
j=1

Yr+1,k = TZ)/r,k + Vr k-1, k=2,3,....r, r=2,3,....
4.2. Fourier series for Ko(t; u®), s =0,1,...
Here and in the sequel, we assume that u(x) is T-periodic in the Hélder class CM+1%(R), 0 < & < 1.> Then u(x) has the

Fourier series representation

T
o0
. 1 .
ux) ~ Z cqe 2T g = - / u(x)e”2amx/T gy (417)
q=— 0

which converges [to u(x)] absolutely and uniformly since
cg=0(q ™% 1) asq— +oo.
Similarly, u® (x), s > 1, has the Fourier series representation*

T

00
) 1 )
u(s) (x) ~ Z Ct(]s)elzqzrx/T’ CL(IS) — ? /u(s) (X)eflzqzrx/T dx = (iq/,lL)SCq, (4.18)
q=—0o0 0

which converges [to u‘® (x)] absolutely and uniformly for s < M since
¢ =0(gI™M7271%%) asq— +oo.

We now construct Ko(t; u®) in terms of the Fourier series representation of u®(x), s=0,1,..., M.
We begin with u@ (x) = u(x). By the fact that Sg(@) is absolutely integrable everywhere and because the Fourier
series of u(x) converges to u(x) absolutely and uniformly everywhere, there holds

3 Thus u®(x), s=0,1,..., M, are all continuous and T-periodic in R, and u™+1 (x) is in the Holder class C%*(0, T), that is, [uM+D (x) — uM+D (y)| <
Clx — y|* for all x, y € [0, T] and for some constant C > 0. Needless to say, with M = oo, this class contains all T-periodic functions in the class C*(R).
4 Note that, because u® (0) =u®(T), s=0,1,..., M, we have cl()s) =0,s=1,..., M.
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e}

o0
Ko(t; u):Ko<t; > cqeq>= > cqKolt: eg).

q=—0o0 q=—00

which, by (4.2) and (4.3), becomes

o¢] [e¢]
T .
Ko(t;u) = Z cholqeq(t)z—TcologZ—E Z C—qe'zq’”/T. (4.19)
1o P
g0

Recalling also that c(()s) =0 and Cff) = (iq/pn)’cq for ¢ #0, with s =1,2, ..., we similarly have

oo o0
T . Cq
Kot;u®)= Y cg”Lo,qeq(r):—E Y (ig/p)* Le2am/T, (4.20)
oo 0 ho lql
q#0

Clearly, the right-hand side of (4.19) is the Fourier series of Ko(t; u). Similarly, the right-hand side of (4.20) is the Fourier
series of Ko(t;u®) fors=1,2,....

4.3. Fourier series for Ky (t; u), m > 1

Following the developments above, we now proceed to the construction of the Fourier series of Kp(t; u). We assume
that u(x) is as in the preceding subsection.

Theorem 4.3. For 1 <m < M, Ky, (t; u) has the following Fourier series representation that converges absolutely and uniformly:

oo [e.¢]
Km(t;u)= Y cqlmgeq®)= > cqlmqe?™"/T. (4.21)

q=—0o0 q=—00

Proof. We begin with the case m=1. By (3.11) and (4.20), we have

oo
Ki(t;u) = —2uKo(t; u") =iT Z sgn(q)cqeq(t).
g=—00
g0

Invoking now the fact that Ly ¢ =iTsgn(q), we obtain (4.21) with m =1.

As for the cases m > 2, we begin with the regularized K;,(t; u) as described in Theorem 3.2 and treat the cases of m = 2r
and m = 2r + 1 separately.

For m = 2r, by Theorem 3.2, we have

.
Kar(t:u) = Ko(t: Uzr), Uz =Y Briei® u® (), (4.22)
k=1

with the B, i as in Theorem 4.2. Therefore,

.
Kar(t;u) =) Brient™Ko(t; u®), (4.23)
k=1

which, upon invoking (4.20), becomes

r o0

Kar(tu) =) Bricu®™ ) cqlia/m*Logeq(®)

k=1 g=—00
(o] r
= > cq(Z(—l)kﬁr,qu">Lo,qeq(t).
q=—00 k=1

Invoking now (4.12), we obtain (4.21).
For m = 2r + 1, again by Theorem 3.2, we have

.
.k
Kar1(61) = Ko(6; Uzrsn), Uzrep1 (0 =) ﬂ%uz“lu@"*”(x). (4.24)
k=1
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Therefore,

_l r
Karp1(tu) = — > Brat® T Kot uPD), (4.25)
k=1

which, upon invoking (4.20), becomes

1y Wil NS ke
Kars1(t; u)=;§ﬁr,ku * q;oocqm/u) "Loqeq(®)

> .4 d k
= Z Cq (l; ;(_1)1 ﬂr,kq2k)L0,qeq(t)'

g=—00

Invoking now (4.12) and (4.5), we obtain (4.21).
This completes the proof. W

Note. One might think that the result in (4.21) (with m > 1) should follow immediately by simply writing

T 0
K (t; u)=%sm<w>< Z quq(X)>dX
0

q=—00
o T
= Z quésm(n(x t)>eq(x)dx
g=—00 0
= > colmgeq(®)
q=—00

Despite the fact that the (infinite) series Z;i_oo Cqeq(x) converges to u(x) absolutely and uniformly on R, the equality on
the second line cannot be justified. The reason for this is that, when m > 1, the integral on the first line does not exist in
the regular sense as its integrand has a nonintegrable singularity at x =t in (0, T).

5. Numerical quadrature formula for K, (t; u) via trigonometric interpolation
5.1. The numerical quadrature formula Qo (t; u)

So far, we have seen that the T-periodic (divergent) HFP integrals in (1.1a)-(1.1b) can be expressed in terms of the
HFP integrals K, (t; u), which can be expressed as the regular integrals Ko(t; Up) = fOT So(”("T_t))Um(x) dx, Uy (x) being a
linear combination of derivatives of u(x) as in (3.11)-(3.16) for m=1,...,6 and as in (3.17) for arbitrary m > 2. We now
present a quadrature method that approximates Ko(t; U;;) without having to approximate the individual Ko(t; u®) that
form Ko(t; Up).

We proceed as follows:

e We first approximate u(x) on [0, T] by a balanced trigonometric polynomial ¢, (x) of degree n that interpolates u(x) at

2n equidistant points xn o, Xn.1, - .., Xn,2n—1. As summarized in the appendix to this work, ¢, (x) is of the form
n
Pn(X) = Z//En,qeq(x), E'n,n = En,—n, (5.1)
q=-n
the double prime on the summation " Z:—n meaning that the terms with ¢ = +n are to be multiplied by 1/2, and
kT
PnXng) =UCn).  Xnge = o k=0,1,...,2n—1, (5.2)
and
2n—1 2n—1
~ _ _ —igkm /n _
Erg=5- 12 eq(n UGk ) = - ; e UCni), —N<q<n. (53)

In addition, the ¢y ¢ are related to the ¢4 as in

183



A. Sidi Applied Numerical Mathematics 184 (2023) 171-196

o¢]

Cnp=Cp+ Z Cp+2nt- (5.4)
T=—00

T#0
e Next, we approximate Ky, (t; u) by Kp(t; ¢n). That is, our numerical quadrature formula Q. (t; u) for Ky (t; u) is simply
Qm.n(t; u) = K (t; dn). (5.5)

Thus, because ¢, (x) =" Z:,nén,qeq(x) is a finite sum, we can immediately write
n n
Qun(t:u) = Ky <r; > En,qeq> = Y " CngKm(t: eq), (5.6)
q=-n q=-—n
which, upon invoking (4.2), becomes
n
Qma(t;u) = Z” Z'n,qu,qeq(t)- (5.7)
q=—n

Clearly, in this form, Qu x(t; u) is very easy to compute once the ¢, 4 have been computed.
Substituting (5.3) into (5.7) and rearranging, we also obtain Q, ,(t; u) as a trigonometric sum as follows:

2n—-1 n

1
Quatw) =3 [ > Lingeq(t — xn,k)]u(xn,k). (5.8)

k=0 -gq=-n
Remarks 1.

1. By (5.1)—(5.8), it is clear that the only input we need for computing Q n(t; u) is the set {u(x;.0), u(Xn,1), ..., U(Xn,2n-1)},
which we use for computing the ¢, ¢; no derivative information from u(x) is required.
2. By (3.11)-(3.17) and (5.5), we have that

Qmn(t; u) = Kin(t; ¢n) = Ko(t; Pm.n),

where

Opn=—2u¢, ifm=1

while
.
Zﬂr,kuﬂ‘(p,ﬁz") ifm=2r, r=1,2,...,
qu,ﬂ — k?'l ﬂ
DoTEE Y ifm=2r 41, =12,
k=1

This means that our numerical quadrature formula Qg ,(t;u) replaces u®(x) in the composition of Uy (x) resulting

from Kp(t; u) = Ko(t; Up) by qb,(f)(x). This takes place only implicitly, however, as is obvious from (5.7), since the Ly q
are readily available by Theorem 4.1.
3. Even though ¢y (X, ) = u(Xy), we have only ¢\ (1) ~u® (x,), k=0,1,....2n—1, for s=1,2,....

5.2. Convergence of Qm.n(t; u)

We now turn to the study of the convergence as n — oo of Qpm a(t;u). We begin by deriving upper bounds on the
absolute errors |Qm n(t; u) — K (t; u)| that we express in terms of the Fourier coefficients of u(x).

Theorem 5.1. For each m and n, the absolute errors |Qm.n(t; u) — Km(t; u)| can be bounded as follows:

form=0: |Qon(t;u) — Ko(t: w)| < > "Icql(ILo.ol + [Logl). (5.9)
lgl=n
form=1: [Qua(t;u) — Ky(t:u)| <2T > " Icql, (5.10)
lgl=n
form=2: [Qua(t;u) = Km(t: )| < Y " lcgl(ILmnl + |Lm.g)- (5.11)
lgl=n
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Note that all the bounds here are independent of t.

Proof. By (4.21), (5.4), and (5.7), we have

n o0
Qmn(t; u) — Kip(t;u) = ZN En,me,pep(t) - Z CqLm,qeq(t)

p=—n g=—00
oo oo
= " <Cp+ Z Cp+2nt>Lm,pep(t)— Z CqLlm,qeq(t)
Ipl<n T=—00 q=—00
T#0
oo
= ZN< Z Cp+2nr>Lm,pep(t) - Z”Cqu,qeq(t),
[pl=n f?;go lgl=n

which, upon taking moduli, gives

| Qunn(t; 1) = Kin(t; )| < Z”( > |cp+2nf|)|Lm,p| + > " legllLm,gl- (512)

Ipl<n T?;go lgl=n

To continue, we make use of (4.9)-(4.11) that follow the proof of Theorem 4.1.
For m =0, we start by noting that |Lo o| > |Lo,+1| > |Lo,+2| > - - -. Therefore, (5.12) gives

o
| Qo.n(t; u) — Ko(t; u)| < |Lo,o|< Y |cp+zm|> + Y VlegliLogl,

Ipl=n T?;SO lg|>n

which, by Lemma A.2, results in (5.9).
For m =1, by the fact that |L1 4| =T for all ¢ #0, (5.12) becomes

(e}
1Qua(tiu) — Ky(tu)| < T Z”( > |Cp+2nt|> +T ) " legl,
[pl=n “T=-00 lgl=n
T#0
which, by Lemma A.2, results in (5.10).
For m=2,3,..., recalling that for |q| > [m/2], we have |Lp 4| > [Lm q| for |q| > |q’|, we have
oo oo
S (3 tepsanelimal < mal X7 X Icpranel)
Ipl<n “T=-00 [plsn T=—00
T#0 T#0
=|Lmnl Y _"Icgl byLemmaAz2, (5.13)
lgl=n

which, upon substituting into (5.12), gives (5.11). W

The next theorem provides the rates at which Qpm »(t; u) converges to Kn(t; u) as n — oo for all t € R. It follows from
Theorem 5.1 and from

cg=0(q ™ and Lmgq=0(q™ ") asq— too.
Theorem 5.2.

1. Ifu(x) is T-periodic and in the Hélder class CM+1-%(0, T), and if m < M, then

form=0: |Qona(t;u) — Ko(t; u)| = O(n’M’“) asn— oo, (5.14)

form=>1: |Qun(t; u) — Kp(t; u)| = 0(n M=%~y g5n — . (5.15)
2. Ifu(x) is T-periodic and in C*°(R), then, form > 0,

[Qma(t;u) — Kt u)| = on™) asn—oo VA>0, (5.16)

that is, Qmn(t; u) converges spectrally.
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3. In case u(z) is also T-periodic and analytic in an infinite strip D, of the complex z-plane, where
Dy={zeC:|Imz| < p}, (5.17)
then, form >0,
|Qumn(t; u) — K (t; u)| = 0 (e~ 29Ty asn— o0, VO € (0, p). (5.18)
All these results are valid uniformly in t.
5.3. Exactness property of Qu.n(t; u)

We now prove some exactness results pertaining to Qg n(t; u).

Theorem 5.3. The numerical quadrature formula Q. n(t; u) has the following exactness property:

n
Quat;u) =Knt;u) if ux) = " cqeq(x) With cnp = c_p.
q=-n

In particular,
Qm,n(tl eq) = I(m(t, eq) = Lm,qeq(t)s q= 07 j:la LR :l:(n - 1)7
Qmn(t;en +e_p) = Kn(t; en +e_n) = L nen(t) + Lm,—ne_n(t).

In words, Qm,n(t; u) reproduces Ky, (t; u) when u(x) is a balanced trigonometric polynomial of degree at most n.

Proof. By Lemma A.1 in the appendix when u(x) =" Z:_n Cqeq(x) with ¢, = c_y, there holds ¢, (x) = u(x). Therefore,

Qmn(t; u) = Ky (t; ) = Kin(t; u).
This completes the proof. W

Following Theorem 5.3, which provides Qu n(t; eq) for |q| <n — 1, Theorem 5.4 below provides Qm,(t; eq) for |q| > n.
Theorem 5.4. Define the set of integers I' as I' = {#+n, +3n, £5n, .. .}.
1. Ifq €T, then q = (2j + 1)n for some integer j, and

1
Qmn(t;eq) = Qman(t; exp) = E[Lm,nen(t) + L, —ne—_n(t)]. (5.19)
2. Ifq ¢ T, then there exist unique integers T and s, |s| <n — 1, such that ¢ = 2nt + s, and

Qm.n(t; eq) = Qmn(t; es) = L ses(t). (5.20)

Proof. We begin by rewriting (5.8) in the form

2n—1

] n
Qun(t; u) = ;Zo Wik (OUn i), Wi k(t) = %pz: Lm,pep(t — Xn k). (5.21)
- —

Clearly, Wp, 5 k(t) are independent of u(x). This implies that if ui(x) and u(x) are two different functions for which
u1(Xp k) =U2(Xn k), k=0,1,...,2n — 1, then Qun(t; u1) = Qmn(t; uz). We make use of this fact in the sequel.
Now let u(x) = eq(x) in (5.21) and note that eq(x, k) = eldkT /" There are two cases to consider:

1. g € T: In this case, ¢ = (2j 4+ 1)n for some integer j, and we have
eq(Xn k) = el itk (—l)k =e4n(Xy k) independent of j.
When substituted into (5.21), this gives
Qmn(t;eq) = Qman(t;exn) Vqel.

Now, the balanced trigonometric interpolant of degree n to u(x) =ein(x) is simply
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~ 1
Pn(x) = i[en x) +e_n(x)].

The result in (5.19) follows by invoking Qmn(t; e+n) = Km(t; $n) and Theorem 5.3.
2. ¢ ¢ T': In this case, g = 2nt + s with unique integers t and s, |s| <n —1, as can be verified easily. Next,

i@tk +skm /n) _ eiskﬂ/n

eq(xp i) =e = es(Xn.k).

When substituted in (5.21), this gives

Qm,n(t; eq) = Qm,n(t; es).

Since |s| <n — 1, we can now invoke Theorem 5.3 and obtain (5.20).

This completes the proof. W
6. Numerical examples

We now apply the numerical method we have just developed to the integrals Ky (t;u), m=0,1,...,5, with T =2m
(hence u =1), where

o
1
u(x):ancosqx:Rem, nreal, 0<n<l. (6.1)
q=0

Clearly, u(x) is infinitely differentiable and 27 -periodic on R. In addition, u(x) can be continued to the complex z-plane,
such that u(z), is also 27 -periodic and analytic in the infinite strip

Dy={zeC:|Imz| < p},

with p =logn~!. Finally, Kiy(t; u) can be computed numerically by summing the Fourier series in (4.21) that converges
quickly in our case here. We first have

co=1: ¢g=n"/2 g#o0.
Next, by (4.19) and (4.21),

o 1 |1 — ne|
Ko(t;u)=—2mlo Z—JTE —nlcosqt =mlog| ————
o(t; u) g q=1q77 q g( 2 )

o0
1
Kqi(t;u) = =21 Z nlsingt = 27 Im——

— t
e 1 —ne!
0 neit
Ky(t;u) = —4m 9cosqt = —4mrRe————
2(t;u) Y ancosq (1= nel)2

q=1

it it
e"(1+ne
K3(t;u) =4n E qznqsinqt_—4n1mw

_ it\3
o (1 - 77et)
K (t'u)—gni (@*> — 1)n%cosqt
albw)=— qaq n q
q=1
Ks(t;u) = il iqz(q2 —nsingt
’ 3
q=1
and so on.
We have applied our quadrature formulas Qu, n(t;u) as shown in (5.7), to the integrals Ky (t;u) with t =1 using
quadruple-precision arithmetic with roundoff unit u = 1.93 x 10734, The results of our computations for m=0,1,...,5

are shown in Tables 6.0-6.5. Note that because u(z) is analytic in the infinite strip D, with p = log n~1, we have that
the error [Qm,n(t; u) — Km(t; u)] tends to zero as n — oo exponentially in n like n™ by Theorem 5.2. Our numerical results
confirm this amply for the different values of 7. Finally, we recall that Q; »(t; u) requires only 2n evaluations of u(x) and
no evaluations of derivatives of u(x).
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Table 6.0

Numerical results for Qo (t; u) with t =1 and u(x) as in (6.1). Here E;(n =c¢) = |Qo.n(t; u) — Ko(t; u)|/|Ko(t; u)| for n=c.
n En(n=0.1) En(n=0.2) En(n=0.3) En(n=0.4) En(n=0.5)
20 6.00D — 23 133D — 16 6.93D — 13 2.99D — 10 3.28D — 08
40 3.41D — 34 5.62D — 31 9.84D — 24 1.36D — 18 131D - 14
60 6.82D — 34 331D - 34 3.23D—34 3.98D — 27 3.26D — 21
80 0.00D + 00 0.00D + 00 6.45D — 34 1.27D — 33 7.82D — 27
100 5.12D — 34 496D — 34 6.45D — 34 1.59D — 34 3.15D —33
120 3.41D - 34 0.00D + 00 6.45D — 34 3.17D — 34 3.15D — 34

Table 6.1

Numerical results for Q1 ,(t; u) with t =1 and u(x) as in (6.1). Here En(n =c¢) = |Q1a(t; u) — K1 (t; u)|/|K1(t; u)| for n=c.
n E,(n=0.1) E,n(n=0.2) E,(n=0.3) E,(n=0.4) E,(n=0.5)
20 8.16D — 21 8.56D — 15 2.85D — 11 8.97D — 09 7.78D — 07
40 4.80D — 32 1.47D — 28 1.62D — 21 1.61D — 16 1.21D—12
60 5.26D —33 7.50D — 34 8.24D — 32 2.53D —24 1.65D — 18
80 3.37D — 32 1.40D — 32 5.58D — 33 1.33D—-34 1.83D — 25
100 1.21D - 31 6.17D — 32 415D — 32 2.82D — 32 1.34D — 30
120 2.28D — 32 9.45D — 33 4.84D — 33 6.63D — 34 1.34D —33

Table 6.2

Numerical results for Q2 ,(t; u) with t =1 and u(x) as in (6.1). Here En(n =c¢) = |Q2a(t; u) — Ka(t; u)|/| K2 (t; u)| for n=c.
n En(n=0.1) En(n=0.2) En(n=03) En(n=0.4) En(n=0.5)
20 7.94D — 19 1.63D — 12 7.41D — 08 1.43D — 06 6.48D — 05
40 8.67D — 31 2.82D — 26 422D —18 2.53D — 14 9.85D — 11
60 1.88D — 30 1.85D — 30 7.32D —29 1.74D — 22 6.00D — 17
80 1.35D — 29 1.28D —29 1.11D —28 1.31D —29 2.42D — 22
100 1.25D —29 1.40D — 29 1.43D — 28 7.07D — 30 1.49D — 28
120 9.70D — 30 6.91D — 30 4.68D — 29 1.59D — 30 5.41D — 31

Table 6.3

Numerical results for Q3 ,(t; u) with t =1 and u(x) as in (6.1). Here E,(n =c¢) = |Q3(t; u) — K3(t; u)|/|K3(t; u)| for n=c.
n En(n=0.1) En(n=0.2) En(n=0.3) En(n=0.4) En(n=0.5)
20 2.80D — 18 2.49D — 12 8.12D — 09 3.15D — 06 5.80D — 04
40 3.06D —29 1.60D — 25 1.86D — 18 2.45D — 13 4.24D — 09
60 1.90D — 29 1.07D — 29 1.99D — 28 8.49D — 21 1.25D — 14
80 1.31D — 28 5.06D —29 3.13D - 29 9.63D — 30 217D - 21
100 4.11D — 28 1.88D —28 1.33D —28 1.27D — 28 2.88D — 26
120 2.84D — 28 1.18D — 28 6.98D — 29 5.02D —29 5.88D — 29

Table 6.4

Numerical results for Q4 (t; u) with t =1 and u(x) as in (6.1). Here E,(n =c¢) = |Qan(t; u) — K4(t; u)|/|Ka(t; u)| for n=c.
n 511(7]:0-1) En(’]:O-z) En(n:O-3) En(n:0-4) En(n:O-S)
20 2.56D — 16 9.52D — 11 1.84D — 07 4.74D — 05 4.95D — 03
40 5.46D — 28 6.68D — 24 416D —17 3.26D — 12 2.86D — 08
60 1.05D — 26 1.76D — 27 1.34D — 27 5.26D — 20 424D — 14
80 3.03D — 26 521D — 27 1.84D — 27 5.33D — 27 2.89D — 19
100 5.48D — 26 1.20D — 26 5.43D — 27 3.63D —27 2.70D — 25
120 3.59D — 26 2.23D —27 2.63D — 28 7.87D — 28 1.25D — 27

Table 6.5

Numerical results for Qs ,(t; u) with t =1 and u(x) as in (6.1). Here E,(n =c¢) = |Qs(t; u) — K5(t; u)|/|Ks(t; u)| for n=c.
n En(n=0.1) En(n=0.2) En(n=0.3) En(n=04) En(n=0.5)
20 1.56D — 15 6.16D — 09 1.18D — 06 1.19D — 04 6.06D — 03
40 4.23D — 26 1.47D — 21 1.08D — 15 4.03D — 11 2.12D — 07
60 1.30D — 25 3.00D — 25 2.57D — 25 3.08D — 18 1.36D — 12
80 1.13D — 24 2.12D — 24 8.61D — 26 1.23D —26 3.63D —19
100 3.37D — 24 7.24D — 24 3.23D-25 8.71D — 26 8.81D — 24
120 3.25D —24 6.49D — 24 2.47D — 25 5.31D — 26 2.20D — 26
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7. Application to general for fx,t)dxwithm > 1
7.1. Treatment of general f(x,t)

So far, we have dealt with the HFP integrals Kp(t; u) = fOT f(x,t)dx, where f(x,t) is T-periodic in x and is expressed as
[recall (1.1a)-(1.1b)]

cos Z&=0D
— T _uy@x)dx, 0<t<T, ifm=1,3,5
. mT[(Xft)u(x) ’ ’ 3Ty Ty ey
fx, =¢S5 1 (7.1)
ux)dx, 0<t<T, ifm=2,46,...,

s om T (X—t)
sSIn™ —F—

u(x) being T-periodic and sufficiently differentiable on R. We also mentioned that the Cauchy transforms Jn(t; w) on the
unit circle described in Section 1 are actually linear combinations of Ks(t; W), s=1,2, ..., m, where wW(x) = w(e').
We now consider the general HFP integrals I, (t; f) = foT f(x,t)dx, where f(x,t) is T-periodic in x € R and has the
general form
gx,t)
x,)=——, O<t<T, mef{l,2,...}, 7.2
fon = { } (72)
such that g(x, t) is sufficiently differentiable as a function of x on R. In addition, t is being held fixed throughout. [Note
that g(x, t) is not T-periodic since (x —t)~™ is not.]
Let us define the functions v (x,t) as follows:

exp (i% ("T*t) )

— 70D ifm=1,3,5,...,
_ ) sin™ 22
Vm(x, t) = ] T (7.3)
W lfm:2,4,6,...‘
T
Clearly, for each m=1,2, ..., and with fixed t, vu(x,t) is T-periodic and also nonzero for x € R with poles of order m at

x=t+kT, k=0,1,2,..., and is infinitely differentiable on R\ {t £ kT}22 . In addition, vi(z,t) continues to be T-periodic
and nonzero in the whole complex z-plane and is meromorphic with poles of order m at z=t + kT, k=0,1,2,....
We can now express f(x,t) in the form

fx.t) gt

fx,t)=ulxt)vpkx,t) = uxt)= D) OO

(7.4)

Clearly, u(x, t) is T-periodic and sufficiently differentiable on R because v, (x, t) does not vanish anywhere in R.> Assuming
that g(x, t) is known/computable, we can easily compute u(x, t) numerically from

T(X—1t)

A\ | g O[sine(—=—)]" e XD ifm=1,3,5,...,
u(x, t) = (—) X (=) 1m . (7.5)
g(x, t)[sinc(———)] ifm=2,4,6,...,
where
. sinz
sinc(z) = —
z

is the sinc function, which is defined and is easily computable everywhere and is positive for z € (—m, ), with sinc(0) = 1.
Therefore, we also have that

T m
u(t,t)=<7> g(t,t) vYm=>1.

Comparing (7.3) with (2.1), we realize that

51(@)_{_1 ifm=1,
VX, £) = 1 Sora1 (P40 iS5 (FGD) ifm=2r+1, r=1,2,..., (70)
S2r(7r();_—t)) ifm=2r, r=1,2,....

5 If vin(x, t) vanishes at some point in (0, T), then u(x, t) must have a pole at that same point, which is not consistent with our demand that u(x, t)
be sufficiently differentiable on R. The function cos @/sinm @ for m=1,3,5,... in (7.1) vanishes at one of the points x =t 4+ T/2 in the interval
(0, T), thus cannot serve as vp(x,t) when m=1,3,5,....
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Defining as before

T
Ko (t: (-, 1) :7[5,“(@)14(& £) dx, (7.7)
0

we can express the HFP integrals

T
ff(x, t)dx = fu(x, OV (x, ) dx = K (6; u(-, t))
0 0
as follows:
Ki(t;u(, ) +ify ux,tydx  ifm=1,
Km(t; u(,0) = { Kyrp1 (G u(, 0) + iKor (6 u(, 1) ifm=2r+1, r=1,2,..., (7.8)

Kor(t; u(-, t) ifm=2r, r=1,2,....

Noting that jgu(x, t)dx (for m = 1) is already a regular integral that can be computed with spectral accuracy by the
trapezoidal rule, we see that we have to deal only with the individual Ky (t; u(-,t)), m=1,2,..., which we already know
how to handle via regularization and trigonometric interpolation. Denoting by Qm,n(t; u(-,t)) the quadrature formulas for
I~<m(t; u(-,t)), we have

Qua&uC, D) +it S ux, ) ifm=1,
am,n(tlu(',t)): Qor1ntul,t) +1Qorp(t;ul,t)) ifm=2r+1, r=1,2,..., (7.9)
Qarn(t; u(-,t)) ifm=2r, r=1,2,....

Actually, by (5.8), we can express am,n(t; u(-,t)) as

2n—1 n
Qs uC, ) = ;—n l; [qzz_:fm,qeqa — xn,k)}u(xn,k, ), (7.10)
where
Lio=Lio+iT; Lig=Lig VYq#0, (7.11)
Lorg=Lorgq Lart1q=Lort1g+ilarg, Vg, r=1,2,.... (7.12)
Observe that we only need the 2n function values u(X, . t), k=0,1,...,2n — 1, to compute Qm n(t; u(-,t)) for every m.

Below, we will continue to use the new notation Km (t; ), Lm @ and Qm ().
7.2. Application to singular integral equations

We now consider the application of the quadrature formulas am,n(t; -) to the numerical solution of singular integral
equations of the form

T
AW () +7[c(x, Hwx) dx=0(t), tel0,Tl, (7.13)
0

which arise in boundary integral formulations of some two-dimensional boundary value problems, at least for m =1, 2.
Here the constant A and the functions G(x,t) and 6(x) are known; w(x) is the unknown function, hence is the required
solution to this equation. G(x, t) is usually some sort of Green’s function.

1. G(x,t) is T-periodic both in x and in t. It is sufficiently differentiable as a function of x on R\ {t  kT}}, and, for
0<x<T,itis of the form
H(x,t
G(x,t):g, O<t<T, (7.14)
(x—=0m
H(x,t) being sufficiently differentiable and known/computable for x and t in [0, T]. [Note that H(x, t) is not T-periodic
since (x —t)~™ is not.]
2. w(x) and 6(x) are T-periodic and sufficiently differentiable on R.
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Additional conditions may have to be imposed on G(x,t) and/or 6(x) to ensure uniqueness of solution; we will skip this
issue below.
With the functions vy, (x, t) defined as in (7.3), we define N(x, t) and u(x,t) as

G(x,t)

N&.D = Vin(x, 1)’

ux,t)=Nx,bHHwx) = G, Hwkx) =ulx,t)vpx,t), (7.15)

and recall that, when H(x, t) is known, with x,t € [0, T], N(x, t) can be computed from [cf. (7.5)]

m . TE=)\1M ,—iz (x—t)/T ; —
H(x, t)|sinc(—5— e ifm=1,3,5,...,
Nx,t)=( = X ( )[_ (n(xT—r))]m . (7.16)
T H(x, t)[sinc(Z52)] ifm=2,4,6,...,
with
T m
N(t, t) = <?) H(t,t). (717)

Let us also observe that N(x,t) and w(x,t) are T-periodic in x and are sufficiently differentiable, therefore, so is their
product u(x, t). Finally, let us rewrite (7.13) in the form

AW + Km(t; NG, OW()) = 0(0). (7.18)

We now turn to the numerical solution of this integral equation. First, we set x,, = kT/(2n), k=0,1,...,2n -1,
and replace Ky (t; N(-,t)w(-)) by Qma(t; N(-,t)w(-)). Next, we replace u(x,t) = N(x,t)w(x) by ¢n(x,t), its trigonomet-
ric interpolant at the 2n points x,k, and replace w(xp ) everywhere by the approximation Wy . Finally, we set t =Xy ;,

j=0,1,...,2n — 1, everywhere. This results in the following 2n equations in the 2n unknowns Wy x:
2n—1 n
A j + 5 ; [q_z Ln,g€q(%n.j —xn,k)}Mxn,k,xn, D=0, 0<j<2n—1. (719)

Since the underlying numerical quadrature formula am,n(t; N(-,t)w(-)) has high accuracy, we expect the Wy to approxi-
mate the w(x, ) with high accuracy too.

8. Treatment of fOT f&x,t)dxwithm=0

Recall that we have also dealt with the regular integrals Ko(t; u) = fOT f(x,t)dx, where f(x,t) is T-periodic in x and is
expressed as [recall (1.2)]

fx,t) = <log

sin@‘)u(x), O<t<T, (81)

u(x) being T-periodic and sufficiently differentiable on R. We now consider the regular integrals Io(t; f) = fOT fx, t)dx
where f(x,t) is T-periodic in x € R and has the general form

fx,t) = (log v (x) — w(t)|)w(x), 0<t<T, (8.2)

such that ¥ (x) and w(x) are T-periodic and sufficiently differentiable on R, and v’(x) # 0 on [0, T]. In addition, t is
being held fixed throughout. Integrals like this appear in boundary integral equation formulation of certain two-dimensional
boundary value problems dealt with in some of the papers mentioned in the Introduction. Dividing and multiplying |1/f(x) —

¥ ()] by | sin Z&=0

, we now express f(x,t) in the form

fx,t)= [H(x, t) + (log sin@‘)]w(x), (8.3)
where
Y =y .
H(x,t) =log (1%) Ylx, t] = X—t ifx ¢, (8.4)
7 sinc(Z42) v/ (t) ifx=t.

Note that H(x,t) is T-periodic and sufficiently differentiable on R because v [x,t] is nonzero and of one sign on [0, T].
Therefore,
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T

T
/f(x, t)dx=/H(x, Hw(x)dx + Ko(t; w). (8.5)
0

0

We already know how to handle Ko(t; w); we simply approximate it by Ko(t; ¢), where ¢,(x) is the balanced trigonometric
polynomial that interpolates w(x) precisely as described in Section 5. The integral fOT H(x, t)w(x) dx can be evaluated by the
trapezoidal rule using the interpolation points for w(x) [hence for ¢, (x)] as the abscissas. Thus, the combined computational
cost is again 2n evaluations of w(x) at these interpolation points. If 1 (x) and w(x) are infinitely differentiable on R, then
the convergence of the quadrature method is spectral.

We leave the discussion concerning the application of this approach to the solution of the relevant integral equations to
the reader. Of course, this can be achieved as described in Section 7, with proper modifications.

Appendix A. Trigonometric interpolation
A.1. Construction of the trigonometric interpolant ¢, (x)

Let u(x) be continuous on the interval [0, T]. Let us denote by ¢,(x) the balanced trigonometric polynomial of degree n

that interpolates u(x) on [0, T] at the 2n equidistant points X, 0, Xn 1, ..., Xn,2n—1 in [0, T], where
kT
Xpk=-——, k=0,1,...,2n—1. (A1)
2n
Thus, with eq(x) = e29™/T as before,
n
Pn(x) = ZN En,qeq(x), E'n,n = En,—n§ On(xpy) =ulxpr), k=0,1,...,2n—1. (A2)

q=-n

Here the double prime on the summation " Z:—n means that the terms with g = #n are to be multiplied by 1/2.5 With

these x, x, let us define the discrete inner product (-, -) as in

2n—1

(G.H)= " Gni) HXn ). (A3)
k=0

Then the functions eq(x) have the discrete orthogonality property

2n—1 .
; 2n if q—p=2nt, 1=0,£1,£2,...
ep,eq) = el(q—p)krr/n — s s s s s A4
(p-q) kZ:O 0 otherwise. (A4)
Therefore,
= (eq ) 1 = —igks /n
brg=-—5-—=5-) ¢ Upp), —n<q<n. (A5)
k=0
Note that, for ¢,0, Cn,n, and Cp —p, (A.5) gives
2n—1 1 2n—1
En,O = ﬂ Z u(Xp k); En,n = En,fn = % Z (_1)ku(xn,k)- (A.6)
k=0 k=0

Substituting (A.5) into (A.2), ¢n(X) can also be expressed as a trigonometric polynomial as in

6 Note that Cn,n = Cp,—n amounts to ¢, (x) being necessarily of the form

n—1

- - ~ . T
¢n(x) =do + Y_[dq Os(qx/ i) + bq sin(qx/p)] + @n cos(nx/p), pu= T
q=1
dg = Cn,0; &q = En,q + En.—qa Eq = i(En,q - En.—q)s qg=1,..., n—1;, a,= E'n,:tn<

The way we have defined things here, the trigonometric interpolant ¢y (x) is said to be balanced. See Henrici [10, p. 43].
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2n—1 n
1
o) = - [ > Veqlx —xn,k>}u(xn,k>
k=0 -q=-n
2n—1
T
=D Du(& = X0/ W), =5, (A7)
k=0
where D,(y) is the Dirichlet kernel given as
1 < 1
D = — " el — — sin(ny) cot(y/2). A.8
()= q;n - sin(ny) cot(y/2) (A8)

Note. ¢, 4 is the trapezoidal rule approximation to the integral representation of the Fourier coefficient cg of u(x), namely,
Cqg= % fOT eq(x)u(x) dx. Therefore, ¢, is the trapezoidal rule approximation to the integral co = % fOT u(x)dx.

The following lemma, whose proof can be achieved by invoking (A.4), concerns the reproducing property of trigonometric
interpolation as defined above.

Lemma A.1. As defined above via (A.1)-(A.5), trigonometric interpolation reproduces balanced trigonometric polynomials of degree at

most n in the following sense: ifu(x) =" Z:_ncqeq (x) with cp = c_y, then ¢n(x) = u(x).

Throughout this appendix, we will assume that the function u(x) is T-periodic and in the Holder class CM*1.¢(0, T),
0 <« < 1. (See footnote 3.) As a result, u®(x), s=0,1,..., M, have Fourier series that converge absolutely and uniformly
on R. (See subsection 4.2.)

We will also be using the notation "/, _, and Y[/ ., to mean that the terms with p = +n and q = +n, respectively, are
to be multiplied by 1/2.

A.2. Ageneral summation lemma

The following well known summation lemma is useful in the convergence analysis of the trigonometric interpolation
polynomial ¢,(x) and of its derivatives and of Qpmn(t; u) = Kin(t; ¢y). In this lemma, the ¢4 are arbitrary constants. We
provide an independent proof of it here.

Lemma A.2. Assume that 22‘; cq converges absolutely. Then, for arbitrary n,

—0Q
o0
ZN Z [Cpyont| = ZN Icql. (A.9)
S
Ipl<n #go lgl=n

That is, the left-hand side of (A.9) is a rearrangement of the right-hand side.

Proof. We start by rewriting the double summation in the form

o0 X o
1
2D lepaned =5 Y0 (lensamel +lemane )+ 30 Y Iepsanl, (A.10)
Ipl<n T=-00 T=—00 [pl<n—17=—00
T#0 T#0 T#0

separating the contributions of the terms with p = #+n from those with |p| <n —1.
We first note that

1 1 —
5 2 (envanel + leonianel) = 5 (Ienl + lcal) + D (Ic@jvnl + le-@j41nl)
T=—00 j=1

T#0

is the sum of all those terms in ) -, |cq| with ¢ =+(2j+ )n, j=0,1,2,....

Next, we claim that the double sum on the right-hand side of (A.10) is actually the sum of the remaining terms in
Zﬂnzn |cql. This follows from the fact that for every integer q, q # £(2j + 1)n, j=0,1,..., there exist unique integers 7
and p, Tt e{£1,£2,...} and —(n—1) < p <n—1, such that ¢ =p + 2nrt.

This completes the proof of (A.9). W
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A.3. Convergence of ¢n(x) and its derivatives

Consider the Fourier series of u(x), namely,

T

o
1 [
u(x) ~ C , == dx. Al1l
®)~ Y Caeq0, cq=r /eq(X)u(X) X (A11)
q=—0 0
Then, by (A.5), there holds
. (epou) 1 - —  (ep.eq)
Cnp = 2n 2n ép> Z Cata ) = Z € 2n
q=—00 q=—00
which, upon invoking (A.4), gives
o0 o0
Cnp = Z Cp+2nt =Cp + Z Cp+2nr, —N=p=n. (A12)
T=—00 T=—00
T#0

Theorem A.3 that follows concerns the convergence of the sequence {¢,(x)}72; to u(x) and is well known. (See, for
example, Kress [11], [12]. See also Gaier [6], Henrici [9], [10], and Gander, Gander and Kwok [7].)

Theorem A.3. The sequence {¢n(x)}2, converges to u(x) absolutely and uniformly on [0, T]. Actually, there holds

max [¢n(x) —u()=2 ) legl (A13)

0<x
lgl=n

Proof. We start by observing that

Pn() —u) =Y "Capep()— Y cgeqx)

Ip|<n g=-00
o0 o0
=y (Cp+ 3 cp+2m>ep(x)— > cgeq(x)
pl<n T=—00 g=—00
T#0
o0
= Z”( Z cp+2n,>ep(x)— Z”cqeq(x), (A14)
Iplsn *T=-00 |ql=n
T#0

which, upon taking moduli, gives

o3 60 (X) —u@)| = D Z lcp+anel + Y lcgl. (A15)

Ipl=n T;;go lgl=n
The result in (A.13) follows by invoking Lemma A.2. B

Theorem A.4 that follows concerns the convergence of the sequence {¢(S) (X)}p2, to u®(x), s=1,2,.... Recall that for
s>1, ¢\ (x) does not interpolate u® (x) at the points x,  in (A.1).

Theorem A4. Fors € {1, 2, ..., M}, the sequence {¢><s) (x)}52 4 converges to u® (x) absolutely and uniformly on [0, T]. Actually, there
holds

max |y () —u® (0 < > |c |1+ In/ql). (A16)

x€[0,T]
lgl=n

where cff) =cq(iq/p)° are the Fourier coefficients of u®(x),s=1,2,....
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Proof. Differentiating ¢, (x) = pr‘sn Cnpep(®) s times and invoking u® (x) = PRI és)eq (%), we obtain

600 —u00 = Y i/ ey — Y cqlia/1)’eq()
Ipl<n ==
= Z” (Cp + Z Cp+2nr)(ip/ﬂ)sep(x) - Z cq(ia/14)°eq(x)
\p|§n t?;go q=—00
= ZN< Z Cp+2nr>(iP/M)sep(X)— Z//Cq(iQ/“)seq(x)’
Ipl=n \r=—o0 lalzn

which, upon taking moduli, gives

max [¢” (x) —u® ()| < Z”( > |cp+2m|>|p/m5+ >V leqllq/ulf.

relo.Tl Ipl=n \T=—oc0 lgi=n
T#0

Next,

Z”( > |cp+2m|)|p/u|55<n/u)5<Z” Z |cp+2m|>

<n “T=-00 <n T=—00
Ipl= 720 Ipl= 720

=n/n)’ Z” lcgl by LemmaA.2

lgl=n

=Y Vlcqllg/ml* In/ql.

lgl=n

Substituting (A.18) into (A.17), we obtain

max. |¢<”(x) u® 1< Y Vleglla/wl A+ In/ql)

lgl=n
This completes the proof. W
Combining the results of these two theorems, we reach the following conclusions:
1. In case M is finite, we have

max 16 x%) —u® ) =0m M) asn— o0, s=0,1,..., M.
Xe

2. In case M = oo, we have

n?ng|¢(s)(x) u® @ =om™) asn—>oo VA>0, s=0,1,...,
X

that is, we have spectral convergence.
3. In case u(z) is T-periodic and analytic in an infinite strip D, of the complex z-plane, with

Dy,={zeC:|Imz| < p},
we have

1= 0@ @/Mlaly asq— +o0 VO € (0, p),
hence the result in (A.20) improves to read

max (61700 —u (] = 0" M") asn—o00 VO E(O.p). s=0.1.....
xe€[0,
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