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We consider the numerical computation of Hadamard Finite Part (HFP) integrals

T
Hoy (t; U)=]£
0

u(x) being sufficiently differentiable and T-periodic on R. Thus 0 = —(m + §), m €
{1,2,3,...}, 0 < § < 1. For each such o, we regularize H,(t; u), and show that

Ho(t;u) = Ho42r(t; Up), 1= L(m+1)/2],

m(x—t)
sin ——=

o
T ux)dx, 0<t<T, oc<—-1, 0 €7,

where Uy,(x) = Y _,au@(x) for some constants ay, Hyor(t; U,) being a regu-
lar integral. We then propose to approximate H,(t;u) by the quadrature formula
Qo .n(t; u) = Hy(t; ¢p), where ¢y(x) is the n'-order balanced trigonometric polynomial
that interpolates u(x) on [0, T] at the 2n equidistant points x,, = ’2‘% k=0,1,...,2n—-1.
The implementation of Q, ,(t;u) is simple, the only input needed for this being the
2n function values u(x, ), k = 0, 1,...,2n — 1. Using Fourier analysis techniques, we
develop a complete convergence theory for Q, »(t; u) as n — oo and prove that it enjoys
spectral convergence when u € C*°(R).

We also show that the theoretical developments and numerical quadrature formulas
developed for the HFP integrals H, (t; u) with o < —1and o ¢ Z apply, with no changes,
to the regular singular integrals H,(t; u) with 0 > —1 and o & Z.

We illustrate the effectiveness of Q, »(t; u) with numerical examples both foro < —1
and o > —1.

Finally, we show that the HFP or regular integral fOT f(x)dx of any T-periodic
integrand f(x) that has algebraic singularities of the form |x —t +kT|°, 0 < t < T,
k=0,%1,£2,..., with o ¢ Z, but is sufficiently differentiable in x on R\ {t £ kT};2,,
can be expressed as H,(t; u), where u(x) is a T-periodic and sufficiently differentiable
function of x on R that can be computed from f(x). Therefore, fOT f(x)dx can be computed
efficiently using our new numerical quadrature formulas Q, ,(t; u) on the individual
H,(t; u). Again, only 2n function evaluations, namely, u(xn), k =0,1,...,2n — 1, are
needed for the whole process.
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1. Introduction and background

In this work, we consider the efficient numerical computation of T-periodic Hadamard Finite Part (HFP) integrals of the
form

T
H(r(t; u) =f
0
w(x—t) |0

Tu(x) being sufficiently differentiable and T-periodic on R, noting also that the factor |sin =5—| is T-periodic as
well. Clearly, when o < —1, these integrals are not defined in the regular sense since their integrands have algebraic
singularities of the form |x — t| in (0, T), which are not integrable. They are defined in the sense of Hadamard Finite Part
(HFP), however.

In this work, we study the analytical properties of H,(t; u) and derive simple and efficient numerical quadrature

formulas for them. We approach the analysis and approximation of H,(t; u) in Sections 2-4, in two major steps:

g

—t
6O  dx. 0<t<T., o<-1. o1 (1.1)

T

sin

e Expressing o in the form o = —(m+4), m € {1,2,3,...} and 0 < § < 1, we begin by regularizing the divergent
integral
T o
XxX—t
/ sin M u(x)dx
0 T
in the sense that H,(t; u) = H,(t; U, ), where U,(x) is some linear combination of u®(x),i = 0,1,...,r, where

r=[(m+1)/2], and

-4 when m = 2r
77 =

-1
1—6 whenm=2r—-1 = n=-5h

hence H,(t; Us) is actually a regular integral, that is,

n

Tx—0) U, () dx.

sin

T
H,(t;u) = Hn(t; Us) = f
0

This is done in Section 2. In Section 3, we construct the Fourier series for H,(t; u) by making use of the developments
of Section 2.

e In Section 4, we develop our numerical quadrature formula for H,(t; u) as follows: We interpolate u(x) at 2n
equidistant points in [0, T] by a balanced trigonometric polynomial ¢,(x) and take H,(t; ¢,) as our approximation
to H,(t; u). Thus, the cost of computing H,(t; ¢,) is only 2n evaluations of u(x), no derivative information being
needed. For u € CP(R), P > m, we show by using Fourier analysis techniques that lim,_, H,(t; ¢n) = Hy(t; u).
We also provide the rate of convergence and prove that the accuracy of H,(t; ¢,) as an approximation to H,(t; u)
increases as P increases. This accuracy is spectral when P = oo, thus when u € C*°(R).

In Section 5, we show that the developments of Sections 2-4 can be extended with no difficulty to the regular singular
integrals
mT(x—t)

T
H,(t;u) =
(£ u) A :

In Section 6, we present several numerical examples that demonstrate the efficiency of our numerical quadrature
formulas, both for divergent HFP integrals (with 0 < —1, 0 ¢ Z) and for regular singular integrals (witho > —1,0 € Z).
In Section 7, we discuss their application to periodic singular integrals and integral equations whose integrands have an
algebraic singularity of the form |x — t|°, o & Z, but are not necessarily given as in (1.1) or (1.2).

We have verified the validity of our approach by treating the examples of Section 6 numerically via a completely
different approach that uses a generalized Euler-Maclaurin expansion and Richardson extrapolation. This is explained in
detail in the appendix to this work.

We note that integrals involving H, (t; -) arise in a natural way, for example, when dealing with Cauchy-like transforms
of a function w(¢) on the unit circle, namely,

o

sin u(x)dx, 0<t<T, o>-1, o &Z. (1.2)

uawzfu—nwmwazerzmwuzw o <-1, ogdz
r

I" being positively oriented. Making the substitution ¢ = e%, 0 < x < 2, so that T = 27, and noting that z = e for
some unique t € [0, 277), and denoting w(x) = i2°e*w(e*), J,(z; w) can be expressed as

2
.]o(Z; w) :f
0

1 In the sequel, we will use the standard notation Z = {0, £1, 2, 3, ...}.

x—t|° -

w(x)dx = Hy(t; W).

sin

2
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Before proceeding to the next section, we would like to mention that, in a recent paper [1], we studied and developed
numerical quadrature formulas for T-periodic HFP integrals of the form

T cos Zx=8)
N T e
Kn(t; u) _]€ PR u(x)dx, O<t<T, ifm=1,3,5,..., (1.3a)
T 1
Kin(t; u) =7£ ———u(x) dx, O0<t<T, ifm=2,4,6,..., (1.3b)
o sin™ LxT_t)

u(x) being sufficiently differentiable and T-periodic on R. Clearly, these integrals are not defined in the regular sense, too,
since their integrands have polar (as opposed to algebraic) singularities of the form (x — t)™™ on (0, T), which are not
integrable. They are defined in the sense of HFP, however. As we will see later in this work, the HFP integrals H,(t; u),
due to the fact o is not an integer, are of a completely different nature than the HFP integrals Ky(t; u).2

Our approach to the treatment of the HFP integrals H,(t; u) in this work resembles somewhat the approach we took
in [1] to the HFP integrals K,(t; u). Mathematically, it is quite different and more complicated, however.

For HFP integrals, we refer the reader to the books by Davis and Rabinowitz [2], Evans [3], Krommer and Ueberhuber [4],
and Kythe and Schéferkotter [5]. See also the paper [6] by Monegato for a review. For trigonometric interpolation, see the
books by Atkinson [7], Henrici [8], and Zygmund [9], for example. See also [1, Appendix].

Finally, we would like to draw the attention of the reader to the papers [10-13] by the author that treat the periodic
HFP integrals K,(t; -) via the author’s generalized Euler-Maclaurin expansion, which can be found in [14].

2. Regularization of H,(t; u)

We begin by recalling that if a function h(x) has a nonintegrable singularity at x = t for t € (a, b) but is integrable on
any subinterval of [a, b] that does not contain x = t, then fab h(x) dx, the HFP of fab h(x)dx, is obtained by expanding

t—e b
A(e):/ h(x)dx—l—/ h(x)dx, € >0,

+€

asymptotically as € — 0+, the asymptotic expansion containing terms of the form €”(log ¢)? with arbitrary p and integer
g, and by discarding those terms that go to infinity and those that go to zero, and retaining the limit as ¢ — 0+ of the
remaining terms. (See Monegato [6], for example.) We will make use of this approach to the HFP next. Clearly, if f ab h(x) dx
exists as a regular integral, then lim._, o4 A(€) = fab h(x) dx; therefore, fab h(x)dx = fab h(x)dx in such cases.

In the sequel, we will also make use of the short-hand notation

0 =—. (2.1)
T

Theorem 2.1. Let

o=—(m+935), me{1,2,3,...}, 0<é<l, (2.2)
and
~ m if m even, ~
= >2 d . 2.3
m {m—i—l if m odd, = m> and even (2.3)

Then, provided u € C™(R) and is T-periodic, there holds
H, (t; o) = Hy42(t; U1), (24)

where

o+2_ 02 ~

Uop(x) = u(x) and Ui(x) = p—y 1uo(x) + muo(x). (2.5)

Remark. On comparing the two HFP integrals H,(t; U;) and H,(t; Ug), we realize that the former is less singular than
the latter. By applying Theorem 2.1 a number of times depending on o, we end up with a regular integral. We will discuss
this in more detail following the proof of this theorem.

2 Note that when o = —2r,r=1,2,3,..., we have H_,.(t; u) = Ky (t; u), hence we need not concern ourselves with these integrals as this has
been done in [1]. In addition, the treatment of the integrals Ky(t;u), m = 1,2,..., in [1] is necessarily very different from the treatment of the
integrals H,(t; u) with o ¢ Z in the present work.
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Proof. Let us make the change of variable y = 7 (x — t)/T in the integral representation of H,(t; u) in (1.1). Then we have

w—mt/T T
Ho(t;u) = 77[ [siny|w(y)dy, w(y)= u(t + fy)
TJ_7t)T T

/2
—f | siny[” w(y) dy
TJ_7/2

T T
= fjl (siny)”w(y)dy (2.6)
TJo

since (i) by Sidi [15, Theorem 3.2], H,(t; u) is invariant under any legitimate linear or nonlinear variable transformation
when o < —1 and is not an integer, (ii) the integrand |siny|” w(y) is m-periodic because both |siny|” and w(y) are
mr-periodic, and (iii) siny > 0 for 0 < y < m. Of course, w € C™(R) since u € C™(R). For simplicity of notation, let us
define

. kg /2
i, (w) =f (siny)° w(y)dy =7€ | sinyl° w(y)dy. (2.7)
0 —/2
Then, (2.6) becomes
H,(t; u) = 6H, (w). (2.8)
In addition,
wO(y) = 05Ut +0y), Hy(t;u®) = 0" H,(w®), s=1,2,.... (2.9)

We now begin the process of regularizing ﬁn(w). Normally, regularization of a singular integral is achieved by
integration by parts as many times as needed.’? Direct application of this approach is problematic in our case for the
reason that we do not want to compromise the ;7 -periodicity of any part of the integrand in the HFP integral that follows
from the regularization process; this is most crucial.

To achieve this goal, we begin by expressing H,(w) given as in (2.7) in the form

Hy(w) = fn(siny)"(sinzy + cos® y)w(y) dy,
0

noting that the new integrand is still w-periodic because both sin? y and cos? y are r-periodic. We thus have

Hy(w) = Hyy5(w) + E,

E= fn(sin y) (cosy) w(y)dy. (2.10)

0

Note that ﬁ(,Jrz(w) is already less singular than ﬁ{,(w). Therefore, we need to deal only with E. We first note that

E= fr[(siny)" cosy] [cosy w(y)] dy

_ T d (siny)"“
—jg |:dyo+1] [cosy w(y)] dy, (2.11)

which, upon integrating by parts, gives

7 (siny)°t1
E =M —f ¢[— siny w(y) + cosy w'(y)] dy,
0

o—+1

T d [ (siny)’ !
M, =4 S|S0V d 2.12
: fdy[ T cosyu) | dy. (2.12)

3 Suppose we want to regularize the HFP integral
b
I(t)=% x—tI°g(x)dx, a<t<b, o=—-(m+6), me{l,2,3,...}, 0<8<1, geCMa,b]
a

Writing I(t) = f;(t —x)7g(x)dx + f[b(x — t)?g(x)dx, and applying integration by parts to the regular integrals f;ff and ﬁbﬁ and proceeding as in
the first paragraph of Section 2, we obtain
_ (t—ay*'gla)+ (b —t)*'g(b)

I(t) = e +I(t),

b
Il(t)=7€ Ix =t g (x)dx, gi(x) =

gx)/(c+1) ifx<t,
—g'(x)/(c +1) ifx>t.

Clearly, I;(t) is less singular than I(t) and g; € C™ '[a, b] \ {t}.
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and, by (2.7),
1 ~
E=M —H, —F, 2.13
1+0+1 +2(w) (2.13)
where
[ (siny)°+! ,
F= —_— d
jf [ o1 oY w(y)dy
d (siny)P+? ,
:f [d w'(y)dy. (2.14)
o Ldy(o+1)o+2)
Applying integration by parts to the integral representing F, as before, we have
1 ~
F=M,— ———— H, »(w"),
2 Do 1) +2(w”)
T d (siny)’ 2 ]
M, = — ' dy. 2.15
.= @La+mo+a v dy (2.15)
Combining now (2.11)-(2.15) in (2.10), we finally obtain
~ o+ 1~ 1 ~
Hy(w) = Hopo(w)+ ————H, h(w")+ M 2.16
) p—— +a(w) o120+ 1) +2(w”) (2.16)

with

ﬂd rLe
Mzm—mzfgwmwszmw,
o ay 0

_ (siny)’ [sin2yw(y) sin®yw'(y)
vo) = 0+1|: 2 o+12

We now need to show that M = 0.
Let us express M in the form

} when 0 <y <. (2.17)

/2 b4
M=f ww@+f V(2)dz.
0 7/2

Making the change of variable z = y 4+ 7 in the second integral, we obtain

M= 7[ v'(y)dy + V'(y +m)dy. (2.18)

—m/2

Observing now that, because sin 2y, sin? y, w(y), and w’(y) are all 7-periodic, we have from (2.17) that

(—siny)’ [sin2y w(y) sin’yw'(y)
= — hen —7/2 <y <0,
Yy +m) o1 > p—— when —7/2 <y <
and, therefore, (2.18) becomes
/2 N

M= v'(y)dy,

—m/2
- |siny|° [sin2y w(y) sin®yw'(y)

= — hen —7/2 <y <m/2. 2.19
V() o+ 1 5 p—— when —7/2 <y =<mn/ (2.19)

Because @ '(y) has a nonintegrable singularity (only) at y = 0, we must analyze

ol o T

V(e /2) = Y(=m/2)] + [P (=€) = Y(e)], € >0.
Since 1/f(y) is m-periodic, w(n/Z) — w(—n/Z) = 0. Therefore,
Ae) = P(—€) = ¥(e)
_ (sine)*! ( sine
o+1 o+ 2
and we choose to express this as
A(€) = € T?A(e) + €7 Ay(e),

[w'(€) — w'(—€)] — (cos €)[w(e) + w(—é)]),
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with
A (6) — 1<Si1'16>0+2[w/(6) _ u/(—e)]
T e+ o +2)\ € ’
1 [sine\° ™!
Ax(e) = — (7) (cose)[w(e) + w(—e)].
o+1 €

Clearly, in a neighborhood of e = 0, A; € C™ 1 and A, € C™ because w € C™. Expanding A(e) and A;(e€) in their Maclaurin
series with remainders, we obtain

m—2 m—1

Ale) = €7+ [Z ol + O(em_l):l +eot! |:Z Bie' + O(eﬁ):l as € — 0+,
i=0 i=0

m—

Z o+ 1+i +0( o+l+m) as € — 0+,

i=0
with appropriate constants e;, 8;, and y;. We now observe that, because 0 = —(m +§), 0 < § < 1, each of the terms
involving €° 1+ i = 0, 1, e m — 1, tends either to infinity or to zero as ¢ — 0+; therefore, we discard all of them.
The remainder term O(e®+'*™) tends to zero since o + 14 > 1 —§ > 0. We have thus proved that M = 0. Therefore,
(2.16) becomes

~ o+2~ 1 ~

Hy(w) = mHG+2(w) + ml‘lg+2(w”), (2.20)

which, by (2.8)-(2.9), gives (2.4)-(2.5). This completes the proof of the theorem. B

Using Theorem 2.1, we now tackle the task of regularizing the HFP integrals described in (1.1). The point here is
that the two HFP integrals H,(t; Up) [with Tip(x) = u(x)] and H, »(t; U;) in (2.4) differ essentially in the strengths of the
singularities at x = t of their respective integrands; the former has a singularity of the form |x — t|°, while the latter
has a (weaker) s1ngular1ty of the form |x — t|°*2. They also differ in the smoothness properties of the respective uj(x);

Ty € C™(R) while Ul; € C™2(R). These facts enable us to apply Theorem 2.1 to H, »(t; Uq) in (2.4)-(2.5), the end result
being

Ho 2(t; U1) = Ho 4(t; 1),
where
~ o+4. 62 o
Uy(x) = mul(x) + G130 +4) uy(x).
Clearly, with T;(x) as in (2.5), U(x) has the following structure:

2
W) =Y foa it u(x),

k=0
where
(0 +2)o +4)
,30,2,0 = m,
_ (0 +27 4 (0 +4)
Po21 = (o + 1)(o +2)(o +3)o +4)
Bora = !

(0 +1)o +2)o +3)o +4)

Repeating this process enough times depending on o, we arrive at a regular integral representing H,(t; u), as described
in the next theorem that can be proved by induction.

Theorem 2.2. Witho = —(m+6), me{1,2,3,...}and 0 <§ < 1, let

r_{m-l—lJ _{Zr if m even ~
= =

= 2r. 2.21
2r—1 ifmodd m=er (221)
Then, provided u € C¥ (R), there holds

II
EZ

Ho (t; 1) = Hy 120t Uy ), Us( Zﬂa 0 u(), (2.22)

6
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with appropriate constants B, . that depend only on o, but not on u(x) and T. In addition,

-6 if m even,
2r = 2r > —1, 2.23
ot ar {1—5 ifmodd, =~ T4~ (2.23)
and, therefore, H, 5, (t; U;) is a regular integral. Note that both m and r are determined uniquely by o as in
1
m=|lo|] and r = LWJ

Remark. Note that the condition u € C?(R) already implies that u e C’ﬁ(]R). This enables us to apply Theorem 2.1 r
times. Thus, (2.22) is obtained by applying Theorem 2.1 r times, as follows:

Hoy(t;Uo) = Hy42(t; Uy) = Hyya(t; Ua) = - -+ = Hyyar—2(t; Ur—1) = Hoor(t; Uy ).
3. Construction of H,(t; u) via Fourier series

3.1. Preliminaries

Going back to (1.1), we realize that, provided u(x) is sufficiently differentiable on R, H,(t; u) is a T-periodic function
of t. This prompts us to study its Fourier series Z;’iﬂc hs qeq4(t) in the interval [0, T], where
eq(x) = exp (i2qmx/T), q=0,%1,%2,.... (3.1)
As will become clear shortly, working with the functions exp (i2gwx/T) is much more convenient than working with
sin(2qmx/T) and cos(2qmx/T).
We now present a complete study of H,(t; eq) for all q.

Theorem 3.1.

1. Forall o < —1, 0 ¢ Z, and for all q, there exist constants M, 4 independent of t, such that

H,(t; eq) = My qeq(t), q=0,£1,£2,..., (3.2)
with

T r 1

Mg = (—1)1— (0 + 1) — M, _,. (3.3)
200(0/24+1+q)I(c/2+1—q)

2. In addition, for q =0, 1,2, ..., the M, 4 can be computed recursively as follows:
T r 1 —0/2
M, o = (c+1) 9=0/ 4=0,1,2,.... (3.4)

e %) =— Mg,
2 [Mo/2+ 12 "' g+1+40/2 71

Thus, knowledge of only I'(c + 1) and I"(o /2 4 1) suffices for computing all of the My g.
3. Finally, the sequence {|M,,,q|}3°=O is monotonically increasing.

Proof. We start by making the change of variable of integration y = n(x — t)/T in H,(t; e4) and proceed as in (2.6). We
observe that with u(x) = e,4(x), we have w(y) =¢,4(y)eq(t), where g,(y) = e?% and is -periodic. Hence, by (2.6)-(2.8),

Ho(t; eg) = [0H, (B)]eq(t) =  My.q = O0H, (). (3.5)

We have thus proved (3.2).
We now apply (2.20) to H (eq) and obtain

c7—|—2A 1

ﬁg@q) o+ 1 a+2(Aq mﬁa+2@)
_o+2-~ (i2q)? ~
I Ho12(8g) + mﬂmz@;)
_(0+2+2q)0c +2—2q)~
- (O’ + 1)(0 + 2) Ha+2(?q)
241 2+4+1-—
R 1+ ao 21295 @, (36)

(0 +1)o +2)
We next analyze the integral representation of ﬁ(,(?q). By (2.7), and by the fact that | siny|” sin(2qy) is odd,

/2 T
7[ | siny|? sin(2qy)dy = 0 =7£ (siny)? sin(2qy)dy = 0,
—/2 0

7



A. Sidi Journal of Computational and Applied Mathematics 439 (2024) 115581

and, therefore,

ﬁa(e\q) :f

—/2

/2 T
| siny|® cos(2qy)dy :7[ (siny)? cos(2qy)dy.

0
By [16, §3.631(8)], for the regular integral fon(siny)c cos(2qy)dy, with ¢ > —1, we have

T 1
2¢(c+1)B(c/2+14q,¢c/2+1—¢q)’

/ " (siny)* cos(2qy)dy = (—1°
0

where
I'(a)l"(b
B(a, b) = M (Euler Beta function).
I'(a+Db)
For convenience, we rewrite this as
T T lc+1)
siny)‘ cos(2qy)dy = (—1)1— = R(c, q). 3.7
| iy costzandy = (<1 % S =g (37)
Here we have invoked I'(c + 2) = (¢ + 1)I"(c + 1). Note that even though the integral fon(siny)‘ cos(2qy)dy is not
regular, hence not defined, when ¢ < —1, the quantity R(c, q) is defined for all c # —1, —2, .. .. [R(c, q) is not defined for
c=—1,-2,..., because the factor I'(c 4+ 1) has poles at these values of c.]
Comparing (3.3) with (3.7), we see that what we need to show is that M, 4 = 6R(o, q). We prove, by induction on j, that
(3.3) is true for My12r—2jq,j =0, 1,2, .. .. First, because o + 2r > —1 by Theorem 2.2, hence the integral representation

of My 42 ¢ is regular, we realize that My, ¢ = OR(o + 2r, q), hence (3.3) is true for My2r o We have thus shown the
validity of (3.3) for j = 0. To complete the proof, it is sufficient to assume that the assertion for j = r — 1 is correct and
show that it is correct also for j = r. This amounts to showing that if (3.3) is true for M, 4 then it is true for M, 4. For all
this, it is sufficient to work with the HFP integrals H,(€q) and H, 12(€;). Thus, we assume that (3.3) is valid for H,2(€,),
and we have
~ b4 I'(o +3)
Hyia(8g) = (—1)1 5 :
2002 Mo /2424 q)(0/24+2—q)
By repeated use of I'(z + 1) = zI'(z), this can be re-expressed as
~ T (c+2)o+1DI(c+1)
Ho2(@) = (-1 5 :
2 [(c/24+14+q)(c/24+1+qll(c/24+1—-q)(c/2+1—q)]

Substituting this into (3.6), and multiplying by 6, we obtain (3.3). This completes the proof of part 1.
The proof of (3.4) in part 2 follows directly from (3.3).
The proof of part 3 follows from Eq. (3.4) and from the fact that

Ma.q+1 q— 0/2
M, g+1+0/2
We leave the details to the reader. ®

>1, q=0,1,2,..., becauseo < —1.

We next study the behavior of the M, 4 as ¢ — Fo0.

Theorem 3.2. The M, 4 satisfy the asymptotic equality

T I'oc+1)
29 (—0/2—1I(0/2+2)
Thus, when o = —(m+§) withm=1,2,...,and 0 < 8§ < 1,

Myq~Klg ™" " asq— oo, K=

My q=0(q™"") asq— £oo; m—1<m+8—1<m.

Therefore, when o < —1, [My 4| — o0 as ¢ — =£oo.

Proof. We start with the representation of M, 4 with ¢ > 0, as given in (3.3). Letting o /2 + 1 = a for convenience, we
need to study the product I"(a + q)I"(a — q). Now
r'(—a)r(1
ra—q= (-1 TCOM+O

I'g+1-—a
Therefore,

T I'c+1) TI'(g+1—a)

20 I'(—a)l(14+a) I'(q+a)
Here we have used the fact that I'(x +c) ~ I'(x)x*asx —> oco. N

My q = ~Kq'™% asq— oo.

8
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We will make use of Theorem 3.2 when studying the convergence properties of our numerical quadrature formulas.
In the next theorem, we show the connection between M, 4 and the B, ; « that we introduced in Theorem 2.2.

Theorem 3.3. The scalars B, r x in (2.22) are related to the M, 4 as in

Mrr,q = [Z(_])kﬁmnk (zq)Zki|Ma+2r‘q- (38)

k=0

Proof. By Theorem 2.2, and the fact that eff)(x) = (i2qm /T Yeq(x), we have

.
H,(t; eq) = Hyyar (t; Z ﬂa,r,k92ke$k))
k=0

= rr+2r(t; [Z(_])’C,Bn,r,k(Zq)Zk]eq>

k=0

- [Z(_ 1 )kﬂa,r,k(ZQ)2’<]Ho+2r(t; eq)~

k=0
The result in (3.8) follows by recalling that

H,(t; eq) = Ma,qeq(t) and  Hy o (t; eq) = Mo+2r,qeq(t)
and that ey(t) #Oforallt. m

3.2. Fourier series for Hy or(t; u®), s =0, 1, ...

In the sequel, we will be dealing with the Fourier series of the function u(x), namely,

00 T
. 1 _
u(x) ~ Z @2 = ?/ u(x)e~ 247X/ gy, (3.9)
0
q=—0o0

which converges [to u(x)] absolutely and uniformly provided u(x) is T-periodic and differentiable on R. We will also
consider the Fourier series of u®)(x), s = 1, 2, ..., namely,

[e’S] T
) 1 )
u9(x) ~ Z e/l ) = 7/ U (x)e 2T dx = (12q/0)°c,. (3.10)
T Jo
q=—00

We will deal with functions u(x) in three different classes:

1. u(x) is in the Holder class CM+t¥(R), 0 < « < 1. Thus u®(x),s = 0, 1, ..., M, are all continuous and T-periodic in
R, and u™*+1(x) is in the Hélder class C%%(0, T), that is, [uM+V(x) — uM+V(y)| < C|x — y|* for all x,y € [0, T] and
for some constant C > 0. Then the Fourier coefficients ¢, of u(x) are such that, foralls =0,1,..., M,

¢ =0(|gI™ ) as g — *oo. (3.11)

2. u(x) is in C*°(R). We now have foralls =0, 1,...,

¢ =0(lg ™) asq— £oo VA>0. (3.12)
3. As a function of the complex variable z, u(z) is analytic in the infinite strip D,,,
D,={zeC: [Imz| < p}. (3.13)
In this case, we have foralls =0, 1, ...,
eS| = 0(e247P/Ty a5 g — +o0 V7 € (0, p), (3.14)
Of course, now u € C®(R) as well, but the result in (3.14) is much stronger and more informative than that in
(3.12).
We now construct H, o(t; 1)) in terms of the Fourier series representation of u®)(x), s =0, 1, ..., M.
. . . _ o+2r . .
We begin with u®(x) = u(x). By the fact that |sm(#)| s absolutely integrable everywhere and because the
Fourier series of u(x) converges to u(x) absolutely and uniformly everywhere, there holds
[e ] o]
Hy 2 (t; u) = Ho 4oy <t; Z quq> = Z CqH(7+2r(t; eq)»
q=—00 q=—00

9
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which, by (3.2), becomes
Ho 2, (t; 1) Z CqMo y2r,q€4(t). (3.15)

Recalling also that cqS = (i2q/0)cq for g # 0, with s = 1, 2, ..., we similarly have

oo

Ha ar(t; u® Z Mo sorgeq(t) = Y (i20/0) cgMo 17 q4(t). (3.16)

g=—o0 g=—0c0

Clearly, the right-hand side of (3.15) is the Fourier series of H,,,(t; u). Similarly, the right-hand side of (3.16) is the
Fourier series of Hy 4o.(t; u®) fors=1,2,....

3.3. Fourier series for H,(t; u)

Following the developments above, we now proceed to the construction of the Fourier series of H,(t; u). We assume
that u(x) is as in the preceding subsection.

Theorem 3.4. H,(t; u) has the following Fourier series representation that converges absolutely and uniformly:

Z CqMo qeq(t (3.17)

q=—00

Proof. We begin with the regularized H,(t; u) as described in Theorem 2.2. We have

Ho(t: 1) = Hogar(t: Up), - Up(%) = Zﬁ W u(x). (3.18)
Therefore,
.
Ho(t;u) =) By r k0% Ho e (5 u®), (3.19)
k=0

which, upon invoking (3.15)-(3.16), becomes

Z Bori™ Z (i20/6)¢gMo+2r.geq(t)

q=—0o0
oo} T

=y cq[Z(—1)kﬂa,r,k(Zq)z"]Moﬂr,qeq(t).

q=—00 k=0
Invoking now (3.8), we obtain (3.17). =

Remarks.

1. One might think that the result in (3.17) (with 0 < —1) should follow immediately by simply writing

T 4 &
7[0 @ (Z cqeq(x)>dx

q=—00

H,(t; u) sin

Despite the fact that the (infinite) series Zgifoo Cqeq(x) converges to u(x) absolutely and uniformly on R, the
equality on the second line cannot be justified. The reason for this is that, when o < —1, the integral on the
first line does not exist in the regular sense as its integrand has a nonintegrable singularity at x =t in (0, T).

2. Since the Fourier expansion of H,(t; u) in (3.17) has a surprisingly simple form, to remove any suspicion concerning
the validity of (3.17), we have computed H,(t;u) in the numerical examples of Section 6 by a completely
different procedure that involves the application of the Richardson extrapolation process (see [17, Chapter 1]) to a

10
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generalization of the Euler-Maclaurin expansion for HFP integrals derived by the author in [14]. Our computations
confirm the validity of (3.17). We also mention that the application of Richardson extrapolation is much more
expensive compared to the numerical quadrature method we describe in the next section. For more details on this
subject, we refer the reader to the appendix to this work.

4. Numerical quadrature formula for H,(t; u) via trigonometric interpolation
4.1. Development of the numerical quadrature formula

So far, we have seen that the T-periodic (divergent) HFP integral H,(t; u) in (1.1) can be expressed as the regular
integral

] JT(X _ t) o+2r
SN ———

T
Hyior(t; Us ) = /
0

.
Us()dx,  Up(x) =Y Borad™u®(x).
k=0

We now present a numerical quadrature method for approximating H,.(t; U,) without having to approximate the
individual Hy2,(t; u¥) that form Hy o (t; Uy )2
We proceed as follows:

o We first approximate u(x) on [0, T] by a balanced trigonometric polynomial ¢,(x) of degree n that interpolates u(x)

at 2n equidistant points X, 0, Xn.1, - - -, Xn,2n—1. As summarized in [1, Appendix], ¢,(x) is of the form
n
¢'n(x) = ,En.qeq(x)7 En,n = Z‘rz,—n» (41)
q=—n
the double prime on the summation Z” g=—n Meaning that the terms with g = =%n are to be multiplied by 1/2, and
kT
On(Xng) = U(Xn k), Xnk = o’ k=0,1,...,2n -1, (4.2)
and
2n—-1 1 2n—-1
~ s —1 k
Crg =5 > qlniulxni) = 5= ) e MGy, —n<q<n. (43)
k=0 k=0
Note that, for ¢y ¢, Cn.n, and Cp,—p, (4.3) gives
1 2n—1 1 2n—1
Cro=— Y uxyr): Con=0Cnn=— —1D*u(x0). 44
n,0 n kX_; ( n,k) n,n n,—n n k_o( ) ( n,k) ( )

o Next, we approximate H, (t; u) by H,(t; ¢). That is, our numerical quadrature formula Q, ,(t; u) for H,(t; u) is simply

Qo.n(t; ) = Hy (£ ). (4.5)

Thus, because ¢,(x) = Z” g;fnﬁnqqeq(x) is a finite sum, we can immediately write
n n
Q:r,n(ﬁ u)=H, <t; 2/ En,qeq> = Z/ En,qH(r(t; eq)v (4.6)
q=—n q=—n
which, upon invoking (3.2), becomes
n
Qo n(t; u) = 2/ En,qM(r,qeq(t)- (4.7)
qg=—n

Clearly, in this form, Q, n(t; u) is very easy to compute once the ¢, ; have been computed.
Substituting (4.3) into (4.7) and rearranging, we also obtain Q, ,(t; u) as a trigonometric sum as follows:

2n—-1 n

1
Qo n(t;u) = % Z[Zﬂ Mo',qeq(t - Xn.k)]u(xn,k)- (4.8)

k=0 Lq=—n

4 The technical tools that are necessary for the developments of this section are provided with more detail in the appendix of the paper [1] by
the author.

11
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Remarks.

1. By (4.1)-(4.8), it is clear that the only input we need for computing Q,,(t;u), for all t, is the set
{u(xn,0), u(Xn,1), - - ., U(Xn2n—1)}, Which we use for computing the ¢,4; no derivative information from u(x) is
required.

2. By (4.5) and Theorem 2.2, we have that

Qo n(t; u) = Ho (t; ¢n) = Ho12:(t; Do ),
where

Z Bo.r 92j¢n21) (x).

This means that our numerical quadrature formula Q, ,(t; u) replaces u®)(x) in the composition of U, (x) resulting
from H,(t; u) = Hy42:(t; Uy ) by qﬁ,(fj)(x). This takes place only implicitly, however, as is obvious from (4.7), since the
M, 4 are readily available by Theorem 3.1.

3. Even though ¢n(Xnr) = u(xsx), we have only ¢\ (xu) &~ u@(x, ), j = 1,2, ...,T.

4.2. Convergence of Q, n(t; u)

We now turn to the study of the convergence as n — oo of Q, ,(t; u). We begin by deriving upper bounds on the
absolute errors |Q, »(t; u) — Hy(t; u)| that we express in terms of the Fourier coefficients of u(x).
We will make use of the following known facts, whose proofs can also be found in [1, Appendix], for example:

e As described above, trigonometric interpolation reproduces balanced trigonometric polynomials of degree at most
n in the following sense: if u(x) = }" f=—nCq€q(x) With ¢, = c_p, then ¢n(x) = u(x).
e The ¢, 4 are related to the ¢, as in

o0
Cnp =Cp+ Z Cptant- (4.9)

T#0

e In case the infinite series Z"i_ cq converges absolutely, there holds

> Z lepianel = Y lcql. (4.10)

Ipl=n f:*w lgl=n

By the notation Z\p\<n and Zlq\>n' we mean that the terms with p = #+n and ¢ = =+£n, respectively, are to be
multiplied by 1/2.

Theorem 4.1. The absolute error |Q, n(t; u) — H,(t; u)| can be bounded as follows:

|Qon(t: u) = Ho (£ )] < 7 1cq(IMornl + Mo g)- (4.11)

lgl=n

Note that this bound is independent of t.

Proof. By (3.17), (4.9), and (4.7), we have

Qo n(t; u) — Ho(t; u) = Zﬂ En¢pMa.pep(t) - Z CqMy qe4(t)

p=—n
o0
!
:E (Cp+ E:Cp+2nr> o.pep(t E Cq Mo qeq(t
Ipl<n T
o0
'
ZE (E Cp+2nr> o.pep(t E Mo qeq(t
Ipl=n fj;go lgl=n

which, upon taking moduli, gives
|Qon(t: u) = H(t;u) < D ( > |cp+2m|)|Map| + >V 1cgIMo g (4.12)
Ipl=n f——gc lgl=n

12
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To continue, we make use of the fact that, by Theorem Theorem 3.1, the sequence {|Mg,q|};io is monotonically increasing,
which implies that max{|Ml,,q|}Z:0 = |My n|. Therefore, (4.12) becomes

|Qo nlt; u) = Ho(t; u)] < (Z Z |cp+2m|>|M”|+ > 7 leqlIMy 4

Ipl=n f=-°° lgl=n

= (Z’ |cq|)|Ma.n| + 37 ¢yl by (4.10),

lgl=n lgl=n

which gives (4.11). =

The next theorem provides the rates at which Q, n(t; u) converges to H,(t; u) as n — oo for all t € R. It follows from
Theorem 4.1 and from (3.11)-(3.14) about the rates of growth of the ¢; as ¢ — +o0.

Theorem 4.2.
1. If u(x) is T-periodic and in the Hélder class CM*+1.%(0, T), and if M +« + 1 > —o, then
Qo n(t; u) — Hy(t; u)) = O(n~™~*7"1) asn — oo. (4.13)
2. If u(x) is T-periodic and in C*°(R), then
|Qo n(t; u) — Hy(t; u)l = 0o(n™") asn— oo Vu >0, (4.14)

that is, Q, n(t; u) converges spectrally in n.
3. In case u(z) is also T-periodic and analytic in an infinite strip D, of the complex z-plane, with D, as in (3.13), then

|Qo.n(t; u) — Ho(t:u)] = 0(e>™"'T) asn— oo V7 € (0, p), (4.15)
that is, Q, n(t; u) converges exponentially in n, thus better than spectrally.

All these results are valid uniformly in t.

4.3. Exactness property of Q, n(t; u)

We now state some theorems that concern the exactness properties of Q, n(t; u). They can be proved exactly as the
corresponding theorems in [1, Theorems 5.3, 5.4].

Theorem 4.3. The numerical quadrature formula Q, ,(t; u) has the following exactness property:

Qo.n(ts u) = Ho(t; 1) if u(x) Z Cqeq(x) with ¢, = c_p.
q=—n

In particular,

Qs n(t; eq) = H,(t; eq) = Ma,qeq(t), q=0,%1,...,£n - 1),

Qo n(t;en +e_p) =Hs(t;en+e_y) = Ma,nen(t) + Ma,—ne—n(t) = Ma,n[en(t) + e_n(t)].
In words, Q, »(t; u) reproduces H,(t; u) when u(x) is a balanced trigonometric polynomial of degree at most n.
Following Theorem 4.3, which provides Q, (t; e4) for |q| < n — 1, Theorem 4.4 below provides Q, ,(t; eq) for |q| > n.
Theorem 4.4. Define the set of integers I as I’ = {£n, +3n, +5n, ...}.
1. Ifq € I', then q = (2j + 1)n for some integer j, and
1 1
Qo n(t; 6q) = Qo n(t; €10) = E[Ma,nen(t) + My, —ne_n(t)] = EMa,n[en(t) + e_n(t)]. (4.16)

2. If q € I, then there exist unique integers t and s, |s| < n — 1, such that ¢ = 2nt + s, and

Qo n(t; eq) = er,n(t§ es) = Mrr,ses(t)~ (4.17)

13
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5. Treatment of regular singular integrals

So far, we have dealt with the divergent integrals

T m(x —t)
[ on ™5

We recall that these integrals are singular and do not exist in the regular sense. They do exist in the HFP sense and we
developed numerical quadrature formulas to compute their HFPs.
We now turn to the treatment of the integrals
m(x —t)

T
f ™5
which are still singular, but they exist in the regular sense hence also in the sense of HFP. This means that they need no
regularization. As will become clear, the developments of the preceding sections of this work apply to this case with only

some minor changes. We will continue to denote these integrals by H,(t; u). The theoretical developments of Section 3
are the key to the following results.

o

sin ux)dx, 0<t<T, o<-1, o &Z.

o

sin uix)dx, 0<t<T, o>-1, o ¢&Z,

Theorem 5.1.

1. Forall o > —1, 0 ¢ Z, and for all q, there exist constants M, q independent of t, such that

H,(t; eq) = My qe4(t), q=0,%1,£2,..., (5.1)
with
My q = (—1)"1 o+ 1) =M, . (5.2)
2°T(c/2+14+q)(0/24+1—q)
2. In addition, forq =0, 1, 2, ..., the M, 4 can be computed recursively as follows:
M= L To+D = 9792 g og=01.2..... (5.3)

T2 re2+ P Mo.q+1 g+1+0/2 77

Thus, knowledge of only I'(c + 1) and I"(o /2 4 1) suffices for computing all of the My 4.
3. Finally, the sequence {|M,,,q|}f;°=O is monotonically decreasing, and the M, 4 satisfy

T Io+1)
29T (—0/2—1)I(c/2+2)
Therefore, when o > —1, |[M; 4| — 0 as ¢ — Fo0.

My ~Klg™° " asq— oo, K= (5.4)

Proof. The proof of (5.1) is exactly the same as that of (3.2). The proof of (5.2) follows directly from (3.7). The proof of
the rest of the theorem is the same as the rest of the proofs of Theorems 3.1 and 3.2. W

The following theorem concerns the Fourier series representation of H,(t; u). As before, we assume that u(x) is either
in the Holder class CM*1%(R), 0 < & < 1, or is in C*®(R), or, as a function of the complex variable z, u(z) is analytic in
the infinite strip D,, with D, as in (3.13),

Theorem 5.2. Let u(x) have the Fourier series representation

0 1 T
u(x) ~ Z Cqeq(t), €= f/ eq(x)u(x) dx.
g=—00 0

Then H,(t; u) has the following Fourier series representation that converges absolutely and uniformly:

Ho(t;u)= ) oMy geqlt). (5.5)

q=—0c0

Proof. The proof follows from the facts that (i) |sin @lg is absolutely integrable on [0, T] because ¢ > —1, and (ii)

the Fourier series of u(x) converges to u(x) on [0, T] absolutely and uniformly. W

In view of all this, we propose to approximate H,(t; u) precisely as described in Section 4. That is, we approximate u(x)
gg [0, T] by the trigonometric interpolant ¢,(x) = Z” Z:_nEn,qeq(x), and approximate H,(t; u) by Q, n(t; u) = Hy(t; ¢n).
us

Qo u) =) V"o gMo geq(t). (5.6)

g=-—n

14
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We then have the following theorem that concerns the error Q, »(t; u) — H,(t; u) and the convergence of Q, ,(t; u) as
n — oo. Its proof is almost identical to that of Theorem 4.1, where we also take into account that |[M, o| = max{|M(,,q|}f]’i0
and that limg_, o0 My g = 0.

Theorem 5.3. Concerning Q, n(t; u), we have

Qo n(t: u) = Ho(tsu)l < 3 ' Icql(IMo 0l + Mo g)) (57)
lg|=n
Theorem 5.4.
1. If u(x) is T-periodic and in the Holder class CM*+1.%(0, T), then
Qo n(t; u) — Ho(t; 1) = O(n™%) as n — oc. (5.8)
2. If u(x) is T-periodic and in C*°(R), then
|Qyn(t; u) — Hy(t;u) =0o(n™) asn— oo VYu >0, (5.9)

that is, Q, n(t; u) converges spectrally in n.
3. In case u(z) is also T-periodic and analytic in an infinite strip D, of the complex z-plane, with D, as in (3.13), then

Qo n(t; u) = Ho (£ )| = O(e™>"/T) asn— oo V5 € (0, p), (5.10)
that is, Q, n(t; u) converges exponentially in n, thus better than spectrally.
All these results are valid uniformly in t.

6. Numerical examples

We now apply the numerical method we have just developed to the integrals H,(t; u), with T = 27 (hence 6 = 2)
and

o0
1—ncosx
u(x) = 9cosqgx = Re — = , real, 0 < 1. 6.1
(x) qzojn =R = o <1 (6.1)

Clearly, u(x) is infinitely differentiable and 2w -periodic on R. Therefore, T = 2 throughout. In addition, u(x) can be
continued to the complex z-plane, such that u(z) is also 2-periodic and analytic in the infinite strip D, in (3.13) with
p = logn~!. Finally, H,(t; u) can be computed numerically by summing the Fourier series in (3.17) and (5.5) as follows:
We first have

=1 ¢ =172 q#o0.

Next, by Theorem 4.2 with o < —1, and by Theorem 5.2 with o > —1, and also by the fact that M, = M, _q for all g,
we have the following Fourier series for H,(t; u):

o0
Hy(t; u) = My 0 + Z n'M, qcosqt Vo & Z. (6.2)
q=1

Recalling that M, 4 = 0(]q|=°~1) as ¢ — o0, we realize that these Fourier series converge very quickly and enable us
to compute H,(t; u) easily, whethero < —1oro > —1.

We have applied our quadrature formulas Q, »(t; u), as shown in (4.7) and (5.6), to the integrals H,(t; u) with (i)
o = 0.5, —0.5 for regular integrals, and (ii) o = —1.5, —2.5, —3.5, —4.5 for HFP integrals, using quadruple-precision
arithmetic with roundoff unit u = 1.93 x 10734,

The results of our computations, with t = 1 in all cases, are shown in Tables 6.1-6.6. Note that because u(z) is analytic
in the infinite strip D, with p = log n~!, we have that the error [Qs n(t; u)—H,(t; u)] tends to zero as n — oo exponentially
in n like n™ by Theorems 4.2 and 5.4. Our numerical results confirm this amply for the different values of 7. Finally, we
recall that Q, ,(t; u) requires only 2n evaluations of u(x) and no evaluations of derivatives of u(x).

7. Application of Q, ,(t; -) to general singular integrals and integral equations

7.1. Application of Q, n(t; -) to singular integrals

So far, we have dealt with the HFP integrals H, (t; u) = fOTf(x, t)dx, where f(x, t) is T-periodic in x and is expressed
as

ux)dx, 0<t<T, o¢&Z, (7.1)
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Table 6.1

Numerical results for Q,n(t;u) with ¢ = 05, t = 1, and u(x) as in (6.1). Here E,(n = <¢) =

|Qy.n(t; u) — Hy(t; u)|/|Hy (t; u)| for n = c. [In this case, H,(t; u) is defined in the regular sense.]
n Ex(n =0.1) En(n =0.2) Ex(n =0.3) En(n =0.4) Ex(n =0.5)
10 6.78D—14 1.46D—10 1.29D—-08 3.13D-07 4.32D—06
20 3.64D—-24 8.37D—18 4.49D—14 1.98D—11 2.19D—-09
30 487D—34 4.98D—25 1.56D—19 1.24D—-15 1.29D—12
40 4.87D—34 2.48D—32 451D—-25 6.39D—20 6.25D—16
50 0.00D+-00 0.00D+-00 6.71D—31 1.72D—-24 1.60D—19
60 487D—-34 1.64D—34 3.31D—-34 1.51D-28 1.25D—-22
70 4.87D—34 3.28D—-34 3.31D-34 3.17D-32 2.54D—25
80 0.00D+-00 0.00D+-00 3.31D—-34 1.67D—34 2.63D—28
90 6.50D—34 0.00D+-00 3.31D-34 3.34D—-34 1.94D—-31
100 6.50D—34 8.20D—34 3.31D-34 1.00D—-33 0.00D+00
110 1.62D—34 1.64D—34 0.00D+00 1.33D-33 5.03D—34
120 3.25D—34 1.64D—34 6.62D—34 8.34D—34 3.36D—34

Table 6.2

Numerical results for Q,,(t;u) with ¢ = —05, t = 1, and u(x) as in (6.1). Here E,(n = c¢) =

|Qo n(t; u) — Ho(t; u)|/|Hy (t; u)| for n = c. [In this case, H,(t; u) is defined in the regular sense.]
n Ep(n = 0.1) En(n =0.2) En(n = 0.3) En(n = 0.4) En(n = 0.5)
10 1.11D—12 2.41D-09 2.18D—-07 5.30D—-06 6.14D—05
20 1.27D-22 2.88D—16 1.53D—12 6.72D—10 7.47D—08
30 1.08D—32 2.60D—23 7.97D—18 6.25D—14 6.50D—11
40 1.44D—-34 1.73D-30 3.07D—-23 4.29D—-18 4.16D—14
50 5.78D—34 1.43D—34 5.72D-29 1.43D—22 1.30D—17
60 1.44D—34 2.85D—34 2.83D—34 1.56D—26 1.30D—20
70 1.44D—34 8.55D—34 4.24D—34 3.86D—30 3.02D—23
80 7.22D—-34 428D—34 1.55D—33 1.83D-33 3.55D—-26
90 7.22D—34 4.28D—34 2.83D—34 8.46D—34 2.94D-29
100 2.89D—34 4.28D—34 1.27D-33 9.87D—34 1.63D—32
110 1.16D-33 0.00D+00 4.24D—34 1.41D-34 1.27D-33
120 4.33D—34 1.43D—-34 1.41D-34 1.41D-34 9.91D—-34

Table 6.3

Numerical results for Q,n(t;u) with ¢ = —15,t = 1, and u(x) as in (6.1). Here E,(n = c¢) =

|Qy.n(t; u) — Hy(t; u)|/|Hy (t; u)| for n = c. [In this case, H,(t; u) is defined in the HFP sense only.]
n En(n =0.1) En(n =0.2) En(n =0.3) E,(n =0.4) En(n =0.5)
10 8.03D—11 1.73D-07 1.69D—05 5.05D—04 8.97D—03
20 1.97D-20 4.27D—14 2.37D—-10 1.23D-07 2.01D—-05
30 2.63D-30 5.81D-21 1.86D—15 1.71D—-11 2.58D—-08
40 1.07D—-32 5.20D—-28 9.54D—21 1.56D—15 2.18D—11
50 1.52D—32 1.26D—32 2.22D-26 6.38D—20 8.27D—15
60 2.09D—-32 2.30D—-32 1.40D—-31 8.67D—-24 1.06D—17
70 2.19D-31 2.12D-31 2.24D-31 2.48D—27 2.82D—-20
80 2.08D—31 2.08D—31 2.25D—31 6.24D—31 3.77D-23
90 6.01D—32 6.07D—32 6.48D—32 7.58D—32 3.51D-26
100 1.96D—31 2.21D-31 2.68D—31 3.52D—31 2.09D-29
110 2.33D-31 2.24D-31 2.44D—31 3.19D-31 5.46D—31
120 1.29D—-31 1.05D—-31 8.95D—32 9.21D-32 1.26D—31

whether 0 < —1 or ¢ > —1, u(x) being T-periodic and sufficiently differentiable on R. We also mentioned that the
Cauchy-like transforms J,(t; w) on the unit circle described in Section 1 are actually H,(t; w), where w(x) = i27 e*w(e™).
We now consider HFP integrals fOT f(x, t)dx whose integrands f(x, t) have algebraic singularities of the form |x — t|°,
whether 0 < —1oro > —1,and o ¢ Z, but are not expressed necessarily as in (7.1).

Example 7.1. Consider the HFP integral I, (t; f) = fOTf(x, t)dx, where f(x, t) is T-periodic in x € R and, for x € [0, T], it
has the form

fx, t)=gx, t)x—tI°, 0<t<T, (7.2)

such that g(x, t) is sufficiently differentiable as a function of x on [0, T]. In addition, t is being held fixed throughout.
[Note that g(x, t) is not T-periodic since |x — t|° is not.]
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Table 6.4

Numerical results for Q,,(t;u) with ¢ = —-25,t = 1, and u(x) as in (6.1). Here E,(n = ¢) =

|Qy.n(t; u) — Hy(t; u)|/|Hy (t; u)| for n = c. [In this case, H,(t; u) is defined in the HFP sense only.]
n Ex(n =0.1) En(n =0.2) Ex(n =0.3) En(n =0.4) Ex(n =0.5)
10 1.90D—09 3.84D—-06 2.26D—04 3.38D-03 2.69D—02
20 9.88D—19 1.95D—12 6.30D—09 1.59D—-06 1.13D-04
30 2.00D—28 4,01D—19 7.38D—14 3.28D-10 2.14D—-07
40 1.50D—31 4.79D—26 5.06D—19 3.96D—14 2.40D—-10
50 2.34D—-30 2.12D—-30 1.47D—-24 2.00D—18 1.10D—13
60 6.46D—30 5.87D—-30 9.47D—-30 3.38D—-22 1.82D—-16
70 3.52D-29 3.07D-29 1.89D—29 1.11D-25 551D—19
80 2.77D—-29 2.52D—-29 1.53D—29 2.70D—29 8.38D—22
90 1.05D—-29 9.78D—-30 5.69D—30 3.25D—-30 8.73D-25
100 3.36D-29 3.59D-29 2.59D-29 1.67D—29 5.72D-28
110 4.07D—29 3.53D-29 2.26D-29 1.48D—29 1.17D—-29
120 1.85D—29 1.05D—29 3.85D—30 8.40D—-31 8.88D—32

Table 6.5

Numerical results for Q,n(t;u) with ¢ = —-3.5, t = 1, and u(x) as in (6.1). Here E,(n = ¢) =

|Qs n(t; u) — Hy(t; u)|/|Ho (t; u)| for n = c. [In this case, H,(t; u) is defined in the HFP sense only.]
n En(n =0.1) Ey(n=0.2) En(n =0.3) Ey(n = 0.4) En(n =0.5)
10 1.34D—08 1.86D—05 9.27D—-04 1.45D—-02 1.38D—-01
20 1.47D—-17 1.93D—-11 5.08D—08 1.31D—-05 1.09D—-03
30 4.52D—-27 5.96D—18 8.91D—13 3.99D-09 3.05D—-06
40 5.90D—30 9.53D—-25 8.13D—18 6.40D—13 4.50D—09
50 9.73D—29 5.95D—29 2.95D-23 3.98D—-17 2.51D—12
60 3.70D—-28 2.18D-28 2.07D—-28 8.35D—-21 5.34D—15
70 1.70D-27 9.76D—-28 4.86D—28 3.18D—-24 1.85D—17
80 1.10D—27 6.64D—28 3.23D-28 7.78D—28 3.19D-20
90 4.67D—28 2.95D—-28 1.35D—28 7.84D—29 3.72D-23
100 1.96D—-27 1.41D-27 8.44D—28 5.54D—28 2.68D—-26
110 2.45D—-27 1.39D—-27 7.35D—-28 5.04D—28 4.85D—28
120 8.13D—28 1.56D—28 4.60D—29 9.87D—29 1.19D—28

Table 6.6

Numerical results for Q,,(t;u) with ¢ = —45, t = 1, and u(x) as in (6.1). Here E,(n = «¢) =

|Qq n(t; u) — Hy(t; u)|/|Ho(t; u)| for n = c. [In this case, H,(t; u) is defined in the HFP sense only.]
n En(n = 0.1) En(n =0.2) En(n = 0.3) En(n =0.4) Ex(n = 0.5)
10 1.36D—07 2.76D—04 6.68D—03 1.25D-01 6.75D+00
20 3.15D—-16 5.75D—-10 7.13D—-07 2.14D—-04 1.00D—-01
30 1.47D—-25 2.67D—16 1.87D—11 9.74D—08 4.14D—04
40 5.47D—-28 5.72D-23 2.27D—-16 2.07D—11 8.08D—07
50 5.48D—27 4.68D—27 1.03D-21 1.58D—15 5.45D—10
60 2.61D—26 2.13D-26 8.26D—27 4.13D—19 1.49D—12
70 1.18D—-25 9.35D—-26 2.18D-26 1.82D—-22 5.91D—-15
80 6.26D—26 5.28D—26 1.19D—-26 4.65D—26 1.16D—17
90 2.90D-26 2.62D—-26 5.45D-27 3.71D-27 1.52D-20
100 1.78D—25 1.81D—-25 5.09D-26 3.91D-26 1.21D-23
110 2.31D—-25 1.82D—-25 4.57D—26 3.73D—-26 2.06D—25
120 5.30D—26 1.05D—26 1.26D—26 1.58D—26 9.35D—-26

Let us define the function u(x, t) via

g(x, t)|x — t|° = |sin M u(x, t).

Therefore,

ulx, t) = <1> g(xit)g and u(t,t) = <£> g(t, t),

) [sinc(*52)|
where

. sinz
sinc(z) = —
z
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is the sinc function, which is defined and is easily computable everywhere and is positive for z € (—, ), with sinc(0) = 1.
Clearly, u(x, t) is T-periodic and has no singularity and is as differentiable as g(x, t). In addition, it can be computed easily
when g(x, t) is available or can be computed easily.

Example 7.2. Next, we consider the HFP integral I,(t; f) = fOT f(x, t)dx, where f(x, t) is T-periodic in x € R and has the
general form

fe. ) =gk Ol —¥(0)”, 0<t<T, (7.3)

such that g(x, t) and v(x) are sufficiently differentiable as functions of x and are also T-periodic. In addition v¥'(x) # 0
on [0, T].
Let us define the function [x, t] as follows:

Y(x)—y(t) .
Vit =1 x—¢  TXAL
w(t) ifx=t.
Then, we can write
foxt) = | sin TE 7O we ),
where
u(x,t)=<1> el gt and u(t,r>=(1|w/(r)|) (e, 0).
7 ) |sinc(T5=) i

It is easy to verify that u(x, t) is T-periodic and has no singularity and is as differentiable as g(x, t). In addition, it can be
computed easily when g(x, t) is available or can be computed easily.

7.2. Application of Q, n(t; -) to singular integral equations

Finally, the approach to the solution of linear integral equations with strongly singular kernels that we developed in
[1, Section 7] can be applied here too. We now consider an integral equation of the form

T
Aw(t) +f G(x, t)w(x)dx = a(t), t e][0,T], (7.4)
0

which is related to Example 7.2.

Here the constant A and the functions G(x, t) and a(x) are known; w(x) is the unknown function, hence is the required
solution to this equation. G(x, t) is usually some sort of Green’s function with an algebraic singularity of the form |x — t|”
when x, t € (0, T), with 0 < —1 and ¢ ¢ Z, and a(x) and w(x) are T-periodic and sufficiently differentiable on R.

Here we consider the case where (i) G(x, t) = g(x, t)|v(x) — ¥ (t)|?, g(x, t) being T-periodic in x and t and sufficiently
differentiable on R, and (ii) ¥ (x) is T-periodic and sufficiently differentiable on R, as in Example 7.2. Additional conditions
may have to be imposed on G(x, t) and/or a(x) to ensure uniqueness of solution; we will skip this issue below.

We now define the function u(x, t) as the solution to the equation

o

Tx=0 u(x, t).

G(x, t)w(x) = ‘ sin

After some simple manipulation, we obtain

o

Ylx, t]

sinc( @)

u(x, t) = N(x, t)w(x), N(x,t)= (;) g(x, t)

Clearly, N(x, t) is T-periodic and sufficiently differentiable on R and

T o
N(t. t) = (nllﬁ/(tﬂ) g(t. t).

We now turn to the numerical solution of the integral equation in (7.4), which we can now write as

T T(x—t)
Aw(t)+j€ T

hence also as
Aw(t) + Ho(t; u(-, t)) = a(t) = Aw(t) + Ho(t; N(-, Hw(:)) = a(t), te[0,T].

18
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First, we set x, = kT/(2n), k = 0,1, ...,2n — 1, and replace H,(t; N(-, t)w(-)) by Qs n(t; N(-, t)w(-)). Next, we replace
u(x, t) = N(x, t)w(x) by ¢n(x, t), its trigonometric interpolant at the 2n points x, x, and replace w(x, ) everywhere by the
approximation W k. Finally, we set t = x,;,j =0, 1, ..., 2n — 1, everywhere. This results in the following 2n equations
in the 2n unknowns Wy, x:

2n—1 n

)\U)n.j + % kZ; [q; Ma.qeq(xn,j - Xn,k)j|N(Xn,k» Xn,j)mn.k = a(xn,j)a 0<j<2n-1 (7.5)

Here we have invoked (4.8). Since the underlying numerical quadrature formula Q, »(t; N(-, t)w(-)) has high accuracy, we
expect the W, to approximate the w(x, ) with high accuracy too.

Data availability
No data was used for the research described in the article.
Appendix. H,(t; u) Via Richardson extrapolation

Let us assume that u € C*°(R) and let us express H,(t; u), o & Z, in the form
T
Hy(t; u) = I[f] =7€ f(x)dx, f(x)=gx)lx—t|”, 0<xt<T, (A1)
0
where g(x) is defined via g(x)|x — t| = | sin Z&2| u(x), thus

g(x) = (n)a sinc(n(x_ t))
—\r T

Note that we have written f(x) and g(x) and not f(x, t) and g(x, t) since t € (0, T) is being held fixed. Of course, neither
g(x) nor |x — t|° is T-periodic even though f(x) is; nevertheless, g € C*[0, T]. Now, by T-periodicity of f(x), we can
express (A.1) also as

o

u(x). (A2)

t+T
Ho (6 u) = I[f] = f F0 dx (A3)

and that f(x) is singular at the new endpoints x = t and x = t + T and is infinitely differentiable on (t, t + T), with
asymptotic expansions

X k)

fx) ~ Z £ k'(t)(x —t)P asx — t+, (A4)
k=0 :
x© (k)

f(x) ~ Z(—n"g kft)(t +T—xP°"* asx— (t+T)—. (A5)
k=0 :

Let us now define the trapezoidal sum T(h) for the integral ff“ f(x)dx as
m—1 T
T(h)y=hY f(t+jh), h=—, m=12... (A6)
j=1 m
Clearly, T(h) is well-defined since f(x) is infinitely differentiable on (t, t +T).
Applying Theorem 2.1 of Sidi [14] to T(h) in (A.6), along with (A.3) and the asymptotic expansions of f(x) in (A.4)-(A.5),
recalling also that o ¢ Z, we have the generalized Euler-Maclaurin expansion

. t+T o g
T(h)~f f(x)dx+2k§ T

2K
()'t)g“(—a —2k)h° 2+ as h — 0 (or m — 00), (A7)

where ¢(z) is the Riemann Zeta function. Of course, when o > —1, ftf”f(x)dx is a regular integral and (A.7) remains
valid.

We now choose positive integers 1 < mg < m; < my,..., and set h; = T/m; and apply the Richardson
extrapolation process to the sequence {T(h;)}:Z, to approximate I[f] = ftt”f(x)dx; see Sidi [17, Chapter 1]. We define
our approximations Ag) to I[f] via the linear equations

n—1
T(h) = AP+ o™ i=jj+ 1.t (A8)
k=0
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assuming that we do not want to bother with g(x) and its derivatives. Here «; are additional unknowns that are of no
interest.

The sequences of approximations {Ag) o2 o (with fixed j, such as j = 0) have the best convergence properties. For
example, when the integers m; are chosen as m; = 2{,i = 0, 1, .. ., the sequences {Ag) oo, converge to fOT f(x)dx spectrally,
as shown in Sidi [17, Theorem 1.5.4]. [In this case, the cost of determining Ag) involves 27+" evaluations of f(x).]

The Ag) can be determined, without having to solve the linear equations in (A.8), via the author’s (recursive)
W-algorithm [18] (see also [17, Section 7.2]) as follows:

1. Forj=0,1,..., set

S T(hy) ) 1
() J () _
MO - h;f+1 ’ NO h;r+1

2. Forj=0,1,..,and n =1, 2,..., compute
(G+1) G) (+1) )
R e N — NoZy” = N2y

2 _ 2 no= 2 _ 2
hj+" hj hj+n hi

MY =

3.Forj=0,1,...,and n =0, 1,..., compute
() ’g)
A = —F.

n N#)

Note that we need to compute only the trapezoidal sums T(h,-), j <i<j+n.We do not need to compute g(x) and its
derivatives. Mere knowledge of the powers h®*+?*1 k = 0, 1, ..., in the generalized Euler-Maclaurin expansion (A.7) is
sufficient.
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